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In this paper, a new type of generalized Q-S �lag, anticipated, and complete� time-varying synchro-
nization is defined. Adaptive Q-S �lag, anticipated, and complete� time-varying synchronization and
parameters identification of uncertain delayed neural networks have been considered, where the
delays are multiple time-varying delays. A novel control method is given by using the Lyapunov
functional method. With this new and effective method, parameters identification and Q-S �lag,
anticipated, and complete� time-varying synchronization can be achieved simultaneously. Simula-
tion results are given to justify the theoretical analysis in this paper. © 2006 American Institute of
Physics. �DOI: 10.1063/1.2204747�
haos synchronization is a hot topic recently since its
xtensive applications in secure communication, auto-
atic control, artificial neural networks, chemical reac-

or, physics, etc. In this paper, a new type of Q-S (lag,
nticipated, and complete) time-varying synchronization
s defined. Since most of the synchronization methods be-
ong to master-slave (drive-response) type, the drive cha-
tic neural network system with unknown parameters
nd multiple time-varying delays is stated. We give a sys-
ematic, powerful, and concrete scheme to identify all un-
nown parameters. The unknown parameters can be pre-
isely estimated dynamically through an adaptive control
rocess and Q-S (lag, anticipated, and complete) time-
arying synchronization between the drive system and
esponse system can be achieved simultaneously based on
yapunov functional method. Simulation results are
iven to show the effectiveness and feasibility of the the-
retical analysis in this paper.

. INTRODUCTION

Dynamical behaviors are interesting nonlinear phenom-
na and have been intensively investigated for many years
ue to its potential applications in secure communications,
hemical reactions, biological systems and so on.
tability,13,14 bifurcation,24,25 and chaos synchron-

zation1–12,15–20,28 are also studied by many researchers.
Chaos synchronization, which has been a hot topic in

onlinear science, has attracted more attention in many fields
uch as physics, secure communication, automatic control,
rtificial neural networks, etc. Chaotic systems exhibit sensi-
ive dependence on initial conditions. Because of this prop-
rty, chaotic systems are difficult to be synchronized or con-
rolled. In recent years, many important and fundamental
esults have been reported on the control and
ynchronization15–21 of chaotic systems.

Many types of synchronization have been presented,
uch as complete synchronization, generalized synchroniza-

�
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tion, phase synchronization, lag synchronization, anticipated
synchronization, antiphase synchronization, etc. Recently,
Yan has considered Q-S �lag, anticipated, and complete� syn-
chronization in Ref. 16. In this paper, we will define a new
type of Q-S �lag, anticipated, and complete� time-varying
synchronization that is based on Ref. 16.

An interesting application of chaos synchro-
nization1–3,7–12 is to estimate parameters of a chaotic system
from time series when partial information about the system is
available. In this paper, we address the problem of how
chaos synchronization can be used for time series analysis.
Suppose that you have obtained time series from a nonlinear
�chaotic� system and that you have known the structure of
the system, but the parameters are unknown. By obtaining
the output of the system, another designed system identically
synchronize with the original system. Although the param-
eters can be known in some cases, it would be desirable to
have a feedback scheme to achieve synchronization in spite
of the slave oscillator having least prior knowledge about the
structure of the master system.

The organization of this paper is as follows: In Sec. II,
we give the formulation and preliminaries for our main re-
sults. In Sec. III, an adaptive law is presented for the syn-
chronization and parameters identification. Also, some corol-
laries and remarks are given to show the advantages of this
paper. In Sec. IV, examples are given to show the effective-
ness and feasibility of the proposed approach in this paper. In
Sec. V, we give our conclusions.

II. MODEL FORMULATION AND PRELIMINARIES

In this section, we will give preliminary knowledge for
our main results. Since most of the synchronization methods
belong to the master-slave �drive-response� type, by one sys-
tem driving another we mean that the two systems are
coupled so that the behavior of the second is influenced by
the behavior of the first one, and the behavior of the first is
independent of the second. The first system will be called the
master system or drive system, and the second one will be

the slave system or response system.

© 2006 American Institute of Physics9-1
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There has been increasing interest in investigating the
ynamics of neural networks since Hopfield22 constructed a
implified neural network model. To understand how neural
etworks compute, we will examine the electronic circuit of
opfield neural network �HNN�.23 The elements of the hard-
are are a set of amplifiers with sigmoid I/O characteristics,

nput capacitance, output resistance, and a set of resistive
onnections connecting outputs of some amplifiers with in-
uts of others.

Now let us consider the following recurrent neural net-
ork model:

˙�t� = − Cx�t� + Af�x�t�� + Bk�x�t − ��t��� + I , �1�

r

˙i�t� = − cixi�t� + �
j=1

n

aij f j�x�t�� + �
j=1

n

bijkj�x�t − �ij�t��� + Ii,

i = 1,2, . . . ,n , �2�

here n denotes the number of units in a neural network,
�t�= �x1�t� ,x2�t� , . . . ,xn�t��T�Rn is the state vector associ-
ted with the neurons, I= �I1 , I2 , . . . , In�T�Rn is external in-
ut vector, f�x�t��= �f1�x�t�� , f2�x�t�� , . . . , fn�x�t���T�Rn

nd k�x�t−��t���= (k1�x�t−��t��� ,k2�x�t−��t��� , . . . ,kn�x�t
��t���)T�Rn corresponds to the activation functions and de-

ayed activation functions of neurons, ��t�=�ij�t� �i , j
1,2 , . . . ,n� are the multiple time-varying delays, we sup-
ose each �ij�t� �i , j=1,2 , . . . ,n� is bounded and the initial
onditions of �1� are given by xi�t�=�i�t��C��−r ,0� ,R� with
=max1�i,j�n,t�R��ij�t��, where C��−r ,0� ,R� denotes the set
f all continuous functions from �−r ,0� to R. C
diag�c1 ,c2 , . . . ,cn� is a diagonal matrix, and A= �aij�n�n and
= �bij�n�n are the connection weight matrix and the delayed

onnection weight matrix, respectively. Here matrices C, A,
are unknown.

Chaos dynamics has shown the interesting features that
ake it more attractive especially in secure communications.
mong these strategies, those based on the identification of

ystem parameters appear to be of great practical interest,
specially when the system state is available to external mea-
urements. The main reason is the possible modulation of a
ystem parameter by the message to be transmitted. The dif-
culties of determining some system parameters in advance

n practice make it more useful in secure communications. If
he signal of the drive system is transmitted to the receiver of
esponse system, then the encrypted ciphertext can be de-
rypted successfully.

The motivations for the study of the proposed paper in
ecure communication are given as follows:

First, many types of neural network, such as Hopfield
eural network,22 BAM neural network �a class of two-layer
ssociative networks, called bidirectional associative
emory �BAM� neural networks�,27 and cellular neural

etwork26 are special cases of the recurrent neural network
odel �1�. These neural networks can be easy implemented

y circuits systems, even implemented by VLSI when the
etworks are large-scale networks.

Second, the estimation of nonlinear function f and time-
arying delays � �t��i , j=1,2 , . . . ,n� are still challenging
ij
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problems nowadays. Also, Q-S time-varying synchronization
�lag, anticipation, and completeness� r�t� given in the defini-
tion below in this paper is novel and even more difficult to
be estimated. Time-varying delays �ij�t��i , j=1,2 , . . . ,n�,
nonlinear function f , and Q-S time-varying synchronization
�lag, anticipation, and completeness� r�t� can be regarded as
key parameters. These are known a priori by the receiver.

Third, the obtained results suggest that it would be easy
for anyone to determine the unknown parameters from an
intercepted signal using our algorithm if you know the key
parameters time-varying delays �ij�t��i , j=1,2 , . . . ,n�, non-
linear function f and Q-S time-varying synchronization �lag,
anticipation, and completeness� r�t�. Here, the unknown pa-
rameters C, A, B are not key parameters. We may choose
different parameters C, A, B to send different signals each
time as long as the model can exhibit chaotic dynamics. It is
difficult for the adversary to decrypt the plaintext without
knowing key parameters time-varying delays �ij�t��i , j
=1,2 , . . . ,n�, nonlinear function f , and Q-S time-varying
synchronization �lag, anticipation, and completeness� r�t�.
Note that the unknown system parameters C, A, B need to be
estimated. That is to say, all parameters of recurrent network
�1� are unknown to the adversary. Recover the original recur-
rent network �1� is complex, even a small error may result in
the wrong decryption.

Since the neural networks can be easy implemented by
circuits systems and applied in secure communication, in this
paper we consider the uncertain parameters of the neural
network model as the master system. Also, chaos synchroni-
zation can be applied in other fields such as physics, chemi-
cal reactions, biological systems, automatical control, artifi-
cial neural networks, etc. Our objective is to find an adaptive
way to let the slave system to Q-S time-varying synchronize
with the master system, and also to identify the parameters
simultaneously.

We assume that the model �1� has an equilibrium point
x*= �x1

* ,x2
* , . . . ,xn

*� for a given I. To simplify the proofs, we
will shift the equilibrium point x* of �1� to the origin by
using the following transformation:

y�t� = x�t� − x*, y�t − ��t�� = x�t − ��t�� − x*.

The model �1� can be transformed into the following form:

ẏ�t� = − Cy�t� + Ag�y�t�� + Bl�y�t − ��t��� , �3�

namely,

ẏi�t� = − ciy�t� + �
j=1

n

aijgj�y�t�� + �
j=1

n

bijlj�y�t − �ij�t���,

i = 1,2, . . . ,n , �4�

where g�y�t��= �g1�y�t�� ,g2�y�t�� , . . . ,gn�y�t���T�Rn with
gi�y�t��= f i�y�t�+x*�− f i�x*� and g�0�=0, l�y�t−��t���
= (l1�y�t−��t��� , l2�y�t−��t��� , . . . , ln�y�t−��t���)T�Rn with
li�y�t−��t���= li�y�t−��t��+x*�− li�x*� and l�0�=0.

In this paper, we consider model �3� as the master sys-
tem. The response system is

ż�t� = − C̄�t�z�t� + Ā�t�g�z�t�� + B̄�t�l�z�t − ��t��� + u , �5�
namely,
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żi�t� = − c̄i�t�zi�t� + �
j=1

n

āij�t�gj�z�t��

+ �
j=1

n

b̄ij�t�lj�z�t − �ij�t��� + ui, i = 1,2, . . . ,n , �6�

here C̄�t�=diag�c̄1�t� , c̄2�t� , . . . , c̄n�t��, Ā�t�= �āij�t��n�n and

�t�= �b̄ij�t��n�n are matrix functions depending on the time
, u�t�= �u1�t� ,u2�t� , . . . ,un�t�� is the controller. It has the
ame structure as the drive system but the matrix functions
¯ �t�, Ā�t�, and B̄�t� are dependent on time t. In a practical
ituation, the output signals of the drive system �3� can be
eceived by the response system �5�, but the parameter ma-
rices C, A, and B of the drive system �3� may not be known

priori, even waits for being identified.
In this paper, we will define a new type of Q-S �lag,

nticipated, and complete� time-varying synchronization
hich is defined as the presence of certain relationship be-

ween the drive system and response system. Next, we give a
efinition about the main results talked in the proposed paper
ater.

Definition �Q-S �lag, anticipated, and complete�
ime-varying synchronization�: For the drive system �3�
nd the response system �5�, let Q�z�t��
�Q1�z�t�� ,Q2�z�t�� , . . . ,Qn�z�t���T�Rn and S�y�t��
�S1�y�t�� ,S2�y�t�� , . . . ,Sn�y�t���T�Rn, where Q and S are
ontinuous smooth vector functions, Q :Rn→Rn ,S :Rn→Rn.
et r�t� be the continuous smooth function of time t and the
rror states be

e�t� = Q�z�t�� − S�y�t − r�t���

= „Q1�z�t�� − S1�y�t − r�t���,Q2�z�t��

− S2�y�t − r�t���, . . . ,Qn�z�t�� − Sn�y�t − r�t���… . �7�

t is said that the drive system �3� and the response system
5� are globally:

�i� Q-S lag time-varying synchronized if r�t��0, t�R,
nd r�t� is called the Q-S time-varying synchronization lag;

�ii� Q-S complete time-varying synchronized if r�t�
0, t�R, and r�t� is called the Q-S time-varying synchroni-
ation completeness;

�iii� Q-S anticipated time-varying synchronized if r�t�
0, t�R, and r�t� is called the Q-S time-varying synchroni-

ation anticipation. If there exists a controller u�y ,z , t� such
hat all trajectories �y�t−r�t�� ,z�t�� in �3� and �5� with any
nitial conditions approach the manifold M = (�y�t
r�t��� ,z�t� �Qi�z�t��=Si�y�t−r�t��� , i=1,2 , . . . ,n) as time t
oes to infinity, that is to say

lim
t→�

„Qi�z�t�� − Si�y�t − r�t���… → 0 �i = 1,2, . . . ,n� , �8�

hich implies that the error system is globally asymptoti-
ally stable.

The problem is to design an adaptive synchronization

lgorithm

nloaded 02 Jun 2006 to 219.219.145.180. Redistribution subject to AI
u = u�y,z,Ā,B̄,C̄,t�, Ā
˙

= Ā�y,z,Ā,B̄,C̄,t� ,

B̄
˙

= B̄�y,z,Ā,B̄,C̄,t�, C̄
˙

= C̄�y,z,Ā,B̄,C̄,t� ,

here Ā�t�, B̄�t�,and C̄�t� are parameter estimates of the un-
known parameters matrices A, B, and C. The object of this

paper is to design u, Ā�t�, B̄�t�, and C̄�t� to force the state z�t�
of the response system �5� to Q-S time-varying synchronize
with the state y�t� of the drive system �3�, i.e., to archive

Q�z�t�� − S�y�t − r�t��� → 0, t → � ,

C̄�t� − C → 0, t → � ,

Ā�t� − A → 0, t → � ,

B̄�t� − B → 0, t → � .

Let

e�t� = Q�z�t�� − S�y�t − r�t��� ,

and subtracting �3� from �5� yields the synchronization error
dynamical system as follows:

ė�t� = DQ�z�t��ż�t� − DS�y�t − r�t���ẏ�t − r�t���1 − ṙ�t��

= DQ�z�t��„− C̄�t�z�t� + Ā�t�g�z�t��

+ B̄�t�l�z�t − ��t��� + u� − �1 − ṙ�t��DS�y�t − r�t���

�„− Cy�t − r�t�� + Ag�y�t − r�t���

+ Bl�y�t − ��t� − r�t���… , �9�

where DQ�z�t�� and DS�y�t−r�t��� are the Jacobian matrices
of vector functions Q�z�t�� and S�y�t−r�t���, respectively.

In order to establish our main results, it is necessary to
make the following assumption:

�A1�: the determinant of matrices DQ�z�t�� is nonzero,
that is to say, DQ�z�t�� is inverse.

III. MAIN RESULTS

In this section, we will give our main results by choosing
an effective adaptive law.

Theorem 1: Under the Assumption �A1�, the drive sys-
tem �3� will Q-S time-varying synchronize with the response
system �5� if we choose

u = − �DQ�z�t���−1Me�t� + C̄�t�z�t� − Ā�t�g�z�t��

− B̄�t�l�z�t − ��t��� + �1 − ṙ�t���DQ�z�t���−1

� „DS�y�t − r�t���…„− C̄�t�y�t − r�t��

+ Ā�t�g�y�t − r�t��� + B̄�t�l�y�t − ��t� − r�t���… , �10�

ċi�t� =
1

qi
�1 − ṙ�t��	�

k=1

n

pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��
yi�t − r�t��
 ,
�11�
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ā
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˙
ij�t� = −

1

rij
�1 − ṙ�t��	�

k=1

n

pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�gj�y�t − r�t���
 , �12�

˙
ij�t� = −

1

sij
�1 − ṙ�t��	�

k=1

n

pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�lj�y�t − �kj�t� − r�t���
 , �13�

here pi ,qi ,rij ,sij�i , j=1,2 , . . . ,n� are positive real values,

M =diag�m1 ,m2 , . . . ,mn� is a positive definite matrix. C̄�t�,
�t�, and B̄�t� are independent of C, A, and B. Also, the
nknown parameters can be identified simultaneously, i.e.,

e�t� = Q�z�t�� − S�y�t − r�t��� → 0, t → � , �14�

c̄i�t� − ci → 0, t → � �i = 1,2, . . . ,n� , �15�

āij�t� − aij → 0, t → � �i, j = 1,2, . . . ,n� , �16�

b̄ij�t� − bij → 0, t → � �i, j = 1,2, . . . ,n� . �17�

Proof: According to �10�, we can rewrite the error sys-

em �9� as

j=1 k=1

nloaded 02 Jun 2006 to 219.219.145.180. Redistribution subject to AI
ė�t� = − Me�t� + �1 − ṙ�t��DS�y�t − r�t���

�„− �C̄�t� − C�y�t − r�t�� + �Ā�t� − A�g�y�t − r�t���

+ �B̄�t� − B�l�y�t − ��t� − r�t���… , �18�

namely,

ėi�t� = − miei�t� + �1 − ṙ�t��	− �
j=1

n
�Si�y�t − r�t���

�yj�t − r�t��

��c̄j�t� − cj�yj�t − r�t���+ �
j=1

n

�
k=1

n
�Si�y�t − r�t���
�yk�t − r�t��

��ākj�t� − akj�gj�y�t − r�t���

+ �
j=1

n

�
k=1

n
�Si�y�t − r�t���
�yk�t − r�t��

��b̄kj�t� − bkj�lj�y�t − �ij�t� − r�t���,

i = 1,2, . . . ,n . �19�

Choose the following Lyapunov functional:

V�e�t�,C̄�t� − C,Ā�t� − A,B̄�t� − B�

= 1
2�

i=1

n 	piei
2�t� + qi�c̄i�t� − ci�2 + �

j=1

n

rij�āij�t� − aij�2

+ �
j=1

n

sij�b̄ij�t� − bij�2
 . �20�

Differentiating V with respect to time along the solution of

�19�, we obtain
dV

dt
= �

i=1

n 	piei�t�ėi�t� + qi�c̄i�t� − ci�ċ̄i�t� + �
j=1

n

rij�āij�t� − aij�ǡij�t� + �
j=1

n

sij�b̄ij�t� − bij�b̄
˙

ij�t�

= �

i=1

n �− pimiei
2�t� + �1 − ṙ�t��	− �

j=1

n

piei�t�
�Si�y�t − r�t���

�yj�t − r�t��
�c̄j�t� − cj�yj�t − r�t�� + �

j=1

n

�
k=1

n

piei�t�
�Si�y�t − r�t���
�yk�t − r�t��

�ākj�t�

− akj�gj�y�t − r�t���

+ �
j=1

n

�
k=1

n

piei�t�
�Si�y�t − r�t���
�yk�t − r�t��

�b̄kj�t� − bkj�lj�y�t − �ij�t� − r�t���
 + qi�c̄i�t� − ci�ċ̄i�t�

+ �
j=1

n

rij�āij�t� − aij�ǡij�t� + �
j=1

n

sij�b̄ij�t� − bij�b̄
˙

ij�t��
= �

i=1

n �− pimiei
2�t� + 	− �

k=1

n

�1 − ṙ�t��pkek�t�
�Sk�y�t - r�t���
�yi�t − r�t��

yi�t − r�t�� + qiċ̄i�t�
�c̄i�t� − ci�t���
+ �

j=1

n ��
k=1

n

�1 − ṙ�t��pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��
gj�y�t − r�t��� + rijǡij�t���āij�t� − aij�t��

+ �
n ��

n

�1 − ṙ�t��pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��
lj�y�t − �kj�t� − r�t��� + sijb̄

˙
ij�t���b̄ij�t� − bij�t�� = − �

n

�pimiei
2�t�� . �21�
i=1
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e can therefore conclude that V is a Lyapunov functional of
he error system �18� corresponding to the adaptive laws
iven in the condition of the theorem and the unknown pa-
ameters can be identified simultaneously. This completes the
roof.

Corollary 1: Under the Assumption �A1�, the drive sys-
em �3� will Q-S time-varying synchronize with the response
ystem �5� if we choose

u = − �DQ�z�t���−1Me�t� + C̄�t�z�t� − Ā�t�g�z�t��

− B̄�t�l�z�t − ��t��� + �1 − ṙ�t���DQ�z�t���−1

� „DS�y�t − r�t���…„− C̄�t�y�t − r�t��

+ Ā�t�g�y�t − r�t��� + B̄�t�l�y�t − ��t� − r�t���… ,

ċ̄i�t� = �1 − ṙ�t��	�
k=1

n

pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��
yi�t − r�t��
 ,

ǡij�t� = − �1 − ṙ�t��	�
k=1

n

pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�gj�y�t − r�t���
 ,

b̄
˙

ij�t� = − �1 − ṙ�t��	�
k=1

n

pkek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�lj�y�t − �kj�t� − r�t���
 ,

here pi�i=1,2 , . . . ,n� are positive real values, M

diag�m1 ,m2 , . . . ,mn� is a positive definite matrix. C̄�t�,
�t�, and B̄�t� are independent of C, A, and B. Also, the
nknown parameters can be identified simultaneously, i.e.,

e�t� = Q�z�t�� − S�y�t − r�t��� → 0, t → � ,

c̄i�t� − ci → 0, t → � �i = 1,2, . . . ,n� ,

āij�t� − aij → 0, t → � �i, j = 1,2, . . . ,n� ,

b̄ij�t� − bij → 0, t → � �i, j = 1,2, . . . ,n� .

Proof: Let qi=rij =sij =1 �i=1,2 , . . . ,n�, we can get Cor-
llary 1 directly from Theorem 1. Here we omit it.

Corollary 2: Under the Assumption �A1�, the drive sys-
em �3� will Q-S time-varying synchronize with the response
ystem �5� if we choose

u = − �DQ�z�t���−1Me�t� + C̄�t�z�t� − Ā�t�g�z�t��

− B̄�t�l�z�t − ��t��� + �1 − ṙ�t���DQ�z�t���−1

� „DS�y�t − r�t���…„− C̄�t�y�t − r�t��

¯ ¯
+ A�t�g�y�t − r�t��� + B�t�l�y�t − ��t� − r�t���… ,
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ċ̄i�t� = �1 − ṙ�t��	�
k=1

n

ek�t�
�Sk�y�t − r�t���

�yi�t − r�t��
yi�t − r�t��
 ,

ǡij�t� = − �1 − ṙ�t��	�
k=1

n

ek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�gj�y�t − r�t���
 ,

b̄
˙

ij�t� = − �1 − ṙ�t��	�
k=1

n

ek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�lj�y�t − �kj�t� − r�t���
 ,

where M =diag�m1 ,m2 , . . . ,mn� is a positive definite matrix.

C̄�t�, Ā�t�, and B̄�t� are independent of C, A, and B. Also, the
unknown parameters can be identified simultaneously, i.e.,

e�t� = Q�z�t�� − S�y�t − r�t��� → 0, t → � ,

c̄i�t� − ci → 0, t → � �i = 1,2, . . . ,n� ,

āij�t� − aij → 0, t → � �i, j = 1,2, . . . ,n� ,

b̄ij�t� − bij → 0, t → � �i, j = 1,2, . . . ,n� .

Proof: Let pi=qi=rij =sij =1�i=1,2 , . . . ,n�, we can get
Corollary 2 directly from Theorem 1. Here we omit it.

Corollary 3: Under the Assumption �A1�, the drive sys-
tem �3� will Q-S time-varying synchronize with the response
system �5� if we choose

u = − �DQ�z�t���−1Me�t� + C̄�t�z�t� − Ā�t�g�z�t��

− B̄�t�l�z�t − ��t��� + �1 − ṙ�t���DQ�z�t���−1

� „DS�y�t − r�t���…„− C̄�t�y�t − r�t��

+ Ā�t�g�y�t − r�t��� + B̄�t�l�y�t − ��t� − r�t���… ,

ċ̄i�t� = q�1 − ṙ�t��	�
k=1

n

ek�t�
�Sk�y�t − r�t���

�yi�t − r�t��
yi�t − r�t��
 ,

ǡij�t� = − r�1 − ṙ�t��	�
k=1

n

ek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�g �y�t − r�t���
 ,
j
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b̄
˙

ij�t� = − s�1 − ṙ�t��	�
k=1

n

ek�t�
�Sk�y�t − r�t���

�yi�t − r�t��

�lj�y�t − �kj�t� − r�t���
 ,

here q, r, s are positive and real values, M

diag�m1 ,m2 , . . . ,mn� is a positive definite matrix. C̄�t�,
�t�, and B̄�t� are independent of C, A and B. Also, the un-
nown parameters can be identified simultaneously, i.e.,

e�t� = Q�z�t�� − S�y�t − r�t��� → 0, t → � ,

c̄i�t� − ci → 0, t → � �i = 1,2, . . . ,n� ,

āij�t� − aij → 0, t → � �i, j = 1,2, . . . ,n� ,

b̄ij�t� − bij → 0, t → � �i, j = 1,2, . . . ,n� .

Proof: Let q= pi /qi, r= pi /rij, s= pi /sij �i=1,2 , . . . ,n�,
e can get Corollary 3 directly from Theorem 1. Here we
mit it.

In order to simplify the corollaries, the following as-
umption is established:

�A2�: S�y�t−r�t���= �S1�y1�t−r�t��� ,S2�y2�t−r�t��� , . . . ,

n�yn�t−r�t�����Rn, then it is easy to see that

�Sk�y�t − r�t���/�yi�t − r�t�� = 0 �k � i� .

ext, we give a simplified corollary:
Corollary 4: Under the Assumptions �A1� and �A2�, the

rive system �3� will Q-S time-varying synchronize with the
esponse system �5� if we choose

u = − �DQ�z�t���−1Me�t� + C̄�t�z�t� − Ā�t�g�z�t��

− B̄�t�l�z�t − ��t��� + �1 − ṙ�t���DQ�z�t���−1

� „DS�y�t − r�t���…„− C̄�t�y�t − r�t��

+ Ā�t�g�y�t − r�t��� + B̄�t�l�y�t − ��t� − r�t���… ,

ċ̄i�t� = q�1 − ṙ�t��ei�t�
�Si�y�t − r�t���

�yi�t − r�t��
yi�t − r�t�� ,

ǡij�t� = − r�1 − ṙ�t��ei�t�
�Si�y�t − r�t���

�yi�t − r�t��
gj�y�t − r�t��� ,

b̄
˙

ij�t� = − s�1 − ṙ�t��ei�t�
�Si�y�t − r�t���

�yi�t − r�t��

lj�y�t − �ij�t� − r�t��� ,

here q,r,s are positive and real values, M

diag�m1 ,m2 , . . . ,mn� is positive definite matrix. C̄�t�, Ā�t�,
nd B̄�t� are independent of C, A, and B. Also, the unknown
arameters can be identified simultaneously, i.e.,

e�t� = Q�z�t�� − S�y�t − r�t��� → 0, t → � ,

c̄ �t� − c → 0, t → � �i = 1,2, . . . ,n� ,
i i
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āij�t� − aij → 0, t → � �i, j = 1,2, . . . ,n� ,

b̄ij�t� − bij → 0, t → � �i, j = 1,2, . . . ,n� .

Proof: It is easy to obtain from Corollary 3. Here we
omit it.

Remark 1: In Refs. 8, 10, and 12, the authors have
studied a special type of chaotic system without time delays.
However, in this paper, we have considered a general model.

Remark 2: In Refs. 3, 7, and 9, the authors have studied
the adaptive synchronization of uncertain chaotic systems
based on parameter identification. However, in this paper we
have considered the adaptive Q-S �lag, anticipated, and com-
plete� time-varying synchronization of uncertain neural net-
works with multiple time-varying delays. This delayed
model is more general, and we also study adaptive Q-S �lag,
anticipated, and complete� time-varying synchronization,
which is a more generalized synchronization.

Remark 3: In Ref. 15, a generalized �lag, anticipated,
and complete� synchronization of a class of continuous-time
systems is defined by Yan. Also, a Q-S �lag or anticipated�
synchronization of continuous-time dynamical systems is
studied in Ref. 16 by Yan using a backstepping scheme.
However, in this paper, the parameters of the drive system
are unknown; the estimation of these parameters is investi-
gated by the Lyaponov functional method with a proposed
adaptive law. It is a simple approach by using the Lyapunov
method. Also, the synchronization considered in this paper is
a time-varying synchronization.

Remark 4: Huang and Guo have considered parameter
identification by identical synchronization between two dif-
ferent systems in Ref. 17. A more general model with mul-
tiple time-varying delays is considered in this paper; Q-S
�lag, anticipated, and complete� time-varying synchroniza-
tion is also investigated. This is a more generalized form of
synchronization.

Remark 5: In this paper, we define a new type of Q-S
�lag, anticipated, and complete� time-varying synchroniza-
tion. The parameters of the drive system are unknown, and
the Q-S �lag, anticipated, and complete� time-varying syn-
chronization and the unknown parameters are identified si-
multaneously.

IV. NUMERICAL EXAMPLES

In this section, we will give some simulation examples
to justify the theoretical analysis in this paper.

Example: Consider a typical delayed Hopfield neural
network as a drive system:

ẏ�t� = − Cy�t� + Ag�y�t�� + Bg�y�t − ��t��� ,

where

C = 	1 0

0 1

, A = 	 2.0 − 0.1

− 5.0 2.8

 , B = 	− 1.6 − 0.1

− 0.3 − 2.5



�ij = 1 �i, j = 1,2� , g�y� = 	tanh y1 
 .

tanh y2
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Here we only consider the error state e�t�=z�t�−y�t
r�t��, i.e., Q�z�t��=z�t� ,S�y�t−r�t���=y�t−r�t��. Thus
Q�z�t��=DS�y�t−r�t���=J, where J is the identity matrix.
ssumption �A1� and �A2� are satisfied. By Corollary 4, we
btain

ż�t� = − Me�t� + �1 − ṙ�t���− C̄�t�y�t − r�t��

+ Ā�t�g�y�t − r�t��� + B̄�t�l�y�t − ��t� − r�t���� ,
nloaded 02 Jun 2006 to 219.219.145.180. Redistribution subject to AI
ċ̄i�t� = q�1 − ṙ�t��ei�t�yi�t − r�t�� ,

ǡij�t� = − r�1 − ṙ�t��ei�t�gj�y�t − r�t��� ,

b̄
˙

ij�t� = − s�1 − ṙ�t��ei�t�lj�y�t − �ij�t� − r�t��� .

Here, we choose

FIG. 1. State trajectories of drive, re-
sponse, and error system: �a� y1�t�; �b�
y2�t�; �c� z1�t�; �d� z2�t�; �e� e1�t�; �f�
e2�t�.

FIG. 2. Estimation parameters of C in response system:
�a� c̄1�t�; �b� c̄2�t�.
P license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



I
o
k

023119-8 W. Yu and J. Cao Chaos 16, 023119 �2006�

Dow
M = 	10 0

0 10

, q = r = s = 1.

t is obvious to see that the above equations are independent
f the unknown parameters C, A, and B. We do not need to
now the parameters of the drive system; just following the
nloaded 02 Jun 2006 to 219.219.145.180. Redistribution subject to AI
above adaptive equation and the output of the drive system,

we find that the drive system will synchronize with the re-

sponse system according to the adaptive law stated above.

First, we choose r�t�=5�1+sin t�, ṙ�t�=5 cos t, and it is
the synchronization lag. The trajectories of the drive, re-

FIG. 3. Estimation parameters of A in
response system: �a� ā11�t�; �b� ā12�t�;
�c� ā21�t�; �d� ā22�t�.

FIG. 4. Estimation parameters of B in

response system: �a� b̄11�t�; �b� b̄12�t�;
�c� b̄21�t�; �d� b̄22�t�.
P license or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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FIG. 5. State trajectories of drive, re-
sponse, and error system: �a� y1�t�; �b�
y2�t�; �c� z1�t�; �d� z2�t�; �e� e1�t�; �f�
e2�t�.
FIG. 6. State trajectories of drive, re-
sponse, and error system: �a� y1�t�; �b�
y2�t�; �c� z1�t�; �d� z2�t�; �e� e1�t�; �f�
e2�t�.
nloaded 02 Jun 2006 to 219.219.145.180. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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ponse, and error systems are shown in Fig. 1. The parameter
stimation trajectories of response system are shown in Figs.
–4. From Figs. 1–4, we see that the drive system will Q-S
ag time-varying synchronize with the response system and
he parameter estimation in the response system tends to the
bject we want.

Next, we choose r�t�=−10, ṙ�t�=0, and it is the synchro-
ization anticipation. The trajectories of the drive, response,
nd error systems are shown in Fig. 5. From Fig. 5, we see
hat the drive system will Q-S anticipated synchronize with
he response system.

Finally, we choose the error state e�t�=z�t�−2y�t�, i.e.,
�z�t��=z�t� ,S�y�t−r�t���=2y�t� to show Q-S complete syn-

hronization. Thus DQ�z�t��=J , DS�y�t��=2J, where J is the
dentity matrix. Assumptions �A1� and �A2� are satisfied. By
orollary 4, we obtain

ż�t� = − Me�t� + �1 − ṙ�t��„DS�y�t − r�t���…

�„− C̄�t�y�t − r�t�� + Ā�t�g��y�t − r�t���

+ B̄�t�l�y�t − ��t� − r�t���… ,

ċ̄i�t� = q�1 − ṙ�t��ei�t�
�Si�y�t − r�t���

�yi�t − r�t��
yi�t − r�t�� ,

ǡij�t� = − r�1 − ṙ�t��ei�t�
�Si�y�t − r�t���

�yi�t − r�t��
gj�y�t − r�t��� ,

b̄
˙

ij�t� = − s�1 − ṙ�t��ei�t�
�Si�y�t − r�t���

�yi�t − r�t��

�lj�y�t − �ij�t� − r�t��� .

ere we choose

M = 	10 0

0 10

, q = r = s = 1,r�t� = 0.

lso it is obvious to see that the above equations are inde-
endent of the unknown parameters C, A, and B. The trajec-
ories of the drive, response, and error systems are shown in
ig. 6. From Fig. 6, we see that the response system Q-S
ompletely synchronize with the drive system.

. CONCLUSION

In this paper, adaptive Q-S �lag, anticipated and com-
lete� time-varying synchronization and parameter identifi-
ation of uncertain neural networks with multiple time-
arying delays have been considered. We do not need to
now the unknown parameters of the system, but the slave
ystem can Q-S time-varying synchronize with the master
ystem and the parameter identification can be achieved by
he output of the master system. It is easy and convenient to
se this method by adopting an adaptive law. Numerical
imulations are given to show the effectiveness and feasibil-
ty of the developed method.

Chaos synchronization can be applied especially in se-

ure communications. Using the approach established in this

nloaded 02 Jun 2006 to 219.219.145.180. Redistribution subject to AI
paper, we can design some neural networks to achieve Q-S
time-varying synchronization and apply this method in trans-
mitting messages in the networks. These will be our present
and future work.
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