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“Morphological Image Analysis” by P. Soille
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Outline

e What is Mathematical Morphology?
e Background Notions
e Introduction to Set Operations on Images

e Basic operation
e Erosion, Dilation, Opening, Closing, Hit-or-Miss
e Algorithms

e Morphological operations on gray-level
Images
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Morphological Image Processing 13
Started in 1960s by G. -Point
Matheron and J. Serra L|J/ -neighborhood
Analysis of form and fr— e a

structure of objects g=Y[f]

Image-to-image transform

Tools/Operations for
describing/characterizing
Image regions and image
filtering

(a) Grey tone image. (b) Set representation of (a).

Images are treated as sets

3/31/2008 3



Applications - filtering

1. Removal of
small blobs

2. Extraction
and grouping
of linear ob-
jects
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Applications - segmentation

1. Separation
of connected
blobs

5. Extraction
of grid lines
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Applications - quantification

1. Pattern
spectrum or
granulometries
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34000

32000
30000 +
28000 r
26000

24000
22000
20000

3 10 15 20

=]

&
@
@
e
o
R
& @
o
o
=]

>
o
@
@
=]
&

& [
%c (=55

| 1 L 1 1 1 I | i

-80-60-40-20 0 20 40 60 80

Direction of pair of points



Background Notions:
Image as a Set

v

Binary image

f:D, 02" - {01

definition domain of f —or- image plane

Image as a set: Set of all white pixels

v

Grey-level image

f:D, 02" -{01....t_.}

(a) Grey (b) Set representation of (a).

Image as Digital Elevation Map (DEM)

* How could the grey-level image be treated as a set?
Image Graph G(f) :{(X,t)DZn XNO |t = f (X)}
Image Sub-Graph %(f) :{(X,t) Oz" XNO |OSt <f (X)}
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Background Notions:
Gray-level Image as a Set

r :[l_l_" 1 P

(=) 1:D discrote signal J

r aut )4 SO T
[
Pl ‘ | H I
e, o A
| ) o | | S
(b Graph of the signal f defined in (o) (e} Snbpraph of J
;—-.__t. 3 1 :H?I_ -
e
v .Il.-k'* : :"':l r :
IJ. T
{el) (arey tone hmago (] ."rr|1-|_'.|.l.|:'|s ot (d)
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. 000
Set Operations on Images - ece
Union & Intersection °
Union (f Og)(x) =ma{ f(x),g(x)] —— SG(f Cg)=9G(f)USG(g)
intersection | (f 0g)(x) =min[f(x),g(x)] —— SG(f Cg)=SG(f)NSG(g)
e ; L
(a) 1-D signals [ and g | [h:l_ Point-wise maximwn v and
point-wise minimum M.
(W, 0w, )(F) =W,(f) DW,(f)
(W, DW,)(F) =W, () OW,(f)



Set Operations on Images s

max — f ¢ f

Complementation

f*(x)=t.. . — f(X

===

_ a) Binary image comple-
Set Difference ::nintatim:: # P

X\Y =XY*

Note: Only on binary images

D - e . ' g i
Definition domain | T T
g = g(_X) f UXUofa2-Dimage | T
i | 4 8=
Translation ‘ /A \
r‘('; l . T : R
f X — f X_ b .. : * 1 * ! Translated definition
b . 5 v e | o | o | domain by the vector
L ' : IR B v 5 b

(a) f+i(z) = f(z —1) (b) fi2,1y(1,1) = f(3,2)

Reflection

B={-b|bOB N

3/31/2008
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Morphological Image Operations

*All morphological image operations are the result
of interaction between a set representing an image
and a set representing a structuring element

*All interactions are based on combination of
Intersection, union, complementation and
translation
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Graphs

Graph is a pair of vertices DY e Y
and edges (V,E), where:
_ (a) General g‘mph.
\Y _(Vl’Vz”" ’Vn)
E =(e.,e,, ,e_)

* Planar graph 2050 ' %

* Simple graph DA

(d) 8-connected graph.

Neighborhood of vertex v:

Path P in graph G: Ps = (Vo Ve,

T 700000

|
(¢) 4-connected graph.

. B .
(b) Hexagonal graph.

(e} 6-connected graph in the 3-D cubic grid by
M.C. Escher (©Cordon Art-Baarn-Holland.

N, (v) ={vOV | (v,v') O E}

(v,,V,.,) neighbors

O o0 O O O O O O

P! ® O O o ®
O O Qc>—c>—c>9—0
O O O 0O O O o ®



Grids & Connectivity

Connectivity:
a set is connected if each pair of S T

its points can be joined by a path SENEAREREE b B
completely in the set R e

2 pixel p and g of image fare G h- (8) & 0 X 0 discrete bnery i (b) Same image as in () but rep-
. . 4-connected graph.

connected iff there exists a PC? o

path with end points p and g
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Structuring Element (SE):

(a) A binary image.

disk hexagon square

iy R
line segment

* | B

diamond pair of points

(d) Shape of some common
structuring elements.

3/31/2008

(e) Extraction of vertical
structures of (a) using a ver-
tical SE.

(¢) Topographic representa-
tion of (b).

(f) Extraction of wvertical

structures of (&) using a ver-
tical SE.
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Erosion: “ Does the SE fit the set?” ss:
o
Es(X) :{X| B [ X} : Eroding set X with SE B
CC:B(>() — ﬂ X—b R e !
bOB i |
= | |
1 B ___________________ ““ ASB
B d /4 --------------------- —
abc
d ¢

FIGURE 9.6 (a) Set A. (b) Square structuring element. (¢) Erosion of A by B, shown
shaded. {d) Elongated structuring element. (e) Erosion of A using this element.
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Erosion: Implementation

eg(f)="L T,

bl1B

0 [£4(£)](X) =min f (x+b)

————————

1 | 1 | | I
||||||
||||||
||||||

&s(1)

3/31/2008

f,y
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Erosion: “ Does the SE fit the set?” 344
. | X XX N
Grey-level image 3
X X
[ X )
EB[$(f)] :{( X,t)l B(x,t) L] $(1:)}
I ' 1: . r o1 3
4' a 5 4
* I ’ L i 5 |
' L ] n
I3 | Fo o0 a1




Dilation: “ Does the SE hit the set?” ss:
o
Og (X) :{X| B nX# ¢} : Dilating set X with SE B
Os(X)=U X_, .
b8 |
d.(X)=X0OB )
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Dilation: Implementation

og(f)="L T,

b1B

0[S, (F)](X) = maxf (x+b)

blIB

O (f)

3/31/2008
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Dilation: “ Does the SE hit the set?” 0oeo
Grey-level image ®00-

Oe[SG(1)] ={(x,1)| B,y 1SG(F) # ¢}

i

ta) Dilation of Fig: 3.5« by w vertioal line () Dilation of Fig. 2:5c by o vertical line
ent. worTnent

3/31/2008 20



Erosion and Dilation: Examples

Dilation

Historically, certain computer
programs wera written using
ondy two digits rather than
four to define the applicable
yvear, Accordingly, the
company's software may
recognize a dates using "00"
as 1900 rather than the vEear
2060,

Erosion
then
Dilation

3/31/2008

Historically, certain computer
programs weare written using
oniy two digits rather than
four to define the applicable
yaar. Accordingly, the
company's software may
recognize & date using "00"
as 1900 rather than the ?r

ol

2000,

000
( X X )
(| X J
o
€ C
b
FIGURE 9.5

(a) Sample text of
poor resolution
with broken
characters
(magnified view).
(b) Structuring
element.

(¢) Dilation of (a)
by (b). Broken
segments were
joined.

21

FIGURE 9.7 (a) Image of squares of size 1,3,5,7.9, and 15 pixels on the side. (b) Erosion of (a) with a square
structuring element of 1°s, 13 pixels on the side. (¢} Dilation of (b) with the same structuring element.



Erosion and Dilation:
Example

3/31/2008

Basic morphological operations in Matlab

00
0000
[ X XX
[ XX
o0
o

ab

¢

FIGURE 9.29

(a) Original
image. (b) Result
of dilation.

(c) Result of
erosion.
(Courtesy of

Mr. A. Morris,
Leica Cambridge,
Ltd.)

22



Properties of Erosion and Dilation

Duality Eg = CéBC 58( f C): DbDB[tmax - 1:—b]
= tmax DbDB[ f—b]
= tmax - gB( f )

—_ Cc
=[es(1)]
» Erosion and Dilation are irreversible operations

 Homotopy is not preserved under either one

o
0 Y s
k>\‘“q Yo

f‘-jf’,t )
\ W
\/}

b2

% X% X V; ¥y Vi

3/31/2008 (a) A set X and its (b) A set Y and its (c) A set Z and its 23
homotopy tree homotopy tree homotopy tree



Properties of Erosion and Dilation

Increasingness

[e(1) <£(9)

f <
=9 = Bt <s(9)

Distributivity

5(C 1) =Ca(H)
5(IE f;)= |i:£(fi)
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Properties of Erosion and Dilation

Composition

3,05 (1) =05, (g (1)

€6,€5,(1) =€ (8 (T)

— (n)
5nB _ 58

o0
[§ (8]

B B 2B = §4(B)

3/31/2008

LI

3B = 6,4(2B)

Break down operations using large SE

with multiple operations with small SE.

@

B B,  9,(B)

* o ek
<

Making a circular disk

25



Opening —
“If SE fits image then keep all SE!”

Va(1)=0,[55(F)]

yB(X):LXJ{Bxle D X}

Translates of B in A

abcd

FIGURE 9.8 (a) Structuring element B “rolling”™ along the inner boundary of A (the dot

3/31/2008 P O UNE .0 L) ol nng ereiiel IS AIONS LG e
indicates the origin of B). (¢) The heavy line is the outer boundary of the opening.
{(d) Complete opening (shaded).
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Opening — 111
“If SE fits the image then keep all SE!” 0coc
i
£ (f) Ve (f)
A1

Opening ve(f) = dalesl L)



Closing — 33
“If SE fits the background then all points in oo
SE belong to the complement of closing!”
¢ (1) =€5[05(1)]
%(X)=Q{B§|X 0B}

/|

FIGURE 9.9 (a) Structuring element B “rolling™ on the outer boundary of set A. (b) Heavy
line is the outer boundary of the closing. (¢) Complete closing (shaded).



Closing o000
35(f) (1) el

ol

6H FL‘H ﬁ
CQrigimal fngee f Lyilation dpu(f) Closing ¢a(f) = <xlonl £

(@] Closing of a binary impge by & square B,

Criginal image [ Dilavion dgd f) Closing dulfl = =plfuif]]

3/31/2008 29

(b} Clusing of A grey seale ioage with o line sepmoent B ol slopd —27/36 (slope of the hatelied
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Properties of Opening and Closing

Duality Vg = C(&BC

5V(f)sy(g)
oA f) < @(9)

Increasingness f<g

n) — . .
ldempotence y( ) = y Sieving process:
same sieve is not
(D(n) — helpful using it

more than once
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Opening and Closing: Example

a
bc
de
f &
h i "
FIGURE 9.10

Morphological
opening and
closing. The
structuring
element is the
small circle shown
in various
positions in (b).
The dark dot is
the center of the
structuring
element.

3/31/2008 31



Opening and Closing: Example

(A-B)& B

3/31/2008

//:://f’—'\*\\f;\\\\ﬁ“

(ACB)&B=AB

[(A-B)&B|SB=(A"B)-B

. .,
‘- - I‘
]

e f
FIGURE 9.11
(a) Noisy image.
(c) Eroded image.
(d) Opening of A.
(d) Dilation of the
opening.
(e) Closing of the
opening. (Original
image for this
example courtesy
of the National
[nstitute of
Standards and
Technology.)
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Top Hat transform

WTH (f) =1 —p(f)
Ve ()

3/31/2008

BTH ()
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Top Hat transform e

. A

Thresholded original image 'hiresholded white top-hat

Fig. 4.18, Use of top-hat for mitigating inhomegeneous illumination. The perform-
ance of this techmque is illustrated by the thresholds on the ongmal and top-hat
3/31/20  puages. 34



Hit-or-Miss 13
0.8,
0
a

HMTg (X) ={X[(Bgs), O X,(Bgg), O X*}

HMTg (X) = &5, (X)N &g, (X5)

+ Property. HMT, (X) = HMT . (X°)

where, B=(B,B,)
B* =(B,,B)

3/31/2008 35



000
L] L] L L] . . .
Thinning and Thickening oo
[
,l_()rigin
_ _ | * x x " ¥ x
THIN,(f) = f —HMT,(f) I B B B R R L
B! B B? B B Bt B’ B
THICK () =f +HMT,(T) r-oren
7
A A® B A2 B*
A® B? A® B A® B
A® B A® B8 A® B33
A® B-l.ﬁ.lf\.?.h‘.l.?.."'
a FIGURE 9.21 (a) Sequence of rotated structuring elements used for thinning. (b) Set A.
b ¢ d (c) Result of thinning with the first element. {d)-(i) Results of thinning with the next

3/31/2008 e [ 2 sevenelements (there was no change between the seventh and eighth elements). (j) Re-
i ]  sult of using the first element again (there were no changes for the next two elements).
k | (k) Result after convergence. (1) Conversion to m-connectivity.
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Example Applications: eoe
. [
Boundary Extraction
ab Origin
c d
FIGURE 9.13 (a) Set
A. (b) Structuring ” B
— —_ element B.(¢c) A
ﬂ( f ) - f gB( f ) eru]zil:rfluh_\' B(”
{d) Boundary, given
by the set
difference between
A and its erosion.
ASB B(A)

ab

FIGURE 9.14

(a) A simple
binary image, with
I's represented in
white. (b) Result
of using

Eq. (9.5-1) with
the structuring
element in

Fig. 9.13(b).
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Example Applications: eoe
. pye abc
Region Filling
FIGURE 9.15
Region filling. Origin
(a) Set A.
(b) Complement
_ c _ UII_A‘. _ .
X, = (X )N A k=123 @ smuin, | ifuns:
(d) Initial point
inside the
boundary.
. {e)—(h) Various
o Stal’t W|th X0=p steps of o
Eq. (9.5-2).
(i) Final result

= [union of (a) and
* stop when X, =X, , [nion o (5)

X, X, X,UA

abc
FIGURE 9.16 (a) Binary image (the white dot inside ane of the regions is the starting
3/31/2008 point for the region-filling algorithm). (b) Result of filling that region (c) Result of fill- 38

ing all regions.



Example Applications:
Connected component extraction

Xk = 5B(Xk_1)ﬂ A k = ]_’2,3’ cee r()rigin

¥

-__\1"
plLe
A
Xo=p

abc
d e

FIGURE 9.17 (a) Set A showing initial point p (all shaded points are valued 1, but are
shown different from p to indicate that they have not vet been found by the algorithm).
(b) Structuring element. (¢) Result of first iterative step. (d) Result of second step.
{e) Final result.
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. . 00
Example Applications: ooo
L X
Convex Hull o
I — - —
X, =HMT, (X, 4)JUA i=1234 k=123
a
i — t-] Lz Ll I i x :: x
XO - A ¢ ﬁ] & BI BE B_‘-
i i FIGURE 9.19
D = (@) Structuring
K elements. (b) Set
A. (c)-(I) Results
4 _ of convergence
—_ I iith the
C(A) - U D ::\Llru]m:;ing
i=1 elements shown
in (a). (g) Convex
I1. ‘onvex 2
Tl Xs
contribution of
each structuring
element.
X:: C(A)
% B
7 B
i N g
i B

3/31/2008




ab

cd
FIGURE 9.23
(a) Set A.

- L}
(b) Various
positions of
maximum disks

with centers on
the skeleton of A
(c) Another
maximum disk on

a different
segment of the
skeleton of A.
(d) Complete
skeleton.

K
S(A) - U S<(A) i ASKkB |(ASKB)-B| S.(4) #l;nsg(gx) Se(A) @ kB kl.guswmaks
k=0 |—__ |—__ |—__ |—__ |—__ |—__

S(A) = £ (A) ~ ¢ (£a(A) U
K =max{k | £ (A) # null}

K l___ l___ l___ l___ |—__ |—__
A= (0a(S(A)) ]

k=0

0. |3 |9- l—__s“” 0 |5y 4

3/31/2008

FIGURE 9.24 Implementation of Egs. (9.5-11) through (9.5-15). The original set is at the top left,
and its morphological skeleton is at the bottom of the fourth column. The reconstructed set is at
the bottom of the sixth column.



Skeletonization (Medial Axis Transform)

B is a “Maximal Disc” in set X if there are no Notion of "Maximal Disc

other discs included in X and containing B

Skeleton is the loci of the centers of all
“maximal discs”

S(X) = Ufew () \yel s (X1}

>0
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Skeletonization

S(X) = kCJo S (X) Notion of “Maximal Disc”
S<(X) :ng(X)_yB(ng(X))
ng(X) :53(58('”(EB(X)))

K =maxk| &, (X) # ¢}

Reconstruction

K
X = kL:JOJkB (S. (X)) Skeleton is the loci of the

centers of all “maximal discs”
5kB(X) = 55(58("'(55 (&(X))))
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Matlab examples - dilation

originalBW = imread('text.png");

se = strel('line’,11,90);

dilatedBW = imdilate(originalBW,se);

figure, imshow(originalBW), figure, imshow(dilatedB W)

originall = imread(‘cameraman.tif');

se = strel(‘ball',5,5);

dilatedl = imdilate(originall,se);

figure, imshow(originall), figure, imshow(dilatedl)

sel = strel('line’,3,0);

se2 = strel('line’,3,90);
composition = imdilate(1,[sel se2],'full’)
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Matlab examples - erosion

3/31/2008

originalBW = imread('text.png");

se = strel('line',11,90);

erodedBW = imerode(originalBW,se);
figure, imshow(originalBW)

figure, imshow(erodedBW)

originall = imread(‘cameraman.tif');

se = strel(‘ball',5,5);

erodedl| = imerode(originall,se);

figure, imshow(originall), figure, imshow(erodedl)
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Matlab examples - closing

originalBW = imread('circles.png");
figure, imshow(originalBW);

se = strel(‘disk’,10);

closeBW = imclose(originalBW,se);
figure, imshow(closeBW);
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Matlab examples - opening

original = imread('snowflakes.png’);

se = strel(‘disk’,5);

afterOpening = imopen(original,se);

figure, imshow(original), figure, imshow(afterOpeni ng)
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Matlab examples - HMT

bw=[0 00000
001100
011110
011110
001100
001000]

interval =0 -1 -1

1-1
1

1
0 I;

bw2 = bwhitmiss(bw,interval)

3/31/2008
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