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Prologue – some food for thought

Before commencing, the reader is welcome to spend some time considering the following story:

You are given a set of tasks which you would like to allocate, say over the Internet, to a group of

people whom you are not familiar with and who may not necessarily cooperate with you. Your goal

is to minimize the completion time of the last assignment (the make-span). What would you do?
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Abstract

A large part of research in computer science is concerned with protocols and algorithms for

inter-connected collections of computers. The designer of such an algorithm or protocol always

makes an implicit assumption that the participating computers will act as instructed – except,

perhaps, for the faulty or malicious ones. While this assumption seems obvious for “traditional”

applications programmed by a single entity, it cannot be taken for granted when considering, for

example, applications which are intended to operate on the Internet. Many of these applications

involve self-interested participants (e.g. individual users and private companies). Such participants

have their own goals and preferences and are likely to follow their own self interest. The goal of

this thesis is to develop a theory that will enable the construction of algorithms and protocols that

perform well when the participants behave selfishly.

Applications that involve self-interested parties emerge from several domains: Participants in

an electronic trade pursue their personal profit, users of a wide area network want their own traffic

to be optimized and software agents are self-interested by definition. Problems that stem from such

applications are essentially different from traditional algorithmic problems. To make this difference

concrete, consider an imaginary system aimed to utilize resources on the Internet:

Ideally, such a system would function like a regular distributed system. It would efficiently

allocate CPU-intensive jobs to CPU-servers, store data in computers with free disk space, extract

necessary information from various available databases and combine the services of the many soft-

ware packages found on the Internet. Beyond many difficult coordination and optimization problems

which need to be overcome, such a system faces a major novel challenge: All these resources belong

to self-interested parties (such as private companies or institutions) and there is no a-priory reason

that these parties will allow the system to freely use them, in particular when they are costly. The

system may, thus, need to provide some motivation for these owners to “play along”. Supplying

such motivation is likely to involve some sort of payment. Payment, real or virtual, carries however

problems of its own. A payment model which is not carefully designed can easily lead into a situa-

tion where manipulating the system’s algorithms and protocols can significantly increase the profits

of the participants (for example, participants may pretend that they are not capable to perform

tasks which are not profitable enough). Such manipulations might severally damage the efficiency

of such a system, preventing it to accomplish the purposes which it was designed for. As we shall

see, the algorithmic and the monetary aspects of protocols for such systems are tightly coupled.

Any solution for an algorithmic problem that involves selfish participants should simultaneously

deal with these two aspects. Solving such problems is therefore a difficult and exciting challenge!
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Mechanism design is a sub field of game theory and micro economics which deals with the design

of protocols for rational agents. Generally, a mechanism design problem can be described as the

task of selecting from a collection of feasible games, a game which will yield desirable results for

the designer. Specifically, the theory has focused on problems where the goal is to satisfactorily

aggregate privately known preferences of several agents towards a “social choice”.

An application of this theory within the framework of computer science is by no means straight-

forward. There are two main reasons for that:

Different goals Traditionally, mechanism design theory was developed for applications that arise

from economics. Naturally, problems that stem from computer science applications have

different goals and assumptions.

Computational complexity Mechanism design theory ignores the computational aspect of the

protocol. This turns essentially all solutions proposed by this theory to be impractical for

computationally complex problems.

The approach taken in this work is based on mechanism design as well as on basic concepts

from theoretical computer science. In particular I have chosen to focus on solutions in dominant

strategies, i.e. strategies in which it is always for the benefit of the participants to choose them.

This thesis is based on the following papers: “Algorithmic Mechanism Design”, that appeared in

STOC99 and in Games and Economic Behavior and “Computationally Feasible VCG Mechanisms”

that will appear in the second ACM Conference on Electronic Commerce (EC-00). Both papers

are co-authored with my advisor, Professor Noam Nisan. In the discussion and the appendix I

have also included some material from an invited paper for the 27th Annual Conference on Current

Trends in Theory and Practice of Informatics (SOFSEM2000) which is currently in preparation.

Overview of the results

The results in this thesis naturally divide into two main parts. The first, concerns the possibility

(or impossibility) to develop strategy-proof mechanisms (i.e. mechanisms with dominant strategies

for the agents) for problems that involve rational agents under various assumptions. The second,

studies the computational aspect of such mechanisms.

This thesis shows, among the rest, that many problems that naturally stem from computer

science applications can be satisfactorily handled. When the compensation and bonus mechanism

developed in the first part is unified with the second chance mechanism developed in the second, one

obtains a generic method for handling a wide variety of problems where verification assumptions
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are available. In this method the designer develops an algorithm for the corresponding optimization

problem and automatically obtains a protocol with the following properties:

• The only rational strategy for the agents is to cooperate with the algorithm. (A precise

definition of the solution concept appears in the second part of this work.)

• When the agents act rationally, the mechanism performs at least as good as the algorithm.

• If the algorithm is polynomial then so is the mechanism.

• Participation constraints are satisfied.

• The designer never pays more than her budget.

• The protocol is simple from the agents’ perspective.

Algorithmic Mechanism Design

This part studies the possibility or impossibility to solve problems that involve self-interested

participants in dominant strategies. It investigates a representative task scheduling problem where

the standard tools from mechanism design do not suffice. The results obtained in this part can be

divided into three main parts:

Limitations of the classical model This part shows lower bounds on the approximation ratio

that can be obtained by any deterministic strategy-proof mechanism for the representative

problem.

Probabilistic mechanisms This part shows how to break the deterministic lower bounds using

randomization without weakening the game theoretic strength of the solution concept.

The power of verification assumptions This part studies strategy-proof mechanisms for the

representative problem under additional verification assumptions which are natural to many

problems. It introduces the compensation and bonus mechanism that can solve such problems

optimally. Moreover the mechanism supports budget constraints. A method for developing a

polynomial-time mechanisms is also suggested. This method basically works in cases where

dynamic programming works.

Computationally Feasible VCG Mechanisms

This part studies the computational aspect of strategy-proof mechanisms. It is divided into two

main parts:
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Limitations of the existing methods This part shows that all known general methods for the

construction of strategy-proof mechanisms fail to construct reasonable, computationally fea-

sible mechanisms. In particular it shows gap phenomena for the important general problem

of combinatorial auctions as well as for many cost minimization problems. Any truthful

mechanism constructed in the existing methods can either be optimal (and henceforth com-

putationally infeasible) or produce unreasonable results.

The second-chance mechanism This part proposes a method to overcome this non-

truthfulness. It introduces a feasible notion of truthfulness and shows a general way to

construct mechanisms that are feasibly truthful under reasonable assumption on the agents.

The mechanism has several desirable properties.

The solution concept suggested in this part is considerably different from previous work on

bounded rationality and constitutes an important part of this thesis.

viii



Chapter 1

Introduction

A large part of research in computer science is concerned with protocols and algorithms for inter-

connected collections of computers. The designer of such an algorithm or protocol always makes an

implicit assumption that the participating computers will act as instructed – except, perhaps, for

the faulty or malicious ones. While this assumption seems obvious for “traditional” applications

programmed by a single entity, it cannot be taken for granted when considering, for example,

applications which are intended to operate on the Internet. Many of these applications involve

self-interested participants (e.g. individual users and private companies). Such participants have

their own goals and preferences and are likely to follow their own self interest. The goal of this

thesis is to develop a theory that will enable the construction of algorithms and protocols that

perform well when the participants behave selfishly.

Applications that involve self-interested parties emerge from several domains: Participants in

an electronic trade pursue their personal profit, users of a wide area network want their own traffic

to be optimized and software agents are self-interested by definition. Problems that stem from such

applications are essentially different from traditional algorithmic problems. To make this difference

concrete, consider an imaginary system aimed to utilize resources on the Internet:

Ideally, such a system would function like a regular distributed system. It would efficiently

allocate CPU-intensive jobs to CPU-servers, store data in computers with free disk space, extract

necessary information from various available databases and combine the services of the many soft-

ware packages found on the Internet. Beyond many difficult coordination and optimization problems

which need to be overcome, such a system faces a major novel challenge: All these resources belong

to self-interested parties (such as private companies or institutions) and there is no a-priory reason

that these parties will allow the system to freely use them, in particular when they are costly. The

system may, thus, need to provide some motivation for these owners to “play along”. Supplying

such motivation is likely to involve some sort of payment. Payment, real or virtual, carries however
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problems of its own. A payment model which is not carefully designed can easily lead into a situa-

tion where manipulating the system’s algorithms and protocols can significantly increase the profits

of the participants (for example, participants may pretend that they are not capable to perform

tasks which are not profitable enough). Such manipulations might severally damage the efficiency

of such a system, preventing it to accomplish the purposes which it was designed for. As we shall

see, the algorithmic and the monetary aspects of protocols for such systems are tightly coupled.

Any solution for an algorithmic problem that involves selfish participants should simultaneously

deal with these two aspects. Solving such problems is therefore a difficult and exciting challenge!

Mechanism design is a sub field of game theory and micro economics which deals with the design

of protocols for rational agents. Generally, a mechanism design problem can be described as the

task of selecting from a collection of feasible games, a game which will yield desirable results for

the designer. Specifically, the theory has focused on problems where the goal is to satisfactorily

aggregate privately known preferences of several agents towards a “social choice”.

An application of this theory within the framework of computer science is by no means straight-

forward. There are two main reasons for that:

Different goals Traditionally, mechanism design theory was developed for applications that arise

from economics. Naturally, problems that stem from computer science applications have

different goals and assumptions.

Computational complexity Mechanism design theory ignores the computational aspect of the

protocol. This turns essentially all solutions proposed by this theory to be impractical for

computationally complex problems.

The approach taken in this work is based on mechanism design as well as on basic concepts

from theoretical computer science. In particular I have chosen to focus on solutions in dominant

strategies, i.e. strategies in which it is always for the benefit of the participants to choose them.

This work is divided into two main parts. The first one studies, among others, the limitations of

the “classical” model of mechanism design and significantly extends the class of problems that can

be optimally solved in dominant strategies. The second part studies the computational aspect of

such problems. It shows that it is impossible, using all general methods known to date, to construct

computationally feasible mechanisms that produce reasonable results and proposes a novel method

of doing so.

The thesis is based on the following papers: “Algorithmic Mechanism Design”, that appeared

in STOC99 [77] and in Games and Economic Behavior [78] and “Computationally Feasible VCG

2



Mechanisms” [79] that will appear in the second ACM Conference on Electronic Commerce (EC-

00). Both papers are co-authored with my advisor, Professor Noam Nisan. In the discussion and the

appendix I have also included some material from an invited paper for the 27th Annual Conference

on Current Trends in Theory and Practice of Informatics (SOFSEM2000) [90] which is currently

in preparation.

3



1.1 Background

1.1.1 Game theory

Game theory may be described as a mathematical framework for the analysis of the concept of

rational decisions and of the interaction among rational decision makers. The originators of the

theory are considered to be Von Neumann and Morgenstern [113], although some of its roots

stem from earlier work, in particular of Zermello [13]. Game theory has influenced many scientific

disciplines, ranging from pure mathematics (e.g. [106], [71, chapter 2]) to biology. Arguably the

most influenced discipline is Economic theory (probably because humans are particularly rational

about their money...). An introduction to this field can be found in several textbooks (e.g. [22, 81]).

More advanced material may be found in a recent handbook [4].

This work analyses protocols from a non-cooperative game theory perspective. In particular,

it focuses on solutions in dominant strategies. I.e. strategies in which it is always for the benefit

of the agents to choose them. Although weaker solution concepts are commonly studied in the

literature (e.g Nash [74] and Bayesian Nash equilibria [32]), solutions in dominant strategies, when

available, are much preferable in particular for Internet applications [101].

An important ingredient of problems that are analyzed in this work is the fact that agents have

private input. This ingredient is modeled in this work by the standard framework of games with

incomplete information (see e.g. [60, pp. 253-260]).

Another fundamental aspect of problems which are studied in this thesis is computational. It

is actually twofold. First, it is necessary to develop protocols that can be executed in a reasonable

amount of time. The second aspect is related to the decision making process of the agents: Making

good decisions in a game is usually a very complex task (in many cases PSPACE complete [98]).

Therefore, it is not reasonable to expect that the agents will be able to make the optimal decisions

as implicitly assumed by traditional game theory. A sub-field of game theory called bounded

rationality investigates games which are played by agents with limited reasoning capabilities. While

currently not much is known, in particular about games which are played by polynomial time Turing

machines, chapter 3 of this thesis was influenced by the bounded rationality literature. A recent

survey of this topic may be found in [92].

Finally I would like to mention two sub-fields of game theory which are not studied in this thesis

but seem fundamental to future research on this topic: In a repeated game setting the game is not

played once but repeated finitely or infinitely many times. This has a strong effect on the nature of

the game and should be considered in the context of mechanism design. The theory of cooperative

(or coalitional) games deals with some aspects of cooperation among agents. Currently collusion
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among agents is hardly addressed even in the ”non-computational” mechanism design literature.

An introduction to both topics can be found in [81].

1.1.2 Mechanism Design

Mechanism design (a.k.a. implementation theory) is a sub-field of game theory and micro-economics

which studies the design of protocols with good game theoretical properties. This theory has many

applications including the design of voting schema [5], taxes [41] and auctions [43]. The theory

puts an emphasis on economic applications and in particular on auction design. An introduction

to this field can be found in [60, 81, 82].

Historically, this theory has stemmed from several sub-fields of micro-economics and in particu-

lar from the theory of social choice [3]. In the last few years this field has received much attention,

especially due to its influence on large governmental privatizations and auctions [10, 66, 65, 62, 119].

Generally, a mechanism design problem can be described as the task of selecting from a collection

of feasible games, a game that will yield desirable results for the designer. Specifically, the theory

has focused on the following canonical problem: A set of agents needs to collaboratively choose an

outcome x from a set X of possible outcomes. Each agent i has a privately known utility function

ui : X → R (or more generally a preference relation). There is an output specification F that

corresponds to every tuple u of utilities, a subset F (u) of allowed outcomes. Given a solution

concept, the goal of the designer is to define a protocol (a game) with solutions that meet the

specification.

Mechanism design models differ from each other by the solution concept they require and by

additional assumptions on the agents. In this work I have focused on the standard independent

private value model, the quasi-linearity assumption and in particular on dominant strategy imple-

mentation.

Implementation in dominant strategies

This subsection describes some fundamental results concerning dominant strategy implementation

which are relevant to this work.

In a revelation mechanism the agents are simply required to reveal their types (utilities) to the

mechanism. Such a mechanism can be denoted by a pair (k(u), p(u)) where k(.) is an output function

and p(.) a payment function. A revelation mechanism is called truthful or incentive compatible if

truth-telling is dominant for all agents. A simple observation known as the revelation principle ([60,

page 871]) states that in order to prove or disprove the ability to implement a given specification
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function, it is enough to consider only revelation mechanisms1. This observation greatly simplifies

the analysis of mechanism design problems.

A celebrated theorem by Gibbard [25] and Satterthwaite [97] shows that without further as-

sumptions on the type space, one cannot implement even the most basic functions (e.g. choosing

between three alternatives). This theorem, tightly connected to a remarkable theorem of Arrow

(in [3]), greatly shaped the course of the research in this area. In particular it caused researchers

to focus on assumptions that facilitate implementation in dominant strategies and are feasible to

many applications. Arguably the most important and popular among these assumptions is quasi

linearity. In this assumption, also taken in this work, the mechanism can use monetary transfor-

mations and the agents’ utilities are assumed to be of the form vi(x) + pi where pi denotes the

monetary payment to the agent and vi(.) depends only on x ∈ X .

Under the quasi linearity assumption, any function of the form arg maxx∈X v0(x) +
∑
i βi · vi(x)

(where βi are non-negative weighs and v0(.) is any function chosen by the mechanism) can be

implemented using the celebrated VCG mechanisms [112, 8, 31]. It is known that under mild

conditions a mechanism’s output function uniquely determines its payment rule (up to some nor-

malization). This was first proven in [30] for a private case. A much more difficult question is the

characterization of the output functions that can be extended to strategy-proof mechanisms (i.e.

dominant strategy implementation). A beautiful theorem by Roberts [89] shows that if nothing

apart from quasi-linearity can be assumed on the agents’ type space, then VCG mechanisms are the

only truthful (revelation) mechanisms. To the best of my knowledge this is the only known result

regarding this question [61]. In appendix A I give a natural example where for which the family

of implementable functions is very large. A deeper understanding of this question seems critical to

the understanding of the ability to develop computationally feasible strategy-proof mechanisms.

1.1.3 Some fundamental concepts of theoretical computer science

This section describes, for the sake of completeness, some fundamental concepts of theoretical

computer science. An introduction to this field can be found in many textbooks (e.g. [104]).

A language over an alphabet
∑

is simply a subset of
∑∗, i.e. a set of finite sequences of letters.

Much of the work in theoretical computer science can be described as an effort to understand, given

a language, how hard it is to decide whether a string x belongs to it or not. Computer scientist

make a sharp distinction between two fundamental classes of languages called P and NPC.

The class P contains all the ”easy” languages. I.e. those which can be decided by an algorithm2

1When demanding that all the solution points will maintain the problem’s specification this statement usually
remains true but not always.

2Formally an algorithm is a Turing machine. In this level of granularity however, there is not much difference
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in time which is bounded by some polynomial in the length of the input. An example for such a

language is one that contains all pairs (K,m) such that K is a set of integers and m the maximum

among them.

The class NP contains all languages that can be decided by a polynomial-time non-deterministic

algorithm. If L is an NP language then for every x ∈ L there exists a (polynomially short) witness

w, such that given w, verifying that x ∈ L is easy. An example for an NP language is SAT – the set

of all Boolean formulas (using some standard encoding) which have a satisfying assignment. Given

a satisfying assignment, verifying that x ∈ SAT can be done in polynomial time. A remarkable

result ([9], and an equivalent result in [55]) states that if a polynomial-time algorithm for SAT do

exist then every NP language can be solved in polynomial time! Languages with this property are

called NP -hard. The class NPC (NP -complete) contains all NP language which are also NP -

hard. Till date, no sub-exponential algorithm for any NPC languages has been found. It is widely

conjectured that constructing a polynomial algorithm for any such language is indeed impossible.

Unfortunately most of the problems of practical interest are NPC. [24] is considered as a canonical

reference for the issue of NP -completeness.

A natural generalization of languages is the concept of optimization problems. An optimization

problem is composed of a set I of instances, for every instance x, a set S(x) of feasible solutions, and

an objective function g(x, s) that measures how good the solution s ∈ S(x) is. Given an instance

x, the goal of the algorithm is to find a feasible solution s that maximizes (or minimizes) g(x, s).

Such a problem is called NPO if recognizing that x is a valid instance, that s is a feasible solution

for x and computing g(x, s) can be done in time polynomial in the length |x| of x. Max-3-sat is

an example of an NPO: Given a CNF-formula where each term contains 3 literals (an instance),

the goal of the algorithm is to find an assignment (feasible solution) that maximizes that number

of satisfied terms (the objective function). It is not hard to verify that this problem is an NPO.

Like in the case of languages, most problems tackled in everyday life seem to be hard (NPC).

One natural relaxation of such problems is to ask whether one can easily find a solution that is

guaranteed to be within a certain factor of the optimum. For many NP -hard optimization problems

the answer for this question is yes! A polynomial time algorithm which is guaranteed to be within a

certain factor (or a function of |x|) of the optimum is called an approximation. In the last decade or

so there has been a major breakthrough in the understanding of the possibility or impossibility of

constructing approximation algorithms and many long-standing open problems were finally solved

[34, 2, 1]. A recent book describing many results in this area is [35]. A constantly updated online

compendium of results can be found in [42].

between all ”reasonable” computational models, accept the quantum ones.
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1.1.4 Game theoretic considerations in computer science

The goal of this thesis is to facilitate the development of algorithms and protocols for self interested

participants. While I am not aware of any work that pursued this direction, many previous works

in computer science have adopted game theoretic and economic concepts. In this section I describe

the main lines of such research.

Computational considerations in mechanism design

In recent years various complex auctions and mechanisms of interest were implemented on computer

systems. This has led several researchers to consider the computational aspect of such mechanisms.

Researchers were particularly motivated by the problem of combinatorial auctions. In such an

auction the participants are interested in purchasing combinations of items (e.g. adjacent spectrum

licensees, matching TV set and a DVD). Besides its intellectual interest, the problem has significant

practical importance as governments conduct auctions which are combinatorial by nature raising

billions of dollars (e.g. [62, 119]). Several researchers have studied algorithmic problems that stem

from this application [53, 95, 23, 33, 75, 29]. A truthful mechanism for a sub-case of this problem

which does not fall into the VCG category was constructed at [53]. Other cases where mechanism

design theory has also been applied in computational settings include resource and task allocation

problems [77, 117, 116], communication networks [19, 46], multi-agent systems [91, 120, 16] and

others [114, 50, 20, 103, 56]. Various aspects of mechanism design were studied at [69, 68, 50, 102].

The amount of communication required by distributed mechanisms for cost sharing was studied

at [19]. This recent paper investigates two ingredients absent in this thesis – a distributed model

and budget balance requirement. These two fundamental aspects are surely to play a significant

role in future research in this area. The implementation of mechanism design theory for Internet

environments may require new assumptions. This issue is discussed at [94, 68]. Finally our work

[77, 78, 79] can be classified into this category. It is worth mentioning that all the works cited in

this section were focused on dominant strategy implementation.

Distributed artificial intelligence

The first community that brought game theory and micro economics into the center of its stage was

arguably the Distributed Artificial Intelligence (DAI) community. DAI researchers study situations

where autonomous agents interact. An agent can roughly be described as a computer program

that acts on its owner’s behalf. There are numerous aspects of such inter-agent communication.

Among the investigated issues which are relates to game theory and economics are problems which

stem from specific applications (e.g. [118, 115]), theories and platforms for agents’ bargaining
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contracting and negotiating (e.g. [105, 17, 47, 96, 48, 108]), agent economies and ecologies [72, 15]

and market based control [20, 39, 64, 72]. Researchers from this community were also pioneering

in the adoption of notions of mechanism design theory [91, 16, 120]. This line of work is covered in

more detail in section 1.1.4. Extensive research is currently conducted in this area and multi-agent

systems is nowadays a major subfield of artificial intelligence.

Communication Networks

Motivated by the overwhelming growth of the Internet, several researchers in the field of network

design took a game theoretic approach. Research in this area includes Internet pricing ([100, 80, 111]

and several papers in [40]), QoS and resource allocation [20, 93, 51, 87], and network control

[45, 38, 12, 11, 7, 44, 101]. A game theoretic approach to the behavior of network users can be

found in [21, 58]. A recent paper [19] studies a networking problem in the context of mechanism

design.

Electronic commerce

The rapid growth of electronic commerce in recent years drew the attention of several researchers

and institutions. Obviously many questions that stem from this area should take into consideration

the self interest of the participants. Several papers on this topic can be found at [40, 14].

Theoretical computer science

Although tools from game-theory are essential for the analysis and even for the presentation of

many problems in theoretical computer science (e.g. [71, chapter 2] [49]), computational models

that involve self interested parties were hardly introduced in this community. Work on the border

of theoretical computer science and game theory includes [46, 84, 85, 27, 63] and several papers

from [107]. A survey of game theoretical aspects of computer science can be found in [57].

Additional topics

In this section I briefly describe two sub-fields of computer science that seem important for future

research in mechanism design: distributed protocol design and cryptography.

While the canonical models of computation are central by nature, many computer systems are

composed of distributed collections of computers and devices. The design of algorithms and proto-

cols for such environments raises many fundamental questions. The field of distributed algorithm

design is concerned with these issues. As many natural applications where mechanism design the-

ory can play a significant role are distributed by nature [19, 68], distributed models are likely to
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play an important role in the future research in mechanism design. [59] is a comprehensive book

on this topic.

The theory of cryptography is concerned with communication and computation in the presence

of adversaries [110][chapter 13]. Cryptographic protocols can ensure properties like privacy [88],

authentication [28], and well behavior of the participants [6]. As information flow can greatly

influence the agents’ strategy space and because much of the applications of mechanism design

involve a lot of money, cryptography is likely to play a prominent role. Some work on the border of

mechanism design and cryptography has been recently conducted [73, 70]. An introduction to this

topic can be found in e.g. [110, chapter 13] [26]. In some sense, the theories of cryptography and

mechanism design are complementary. While a crypto system can guarantee that the participants

behave legally, i.e. according to some legal input ti ∈ T i, the goal of mechanism design is to make

sure that it will be for the agents’ benefit to behave according to the correct one!

10



1.2 Overview of the results

The results in this thesis naturally divide into two main parts. The first, concerns the possibility

(or impossibility) to develop strategy-proof mechanisms for problems that involve rational agents

under various assumptions. The second, studies the computational aspect of such mechanisms.

This thesis shows, among the rest, that many problems that naturally stem from computer

science applications can be satisfactorily handled. When the compensation and bonus mechanism

developed in the first part is unified with the second chance mechanism developed in the second, one

obtains a generic method for handling a wide variety of problems where verification assumptions

are available. In this method the designer develops an algorithm for the corresponding optimization

problem and automatically obtains a protocol with the following properties:

• The only rational strategy for the agents is to cooperate with the algorithm. (A precise

definition of the solution concept appears in the second part of this work.)

• When the agents act rationally, the mechanism performs at least as good as the algorithm.

• If the algorithm is polynomial then so is the mechanism.

• Participation constraints are satisfied.

• The designer never pays more than her budget.

• The protocol is very simple from the agents’ perspective.

1.2.1 Algorithmic Mechanism Design

This part studies the possibility or impossibility to solve problems that involve self-interested par-

ticipants in dominant strategies. It investigates a representative task scheduling problem where

the standard tools from mechanism design do not suffice. The results obtained in this part can be

divided into three main parts:

Limitations of the classical model This part shows lower bounds on the approximation ratio

that can be obtained by any deterministic strategy-proof mechanism for the representative

problem.

Probabilistic mechanisms This part shows how to break the deterministic lower bounds using

probability without weakening the game theoretic strength of the solution concept.
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The power of verification assumptions This part studies strategy-proof mechanisms for the

representative problem under additional verification assumptions which are natural to many

problems. It introduces the compensation and bonus mechanism that can solve such problems

optimally. Moreover the mechanism supports budget limitations. A method for developing a

polynomial-time mechanisms is also suggested. This method basically works in cases where

dynamic programming works.

1.2.2 Computationally Feasible VCG Mechanisms

This part studies the computational aspect of strategy-proof mechanisms. It is divided into two

main parts:

Limitations of the existing methods This part shows that all known general methods for the

construction of strategy-proof mechanisms fail to construct reasonable, computationally fea-

sible mechanisms. In particular it shows gap phenomena for the important general problem of

combinatorial auctions as well as for many cost minimization problems. A truthful mechanism

constructed in the existing methods can either be optimal (and henceforth computationally

infeasible) or produce unreasonable results.

The second-chance mechanism This part proposes a method to overcome this non-

truthfulness. It introduces a feasible notion of truthfulness and shows a general way to

construct mechanisms that are feasibly truthful under reasonable assumption on the agents.

The mechanism has several desirable properties.

The solution concept suggested in this part is considerably different from previous work on

bounded rationality and constitutes an important part of this thesis.
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Chapter 2

Algorithmic Mechanism Design

This sections contains the paper “Algorithmic Mechanism Design” as it appeared in Games and

Economic Behavior.
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Abstract

We consider algorithmic problems in a distributed setting where the participants cannot be assumed to
follow the algorithm but rather their own self-interest. As such participants, termed agents, are capable of
manipulating the algorithm, the algorithm designer should ensure in advance that the agents’ interests are
best served by behaving correctly.

Following notions from the field of mechanism design, we suggest a framework for studying such algo-
rithms. In this model the algorithmic solution is adorned with payments to the participants and is termed a
mechanism. The payments should be carefully chosen as to motivate all participants to act as the algorithm
designer wishes. We apply the standard tools of mechanism design to algorithmic problems and in particular
to the shortest path problem.

Our main technical contribution concerns the study of a representative task scheduling problem for which
the standard mechanism design tools do not suffice. We present several theorems regarding this problem
including an approximation mechanism, lower bounds and a randomized mechanism. We also suggest and
motivate extensions to the basic model and prove improved upper bounds in the extended model.

Many open problems are suggested as well.
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2.1 Introduction

2.1.1 Motivation

A large part of research in computer science is concerned with protocols and algorithms for inter-

connected collections of computers. The designer of such an algorithm or protocol always makes

an implicit assumption that the participating computers will act as instructed – except, perhaps,

for the faulty or malicious ones.

With the emergence of the Internet as the platform of computation, this assumption can no

longer be taken for granted. Computers on the Internet belong to different persons or organizations

and will likely do what is most beneficial to their owners. We cannot simply expect each computer

on the Internet to faithfully follow the designed protocols or algorithms. It is more reasonable to

expect that each computer will try to manipulate it for its owners’ benefit. Such an algorithm or

protocol must therefore be designed in advance for this kind of behavior! Let us sketch two example

applications we have in mind:

Load balancing

The aggregate power of all computers on the Internet is huge. In a “dream world” this aggregate

power will be optimally allocated online among all connected processors. One could imagine CPU-

intensive jobs automatically migrating to CPU-servers, caching automatically done by computers

with free disk space, etc. Access to data, communication lines and even physical attachments

(such as printers) could all be allocated across the Internet. This is clearly a difficult optimization

problem even within tightly linked systems, and is addressed, in various forms and with varying

degrees of success, by all distributed operating systems. The same type of allocation over the

Internet requires handling an additional problem: the resources belong to different parties who may

not allow others to freely use them. The algorithms and protocols may, thus, need to provide some

motivation for these owners to “play along”.

Routing

When one computer wishes to send information to another, the data usually gets routed through

various intermediate routers. So far this has been done voluntarily, probably due to the low

marginal cost of forwarding a packet. However, when communication of larger amounts of data

becomes common (e.g. video), and bandwidth needs to be reserved under various quality of service

(QoS) protocols, this altruistic behavior of the routers may no longer hold. If so, we will have to

design protocols specifically taking the routers’ self-interest into account.
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2.1.2 This Work

In this paper we propose a formal model for studying algorithms that assume that the participants

all act according to their own self-interest. We adopt a rationality-based approach, using notions

from game theory and micro-economics, and in particular from the field of mechanism design. We

assume that each participant has a well defined utility function2 that represents its preference

over the possible outputs of the algorithm, and we assume that participants act as to rationally

optimize their utility. We term such rational and selfish participants agents3. The solutions we

consider contain both an algorithmic ingredient (obtaining the intended results), and a payment

ingredient that motivates the agents. We term such a solution a mechanism4.

Our contributions in this work are as follows:

1. We present a formal model for studying optimization problems. The model is based on

the field of mechanism design5. A problem in this model has, in addition to the output

specification, a description of the agents’ utilities. The mechanism has, in addition to the

algorithm producing the desired output, payments to the participating agents. An exposition

of applying several classic notions from mechanism design in our model appears in [76].

2. We observe that the known techniques from mechanism design provide solutions for several

basic optimization problems, and in particular for the shortest path problem, where each edge

may belong to a different agent.

3. We study a basic problem, task scheduling, which requires new techniques and prove the

following:

• We design an n-approximation mechanism, where n is the number of agents.

• We prove a lower bound of 2 to the approximation ratio that can be achieved by any

mechanism. This bound is tight for the case of two agents, but leaves a gap for more

agents. We conjecture that the upper bound is tight in general and prove it for two

restricted classes of mechanisms.

• We design a randomized mechanism that beats the deterministic lower bound.

4. We extend the basic model, formalizing a model where the mechanism has more information.

We call this model a mechanism with verification and argue that it is justified in certain
2This notion from micro-economics is often used in mechanism design.
3The term is taken from the distributed AI community which have introduced the usage of mechanism design in

a computational setting. We use it, however, in a much more restricted and well-defined sense.
4This is the standard term used in mechanism design.
5We are not the first to use notions from mechanism design in a computational setting. See section 1.3.
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applications.

5. We study the task scheduling problem in the extended model and obtain two main results:

• An optimal mechanism with verification for task scheduling (that requires exponential

computation time).

• A polynomial time (1 + ε)-approximation mechanism with verification for a sub-case of

the problem.

A preliminary version of this paper appeared at the thirty-first annual symposium on theory of

computing ([77]).

2.1.3 Extant Work

There have been many works that tried to introduce economic or game-theoretic aspects into

computational questions. (See e.g. [49], [20], [39], [86], [85] and a survey by [57]). Most of these

were not aimed at the problem of the cooperation of selfish entities, and those that were ([68], [84],

[45] and [94]) did not pursue our direction. Many subfields of game theory and economics are also

related to our work, see, e.g. [60]. We list below the research work that is most relevant to our

direction.

Mechanism Design

The field of mechanism design (also known as implementation theory) aims to study how pri-

vately known preferences of many people can be aggregated towards a “social choice”. The main

motivation of this field is micro-economic, and the tools are game-theoretic. Emphasis is put on

the implementation of various types of auctions. In the last few years this field has received much

interest, especially due to its influence on large privatizations and spectrum allocations ([62]). An

introduction to this field can be found in [60], [81] and an influential web site in [67].

Distributed AI

In the last decade or so, researchers in AI have studied cooperation and competition among “soft-

ware agents”. The meaning of agents here is very broad, incorporating attributes of code-mobility,

artificial-intelligence, user-customization and self-interest. A subfield of this general direction of

research takes a game theoretic analysis of agents’ goals, and in particular uses notions from mech-

anism design ([91], [94], [18] and [103]). A related subfield of Distributed AI, sometimes termed

market-based computation ([117], [20] and [116]), aims to leverage the notions of free markets in

order to solve distributed problems. These subfields of DAI are related to our work.
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Communication Networks

In recent years researchers in the field of network design adopted a game theoretic approach

(See e.g. [45]). In particular mechanism design was applied to various problems including resource

allocation ([51]), cost sharing and pricing ([99]).

Scheduling

The specific problem we address is the minimization of the make-span of independent tasks on

unrelated parallel machines, which was extensively studied from an algorithmic point of view. It

is known that solving the problem or even approximating it within a factor of 3/2− ε is NP -hard,

but a polynomial-time 2-approximation exists ([54]). For a fixed number of processors, a fully

polynomial approximation scheme was presented by [36]. A survey of scheduling algorithms can be

found in [35].

2.2 The Model

In this section we formally present our model. We attempt, as much as possible, to use the

standard notions from both mechanism design and algorithmics. We limit ourself to the discussion

of a dominant strategy implementation in quasi-linear environments.

Subsection 2.1 describes what a mechanism design problem is. In subsection 2.2 we define what

a good solution is: an implementation with dominant strategies. Subsection 2.3 defines a special

class of good solutions: truthful implementations, and states the well-known fact that restricting

ourselves to such solutions loses no generality. For familiarization with our basic model and

notations we suggest viewing the shortest paths example given in section 3.2.

2.2.1 Mechanism Design Problem Description

Intuitively, a mechanism design problem has two components: the usual algorithmic output speci-

fication, and descriptions of what the participating agents want, formally given as utility functions

over the set of possible outputs.

Definition 1 (Mechanism Design Problem) A mechanism design problem is given by an out-

put specification and by a set of agents’ utilities. Specifically:

1. There are n agents, each agent i has available to it some private input ti ∈ T i (termed its

type). Everything else in this scenario is public knowledge.

2. The output specification maps to each type vector t = t1...tn a set of allowed outputs o ∈ O.
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3. Each agent i’s preferences are given by a real valued function: vi(ti, o), called its valuation.

This is a quantification of its value from the output o, when its type is ti, in terms of some

common currency. I.e. if the mechanism’s output is o and in addition the mechanism hands

this agent pi units of this currency, then its utility will be ui = pi + vi(o, ti)6. This utility is

what the agent aims to optimize.

In this paper we only consider the important special case of optimization problems. In these

problems the output specification is to optimize a given objective function. We present the definition

for minimization problems.

Definition 2 (Mechanism Design Optimization Problem) This is a mechanism design prob-

lem where the output specification is given by a positive real valued objective function g(o, t) and a

set of feasible outputs F . In the exact case we require an output o ∈ F that minimizes g, and in

the approximate case we require any o ∈ F that comes within a factor of c, i.e. such that for any

other output o′ ∈ F , g(o, t) ≤ c · g(o′, t).

2.2.2 The Mechanism

Intuitively, a mechanism solves a given problem by assuring that the required output occurs, when

agents choose their strategies as to maximize their own selfish utilities. A mechanism needs thus to

ensure that the agents’ utilities (which it can influence by handing out payments) are compatible

with the algorithm.

Notation: We will denote (a1, ...ai−1, ai+1, ...an) by a−i. (ai, a−i) will denote the tuple (a1, . . . an).

Definition 3 (A Mechanism) A mechanism m = (o, p) is composed of two elements: An output

function o(), and an n-tuple of payments p1()...pn(). Specifically:

1. The mechanism defines for each agent i a family of strategies Ai. The agent can chose to

perform any ai ∈ Ai.

2. The first thing a mechanism must provide is an output function o = o(a1...an).

3. The second thing a mechanism provides is a payment pi = pi(a1...an) to each of the agents.

4. We say that a mechanism is an implementation with dominant strategies 7 (or in short just

an implementation) if
6This is termed “quasi-linear utility”. In this paper we limit ourselves to this type of utilities.
7Several “solution concepts” are discussed in the mechanism design literature. In this paper we discuss only

dominant strategy implementation.
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• For each agent i and each ti there exists a strategy ai ∈ Ai, termed dominant, such

that for all possible strategies of the other agents a−i, ai maximizes agent i’s utility.

I.e. for every a′i ∈ Ai, if we define o = o(ai, a−i), o′ = o(a′i, a−i), pi = pi(ai, a−i),

p′i = pi(a′i, a−i) , then vi(ti, o) + pi ≥ vi(ti, o′) + p′i

• For each tuple of dominant strategies a = (a1...an) the output o(a) satisfies the specifi-

cation.

We say that a mechanism is poly-time computable if the output and payment functions are

computable in polynomial time. In this paper we purposefully do not consider the details of how

the mechanism is computed in a distributed system. We view this topic as an important direction

for further research.

2.2.3 The Revelation Principle

The simplest types of mechanisms are those in which the agents’ strategies are to simply report

their types.

Definition 4 (Truthful Implementation) We say that a mechanism is truthful if

1. For all i, and all ti, Ai = T i, i.e. the agents’ strategies are to report their type. (This is

called a direct revelation mechanism.)

2. Truth-telling is a dominant strategy, i.e. ai = ti satisfies the definition of a dominant strategy

above.

Definition 5 We say that a mechanism is strongly truthful if truth-telling is the only dominant

strategy.

A simple observation, known as the revelation principle, states that without loss of generality

one can concentrate on truthful implementations.

Proposition 2.2.1 ([60]) If there exists a mechanism that implements a given problem with dom-

inant strategies then there exists a truthful implementation as well.

Proof: (sketch) We let the truthful implementation simulate the agents’ strategies. I.e. given a

mechanism (o, p1, ...pn), with dominant strategies ai(ti), we can define a new one by o∗(t1...tn) =

o(a1(t1)...an(tn)) and (p∗)i(t1...tn) = pi(a1(t1)...an(tn)). 2
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2.3 Vickrey-Groves-Clarke Mechanisms

Arguably the most important positive result in mechanism design is what is usually called the

generalized Vickrey-Groves-Clarke (VCG) mechanism ([112]; [31]; [8]). We first describe these

mechanisms in our notation and then demonstrate their usage in an algorithmic setting, that of

shortest paths.

2.3.1 Utilitarian Functions

The VCG mechanism applies to mechanism design maximization problems where the objective

function is simply the sum of all agents’ valuations. The set of possible outputs is assumed to be

finite.

Definition 6 A maximization mechanism design problem is called utilitarian if its objective func-

tion satisfies g(o, t) =
∑
i v
i(ti, o).

Definition 7 We say that a direct revelation mechanism m = (o(t), p(t)) belongs to the VCG

family if

1. o(t) ∈ arg maxo(
∑n
i=1 v

i(ti, o)).

2. pi(t) =
∑
j 6=i v

j(tj , o(t)) + hi(t−i) where hi() is an arbitrary function of t−i.

Theorem 2.3.1 ([31]) A VCG mechanism is truthful.

2

Thus, a VCG mechanism essentially provides a solution for any utilitarian problem (except for the

possible problem that there might be dominant strategies other than truth-telling). It is known that

(under mild assumptions) VCG mechanisms are the only truthful implementations for utilitarian

problems ([30]).

Similarly, a weighted version can be implemented as well.

Definition 8 A maximization mechanism design problem is called weighted utilitarian if there

exist real numbers β1, . . . , βn > 0 such that the problem’s objective function satisfies g(o, t) =∑
i β

i · vi(ti, o).

Definition 9 We say that a direct revelation mechanism m = (o(t), p(t)) belongs to the weighted

VCG family if

1. o(t) ∈ arg maxo(g(o, t)).
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2. pi(t) = 1
βi
·
∑
j 6=i β

j · vj(tj , o(t)) + hi(t−i) where hi() is an arbitrary function of t−i.

Theorem 2.3.2 ([89]) A weighted VCG mechanism is truthful.

Proof: Let d1, . . . , dn denote the declarations of the agents and t1, . . . , tn denote their real types.

Suppose that truth telling is not a dominant strategy, then there exists d, i, t, d′i such that

vi(ti, o(d−i, ti)) + pi(ti, o(d−i, ti)) + hi(d−i) < vi(ti, o(d−i, d′i)) + pi(ti, o(d−i, d′i)) + hi(d−i)

thus

vi(ti, o(d−i, ti)) +
1
βi
·
∑
j 6=i

βj · vj(tj , o(d−i, ti)) < vi(ti, o(d−i, d′i)) +
1
βi
·
∑
j 6=i

βj · vj(tj , o(d−i, d′i))

Multiplying both sides by βi we obtain

n∑
j=1

βj · vj(tj , o(d−i, ti)) <
n∑
j=1

βj · vj(tj , o(d−i, d′i))

In contradiction with the definition of o(). 2

Comment: An output function of a VCG mechanism is required to maximize the objective func-

tion. In many cases (e.g. combinatorial auctions ([33])), this makes the mechanism computationally

intractable. Replacing the optimal algorithm with a non-optimal approximation usually leads to

untruthful mechanisms – see for example section 2.5.6.

2.3.2 Example: Shortest Paths

Many algorithmic mechanism design problems can be solved using the VCG mechanism. Let us

give a natural example.

Problem definition: We have a communication network modeled by a directed graph G, and

two special nodes in it x and y. Each edge e of the graph is an agent. Each agent e has private

information (its type) te ≥ 0 which is the agent’s cost for sending a single message along this edge.

The goal is to find the cheapest path from x to y (as to send a single message from x to y). I.e the

set of feasible outputs are all paths from x to y, and the objective function is the path’s total cost.

Agent e’s valuation is 0 if its edge is not part of the chosen path, and −te if it is. We will assume

for simplicity that the graph is bi-connected.

A Truthful Implementation:

The following mechanism ensures that the dominant strategy for each agent is to report its true

type te to the mechanism. When all agents honestly report their costs, the cheapest path is chosen:
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The output is obtained by a simple shortest path calculation. The payment pe given to agent e is

0 if e is not in the shortest path and pe = dG|e=∞− dG|e=0 if it is. Here dG|e=∞ is the length of the

shortest path which does not contain e (according to the inputs reported), and dG|e=0 is the length

of the shortest path when the cost of e is assumed to be zero (again according to the reported

types).

Notice that the shortest path is indeed a minimization of the total cost. Also notice that the given

mechanism is a VCG mechanism: dG|e=∞ corresponds to hi(t−i) and dG|e=0 to
∑
j 6=i v

j(tj , o(t)).

Many other graph problems, where agents are edges, and their valuations proportional to the

edges’ weights, can be implemented by a VCG mechanism. In particular minimum spanning tree

and max-weight matching seem natural problems in this setting. A similar solution applies to the

more general case where each agent holds some subset of the edges.

Open Problem: How fast can the payment functions be computed? Can it be done faster than

computing n versions of the original problem? For the shortest paths problem we get the following

equivalent problem: given a directed graph G with non-negative weights, and two vertices in it

x, y. Find, for each edge e in the graph, the shortest path from x to y that does not use e. Using

Disjktra’s algorithm for each edge on the shortest path gives an O(nm log n) algorithm. Is anything

better possible? Maybe O(m log n)? For the similar problem with minimum spanning tree, it has

been pointed out to us by Valerie King that the known fully dynamic algorithms (or alternatively

the known sensitivity-analysis algorithms) for MST provide a nearly linear time solution.

2.4 Task Scheduling

In this section we analyze the task allocation problem. Subsection 4.1 formally presents the problem,

subsection 4.2 gives a (weak) upper bound, subsection 4.3 provides our lower bounds, and finally

in subsection 4.4 we exhibit a randomized solution that beats the lower bound.

2.4.1 The Problem

Definition 10 (Task Allocation Problem) There are k tasks that need to be allocated to n

agents. Each agent i’s type is, for each task j, the minimum amount of time tij it is capable of

performing this task in. The goal is to minimize the completion time of the last assignment (the

make-span). The valuation of an agent i is the negation of the total time it has spent on the tasks

allocated to it.

More formally:
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• The feasible outputs of the mechanism are all partitions x = x1 . . . xn of the tasks to the

agents, where xi is the set of tasks allocated to agent i.

• The objective function is g(x, t) = maxi
∑
j∈xi t

i
j.

• Agent i’s valuation is vi(x, ti) = −
∑
j∈xi t

i
j.

We will consider both the exact and approximate versions.

Notation: We denote a direct revelation mechanism for the task scheduling problem by m = (x, p),

where x = x(t) is the allocation algorithm and p = p(t) the payment. (These are functions of the

declared types.)

2.4.2 An Upper Bound

A simple, but not very good, approximation for the task scheduling problem is to minimize the

total work done. It turns out that this approximation can be used as a basis for an approximation

mechanism8.

Definition 11 (MinWork Mechanism)

• allocation: each task is allocated to the agent who is capable of doing it in a minimal amount

of time (tasks with equal time declarations are allocated arbitrarily).

• payment: the payment for each agent i is defined as pi(t) =
∑
j∈xi(t) mini′ 6=i(ti

′
j ) (i.e. for

each task allocated to it, the agent is given payment equal to the time of the second best agent

for this task).

Theorem 2.4.1 MinWork is a strongly truthful n-approximation mechanism for the task schedul-

ing problem.

Proof: We prove that the MinWork mechanism is strongly truthful and that it is an n-

approximation.

Claim 2.4.2 MinWork is strongly truthful .

Proof: We will first show that MinWork belongs to the VCG family, and therefore, by theorem 3.2.1

it is truthful. The output is an allocation that maximizes the utilitarian function
∑n
i=1 v

i(ti, x); Let

h−i be
∑k
j=1 mini′ 6=i ti

′
j , then

∑
i′ 6=i v

i′(ti
′
, x) + h−i is exactly the mechanism’s payment function.

8The mechanism can be viewed as auctioning each task separately in a Vickrey auction ([112]).
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We now show that truth-telling is the only dominant strategy. We will show it for the case of

a single task. The argument for k > 1 is similar. We note that a similar proof can be found in

[112] for the analysis of the famous Vickrey auction. Let d denote the agents’ declarations and t

their real types. Consider the case where di 6= ti (i = 1, 2). If di > ti, then for d3−i such that

di > d3−i > ti,the utility for agent i is ti−di < 0, instead of 0 in the case of truth-telling. A similar

argument holds for the case of di < ti. 2

Claim 2.4.3 MinWork is an n-approximation for the task scheduling problem.

Proof: Let opt(t) denote an optimal allocation. The proof follows immediately from the fact that

g(x(t), t) ≤
∑k
j=1 mini tij and g(opt(t), t) ≥ 1

n ·
∑k
j=1 mini tij . 2

The theorem is an immediate outcome of claims 2.4.2 and 2.4.3. 2

2.4.3 Lower Bounds

Due to the revelation principle (proposition 2.2.1) it suffices to prove the lower bound for truthful

implementations. Thus for the rest of this section, m = (x, p) is always assumed to be a truthful

mechanism for the task scheduling problem.

Basic Properties of Truthful Implementations

We now formulate, in our settings, two basic observations from mechanism design. (Similar argu-

ments can be found in [60].)

Proposition 2.4.4 (Independence) Let t1 and t2 be type vectors, and i be an agent. If t−i1 = t−i2

and xi(t1) = xi(t2), then pi(t1) = pi(t2).

Proof: Without loss of generality assume that pi(t1) < pi(t2). Then, if i’s type is ti1, it is better

off cheating, declaring ti2. A contradiction to the truthfulness. 2

This proposition states that the payment offered to an agent does not depend on its type declaration

(as long as the other agents’ types and the allocation are fixed). The payment can thus be

represented using the following well defined function.

Definition 12 Let t be a type vector, i an agent. For a set X of tasks, we define the price offered

for X to agent i as:

pi(X, t−i) =

{
pi(t′i, t−i) if there exists t′i s.t. xi(t′i, t−i) = X
0 otherwise
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Usually it will be more convenient to describe a mechanism by its price rather than by its

payment function. Note that any function of the form hi(t−i) can be added to the payment of each

agent i without changing its considerations. We therefore assume w.l.o.g. that the payment given

to an agent is zero if no tasks are assigned to it.

Notation: Let i be an agent of type ti, and let X be a set of tasks. We denote the time needed

for i to perform all tasks of X, as ti(X) =
∑
j∈X t

i
j .

Proposition 2.4.5 (Maximization) For each type vector t and agent i,

xi(t) ∈ arg maxX⊆{1,...,k}(p
i(X, t−i)− ti(X))

Proof:(sketch) Since pi(xi, t−i)− ti(xi)) is agent i’s utility, the above statement simply states that

the mechanism has to maximize the agent’s benefit. Otherwise the agent will do so itself, i.e. cheat

as to get the maximum benefit! 2

We can now prove the main theorem of this subsection.

Basic Lower Bound

Theorem 2.4.6 There does not exist a mechanism that implements a c-approximation for the task

scheduling problem for any c < 2.

Proof: We start with a lemma.

Notation: Let i be an agent, t a type vector, and A and B two disjoint sets of tasks. We define

the price difference ∆i(A,B) to be pi(A
⋃
B, t−i)− pi(A, t−i) (suppressing the type t).

Lemma 2.4.7 Let t be a type vector and let X = xi(t). For each set D 6= X of tasks the following

inequalities hold:

1. If D ⊂ X then ∆i(D,X −D) ≥ ti(X −D).

2. If D ⊃ X then ∆i(X,D −X) ≤ ti(D −X).

3. otherwise, let L = D
⋂
X, then ∆i(L,X − L)− ti(X − L) ≥ ∆i(L,D − L)− ti(D − L)

Moreover, if a set Y of tasks satisfies these inequalities sharply for all D’s, then Y = X = xi(t).

Proof: The fact that the above inequalities hold for xi(t) is an immediate consequence of propo-

sition 2.4.5 (maximization) and the definition of the utility as ui = pi(xi(t), t−i)− ti(xi(t)). When

the inequalities are strict, X is clearly the unique set of tasks that maximizes i’s utility. 2
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We prove the theorem for the case of two agents. For n > 2 we can reduce to this case by having

the other agents be much slower than agents 1 and 2.

Notation: Let t be a type vector, i an agent and X a set of tasks. Let α > 0 be a real number.

We denote by t̂ = t(X i→ α) the type obtained by

t̂i
′
j =

{
α if i′ = i and j ∈ X
ti
′
j otherwise

In the same manner we define t̂ = t(X1 i1→ α1, X
2 i2→ α2, . . .) to be the result of a sequence of the

above transformations.

Let k ≥ 3, and t be the type vector defined by tij = 1 for each agent i and task j. Without loss of

generality we assume that |x1(t)| ≤ |x2(t)|. Let x = x1(t) and let x̄ denote its complement (x2(t)).

Claim 2.4.8 Let 0 < ε < 1, t̂ = t(x 1→ ε, x̄
1→ 1 + ε). Then x(t̂) = x(t).

Proof: Since n = 2, it is enough to show that x1(t̂) = x1(t). As the type of agent 2 has not

changed, the prices offered to agent 1 remain the same. For type t, x1(t) fulfills the inequalities

of lemma 2.4.7. Thus, by inspection, they are strict when the type becomes t̂, and therefore the

allocation remains the same. 2

Assuming |x2(t)| is even, the lower bound follows since g(x(t̂), t̂) = |x2(t̂)| = |x2(t)|, but

g(opt(t̂), t̂) ≤ 1
2 · |x

2| + k · ε (for the allocation that gives agent 1, in addition to the original

x1(t), half of agent 2’s original allocation).

For the case of odd |x2(t)| it must be that |x2(t)| ≥ 3. We choose an arbitrary task j ∈ x2(t)

and consider the type t̂({j} 2→ ε), which still yields the same allocation. 2

This lower bound is tight for the case of two agents. We conjecture that, in general, the upper

bound is tight:

Conjecture 2.4.9 There does not exist a mechanism that implements a c-approximation for the

task scheduling problem with n agents for any c < n.

Although we have not been able to prove this conjecture, we can show that it is correct for two

natural special cases presented in the next subsection.

Tight Bounds for Special Cases

Definition 13 A mechanism is called additive if for each agent i, type vector t and set X of tasks,

pi(X, t−i) =
∑
j∈X p

i({j}, t−i).
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Theorem 2.4.10 There does not exist any additive mechanism that solves the c-approximation

problem for any c < n.

Proof: Let k ≥ n2 and let tij = 1 for each agent i and task j. Without loss of generality we assume

that |x1(t)| ≥ n. Let x = x1(t) and let x̄ denote its complement.

Claim 2.4.11 Fix 0 < ε < 1 and let t̂ = t(x1 1→ 1− ε, x̄ 1→ ε). Then x1(t̂) ⊇ x1(t).

Proof: Since t2 has not changed, the prices offered to agent 1 remain the same. Clearly the price

offered to agent 1 for x is strictly greater than the time t̂1(x) required for it to perform x. Since

the payment is additive, the set x1(t̂) which maximizes 1’s utility must contain all the tasks in x.

2

It follows that g(x(t̂), t̂) ≥ |x1| ≥ n. Like in theorem 2.4.6, we can assume w.l.o.g. that |x1| = n.

The lower bound is then obtained since an optimal allocation would split these tasks among the n

agents. 2

Definition 14 We say that a mechanism is local if for each agent i, type vector t and set X of

tasks, the price pi(X, t−i) depends only on the agents’ values on the tasks in X (i.e. {tl 6=ij |j ∈ X}).

Theorem 2.4.12 There does not exist a local mechanism that solves the c-approximation problem

for any c < n.

Proof: We start with a simple lemma that will enable us to turn the inequalities of lemma 2.4.7

into sharp ones.

Lemma 2.4.13 For each type vector t and ε > 0, there exists a type vector t′ such that ‖t− t′‖ < ε

and where the sets that maximize the agents’ utility are unique for all agents.

Proof:(sketch) The lemma is proved using a simple measure-theoretic argument. Let i be an agent,

A 6= B two sets of tasks. Because of the independence property (proposition 2.4.4), the following

set has a zero measure on the type-space of agent i:

Ei(A,B, t−i) = {ti|pi(A, t−i)− ti(A) = pi(B, t−i)− ti(B)}

From this we obtain that for almost every type vector t′, the inequalities in lemma 2.4.7 (for all

agents) are strict. 2

Let k ≥ n2 and let tij = 1 for each agent i and task j. By lemma 2.4.13, we assume w.l.o.g. that

xi(t) uniquely maximizes i’s utility for all agents i. Without loss of generality we assume that

|x1(t)| ≥ n.
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Claim 2.4.14 Let x = x2(t) and t̂ = t(x 2→ ε) for some 0 < ε < 1. Then x(t̂) = x(t).

Proof: Clearly x2(t̂) = x2(t). Consider another agent i 6= 2. The mechanism must allocate to

agent i a set xi(t̂) that maximizes i’s utility among all the sets X which are disjoint from x2(t). But

since the mechanism is local, these prices have not changed from t to t̂. Therefore xi(t) remains

the unique set that maximizes i’s utility. 2

By the same argument the allocation for the type t̂ = t(x2(t) 2→ ε, . . . , xn(t) n→ ε) remains x(t) .

Like in theorem 2.4.6 we can assume that |x1(t)| = n and thus the lower bound is obtained

since an optimal allocation will split these tasks among the n agents. 2

2.4.4 The Power of Randomization

In section 2.4.3 we showed that no mechanism can achieve a better than 2-approximation for the

task scheduling problem. Here we show that randomized mechanisms can do better. The model of

randomization that we use does not weaken the demands of dominant strategies at all: Although

the agents choose their strategies without knowing the results of the random coin tosses, we require

the strategy to be dominant for all possible tosses.

Definition 15 (A Randomized Mechanism) A randomized mechanism is a probability distri-

bution over a family {mr|r ∈ I} of mechanisms, all sharing the same sets of strategies and possible

outputs.

The outcome of such a mechanism is a probability distribution over outputs and payments; the

problem specification must specify what output distributions are required. For the case of optimiza-

tion problems, the objective function on such a distribution is taken to be the expectation, i.e.

g(a, t) = Er∈I(g(omr(a), t)).

Definition 16 (Universally Dominant Strategy) A strategy ai is called universally dominant

(in short, dominant) for agent i if it is a dominant strategy for every mechanism in the support

of the randomized mechanism. A randomized mechanism is called universally truthful (in short,

truthful) if truth-telling is a dominant strategy, and strongly truthful if it is the only one.

We will design a strongly truthful randomized mechanism that achieves better performance

than the deterministic lower bound. The randomized mechanism will be a distribution over biased

min work mechanisms defined in figure 1.

Lemma 2.4.15 For all parameter values, the biased min work mechanism is strongly truthful .
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Parameters: A real number β ≥ 1 and a bit vector s ∈ {1, 2}k.

Input: The reported type vectors t = (t1, t2).

Output: An allocation x = (x1, x2), and a payment p = (p1, p2).

Mechanism:
x1 ← ∅; x2 ← ∅; p1 ← 0; p2 ← 0.
For each task j = 1...k do

Let i = sj and i′ = 3− i
If tij ≤ β · ti

′
j

Then xi ← xi
⋃
{j}; pi ← pi + β · ti′j

Else xi
′ ← xi

′ ⋃{j}; pi′ ← pi
′
+ β−1 · tij

Figure 2.1: the biased min work mechanism (for two agents)

Proof: Since the overall utility of each agent can be described as the sum of the utilities aggregated

in each step, it is enough to consider the case of k = 1. In this case the mechanism is equivalent to

a weighted VCG (definition 9) with weights {1, β} or {β, 1} (depending on sj). 2

Definition 17 (The Randomly Biased Min Work Mechanism ) The randomly biased min

work mechanism is the distribution on biased min work mechanisms given by β = 4/3, and a

uniform distribution of s ∈ {1, 2}k.

Theorem 2.4.16 The randomly biased min work mechanism is a (polynomial time computable)

strongly truthful implementation of a 7/4-approximation for task scheduling with two agents.

The proof of the theorem is immediate from the following two lemmas.

Lemma 2.4.17 The randomly biased min work mechanism is strongly truthful .

This is immediate from lemma 2.4.15.

Lemma 2.4.18 The allocation obtained by the randomly biased min work mechanism is a 7/4-

approximation for the task scheduling problem.

Comment: Our original analysis yielded a bound of 1.823. Daniel Lehmann ([52]) provided us

with a tighter case analysis, improving the bound to 7/4. With Daniel’s permission we include his

refined analysis in our proof.
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Proof: Let opt(t) denote an optimal allocation algorithm. Let topt denote its make-span, and let

tbmw denote the (expected) make-span of the randomly biased min work mechanism.

We call a task j a k-task if one of the agents is considerably more efficient than the other on

it (i.e. t1j/t
2
j > β or t2j/t

1
j > β); otherwise we call it an l-task . Note that the mechanism allocates

each k-task to the agent which is efficient on it, and randomly allocates the l-tasks.

Claim 2.4.19 It is enough to consider the following case:

1. For each k-task, the efficiency discrepancy between the agents is arbitrarily close to β (therefore

we shall assume that it equals β).

2. If opt allocates an l-task j to agent i, then t3−ij /tij = β.

3. Under opt both agents have the same finishing time.

4. One of the agents is more efficient than the other on all k-tasks (w.l.o.g. let it be agent 1).

5. There are at most four tasks, where at most one k-task and at most one l-task is allocated by

opt to each agent.

Proof:

1. Since the mechanism always allocates each k-task j to the agent i which is more efficient on

it, reducing t3−ij down to β · tij can only help opt and leaves tbmw unchanged.

2. If opt allocates an l-task j to agent i, then increasing t3−ij will not affect topt but will increase

tbmw.

3. Otherwise, w.l.o.g. assume that agent 1 finishes δ-time before agent 2. Adding an l-task j

such that t1j = δ and t2j = β · δ does not change topt but increases tbmw.

4. Assume that there are two k-tasks a and b such that t2a/t
1
a = t1b/t

2
b = β. W.l.o.g. t1a ≥ t2b . If

a is replaced by two k-tasks a′ and a′′ such that tia = tia′ + tia′′ then tbmw remains the same

while topt can only decrease. In particular we can choose t1a′ = t2b .

The mechanism allocates both tasks a′ and b to the agent which is efficient on them. If opt

is doing the same then clearly removing both a′ and b can just increase the ratio tbmw/topt.

Obviously, opt cannot allocate a′ to agent 2 and b to agent 1. Therefore it is enough to

consider the case where opt allocates both tasks to one of the agents. One can verify that in

this case replacing both tasks with equivalent l-tasks (i.e. l-tasks with the same computational

times as the original ones) does not affect topt but will increase tbmw by at least β−1
2 · t

1
a′ .
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5. Let a and b be two k-tasks that opt allocates to the same agent i. Recall that t3−ia /tia =

t3−ib /tib = β. Clearly, replacing both tasks with a single task c such that tic = tia + tib, does

not affect opt nor the mechanism. We now consider the case where a and b are both l-tasks.

Again, topt does not change as a consequence of such a replacement. We will show that tbmw

can only increase. Let Y be an allocation of all the tasks except a and b; let tY,a,b denote

the expected make-span when all other tasks are allocated according to Y and a and b are

randomly allocated; let tY,c denote the expected make-span when a and b are replaced by c

which is allocated randomly. Clearly, it is enough to show that tY,a,b ≤ tY,c.

Let T 1 and T 2 denote the finishing times of both agents respectively when the allocation is

Y . If one of the agents i finishes after the other regardless of how a and b are allocated, then

clearly tY,a,b = T i+ tia+tib
2 = tY,c. Otherwise, if agent i finishes last iff both a and b are allocated

to it, then tY,a,b = T i+tia+tib
4 + T 3−i+t3−ia

4 + T 3−i+t3−i
b

4 + T 3−i+t3−ia +t3−i
b

4 . Since T 3−i ≤ T i+ tia+ tib,

we obtain that tY,a,b ≤
T i+tia+tib

2 + T 3−i+t3−ia +t3−i
b

2 = tY,c. Finally w.l.o.g. assume that tia ≥ tib

(for i = 1, 2) and consider the case where the agent to which a is allocated finishes last. In

this case tY,a,b = T 1+t1a+t1b
4 + T 1+t1a

4 + T 2+t2a+t2b
4 + T 2+t2a

4 ≤ T 1+t1a+t1b
2 + T 2+t2a+t2b

2 = tY,c.

2

Following the above claim we prove the lemma for the case of four tasks k1, k2, l1, l2, such that

ki and li denote the k-task and l-task which are allocated to agent i by opt (cases in which there

are less than four tasks can be represented by zero times). The reduced case is described in figure

2.2.

t1j t2j opt-alloc bmw-alloc
k1 a β · a 1 1
k2 b β · b 2 1
l1 c β · c 1 rnd
l2 β · d d 2 rnd

Figure 2.2: the reduced case

Since both agents have the same finishing time in opt, topt = a + c = β · b + d. We show that
tbmw
topt
≤ 7/4 by considering three separate sub-cases.

Case 1: a+ b+ β · d ≤ β · c.

Considering all four possible allocations of the mechanism we obtain that tbmw = 1/4·((a+b+c+β ·

d)+(a+b+c)+(β ·c)+(β ·c+d)). Substituting β = 4/3 we get tbmw = 1/2·a+1/2·b+7/6·c+7/12·d

and one can verify that tbmw ≤ 7/4 · (a+ c) = 7/4 · topt.

Case 2: Otherwise, a+ b+ β · d ≥ β · c. Consider the case where a+ b ≤ β · c+ d.
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In this case tbmw = 1/4 · ((a+ b+ c+ β · d) + (a+ b+ c) + (a+ b+ β · d) + (β · c+ d)). Substituting

β we get tbmw = 3/4 · a + 3/4 · b + 5/6 · c + 11/12 · d and it is not difficult to verify that tbmw ≤

7/4 · (a+ c) = 7/4 · topt.

Case 3: Otherwise, a+ b+ β · d ≥ β · c and a+ b ≥ β · c+ d. In this case tbmw = 1/4 · ((a+ b+ c+

β · d) + (a+ b+ c) + (a+ b+ β · d) + (a+ b)). Substituting β we get tbmw = a+ b+ c/2 + 2/3 · d

and again it can be verified that tbmw ≤ 7/4 · (4/3 · b+ d) = 7/4 · topt. 2

This completes the proof of the theorem. 2

2.5 Mechanisms with Verification

The basic mechanism design model assumes that each agent can follow any of its strategies, in-

dependently of its type. Thus the mechanism cannot use any “real-world” information about the

agents. This is the norm in mechanism design and it models well the negotiation stage in which

agents do nothing but communicate. In many settings in distributed computation though, one

could take advantage of the fact that computers actually act (execute a task, route a message, etc.)

to gain extra information about the agents’ types and actions.

A simple type of modification to the model suggests itself: a problem definition may limit the

set of strategies Ai available to each agent as a function of its type ti. Many variants are possible,

with different types of information available at different stages of the mechanism. In this paper

we concentrate on what we feel is a very natural model. We distinguish between two stages of

the mechanism: a declaration phase in which agents “talk” and which results in a decision (e.g.

allocation), and then an execution phase where the agents actually execute the agreed output. The

payments need only to be given after the execution. Intuitively we view the execution part as

allowing the mechanism to verify in some sense the agents’ declarations, and “punish” them for

lying.

For the task scheduling problem we assume that by the end of the execution the mechanism

knows the exact execution time of each task. A reformulation of the problems is introduced in

section 2.5.2. We then (in sections 2.5.3 and 2.5.4) present a family of optimal mechanisms9 for

this problem. In section 2.5.5 we show that versions of our mechanism can operate under a limited

budget and can guarantee that the profit for a truthful agent is always non-negative. Since these

mechanisms require optimal scheduling algorithms they are computationally intractable. In section

2.5.6 we discuss polynomial-time mechanisms. We define a sub-case of the scheduling problem for

which we present a polynomial-time approximation schema. The existence of a (better than n)
9Although these mechanisms are presented for the scheduling problem, they can be generalized for many situations.
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polynomial time approximation mechanism for the general problem is left open.

2.5.1 Mechanisms with Verification

Definition 18 (Mechanism with Verification)

• An agent’s strategy ai is composed of two separate parts: a declaration di and an execution

ei.

• Each declaration di is chosen by the agent, based on its type ti, in an unrestricted manner.

• The decision k of the mechanism must be a function of just the declarations d1, . . . , dn.

• The agent’s execution ei may depend on ti as well as on k. The problem specification specifies,

for each ti, the possible ei()’s an agent of type ti may choose.

• The output of the mechanism is the result of the decision k and the agents’ executions

e1(k), . . . , en(k). The output function o(k, e) is a part of the problem specification.

• The output o, determines both the objective function g(o, t) and the agents’ valuations vi(ti, o).

• The payment pi that the mechanism provides depends on both, the declarations d1, . . . , dn and

the executions e1(k) . . . en(k).

Definition 19 A mechanism with verification is called truthful if

1. The agents’ declarations are simply to report their types.

2. For each agent i of type ti, there is a dominant strategy of the form ai = (ti, ei()).

We say that the mechanism is strongly truthful if it is the only dominant strategy.

Note that by applying the revelation principle 2.2.1 to the declaration part, we can limit the

discussion to mechanisms where the agents are simply requested to reveal their types.

Notation: We denote a mechanism with verification by a pair m = (k(d), p(d, e)), where k() is the

decision and p() the payment function.

2.5.2 A Reformulation of Task Scheduling

Definition 20 (Task Scheduling with Verification) The problem is the same as the task allo-

cation problem (definition 10), except that the mechanism is allowed to pay to the agents after the

tasks have been performed. We assume that the times which the tasks were actually performed in

are known to the mechanism.

More formally:
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• A feasible output of the mechanism is denoted by a pair (x, t̃), where x = x1, . . . , xn denotes

the allocation of the tasks to the agents, and t̃ = t̃1, . . . , t̃k denotes the actual times that they

were performed in. If j ∈ xi(t), then it must be that t̃j ≥ tij.

• A strategy for an agent is composed of two parts: a declaration of its type and an execution

of the tasks allocated to it. An agent may lie or choose to perform any task j allocated to it,

in any time t̃j ≥ tij.

• The objective function is g(x, t̃) = maxi
∑
j∈xi t̃j (the make-span).

• Agent i’s valuation is vi(x, t̃) = −
∑
j∈xi t̃j.

• A mechanism is a pair (x, p) such that x(t) = x1(t), . . . , xn(t) is the allocation function, and

p(t, t̃) = p1(t, t̃), . . . , pn(t, t̃) is the payment.

2.5.3 The Compensation-and-Bonus Mechanism

The Compensation-and-Bonus Mechanism is composed of an optimal allocation algorithm, together

with a well chosen payment function. The payment function is the sum of two terms, one is called

the compensation, and the other the bonus.

Definition 21 (Compensation) The function

ci(t, t̃) =
∑

j∈xi(t)
t̃j

is called the compensation function for agent i.

The bonus function uses the following notion:

Definition 22 (Corrected Time Vector) Let i be an agent, x an allocation. Given the agents’

declarations t and the vector of actual times t̃, we define the corrected time vector for agent i as:

corri(x, t, t̃)j =

{
t̃j if j ∈ xi
tlj if j ∈ xl and l 6= i

We define corr∗(x, t) of x and t to be the (unique) vector that satisfies corr∗(x, t)j = tij for all i

and j ∈ xi.

Definition 23 (Bonus) The function

bi(t, t̃) = −g(x(t), corri(x(t), t, t̃))

is called the bonus function for agent i.

35



The bonus is calculated according to the declarations of the other agents and the actual times

that the agent performed its assignments in.

Definition 24

(Compensation-and-Bonus Mechanism) The Compensation-and-Bonus mechanism is given

by an optimal allocation algorithm with the payment functions pi(t, t̃) = ci(t, t̃) + bi(t, t̃).

Theorem 2.5.1 The Compensation-and-Bonus mechanism is a strongly truthful implementation

of the task scheduling problem.

Proof: We show that the only dominant strategy for each agent is to reveal its true type and to

execute its tasks in minimal time.

Claim 2.5.2 The Compensation-and-Bonus mechanism is strongly truthful.

Proof: Let i be an agent, ti its type and let d−i denote the declarations for the other agents (note

that the allocation and bonus given to i depend on d−i but not on the actual execution times of

the others). Let t = (d−i, ti). Observing that the utility of an agent equals its bonus, and that for

every allocation x the bonus for an agent i is maximized when executing its assignments in minimal

time, it is enough to show that −g(x(t), corr∗(x(t), t)) >= −g(x(t′i, d−i), corr∗(x(t′i, d−i), t)) for

each t′i. This is immediately implied by the optimality of the allocation algorithm.

Clearly, when an agent does not follow this strategy, there are circumstances where this will

increase the make-span and therefore decrease the agent’s bonus. Therefore, the above strategy is

the only dominant one. 2

When all agents follow their dominant strategies, the best possible make-span is obtained due to

the optimality of the allocation algorithm. 2

An Example

j1 j2 j3
A1 10 30 45
A2 100 60 100

Figure 2.3: a type matrix for two agents

Consider the type matrix in figure 2.3. Assume first that both agents are truthful. The optimal

allocation in this case is {{j1, j3}{j2}} and the make-span is 60, therefore the bonus given to each

agent is −60. Consider the case where agent 1 tries to ”loose” j3 declaring t13 as 200. The ”optimal”

make-span therefore reduces to 100 and consequently the bonus for each agent reduces to −100.
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Similarly, when agent 1 tries to ”gain” j2 declaring for example t12 to be 4, its bonus is reduced to

−85. If agent one is “lazy” exceuting its tasks in 100 units of time instead of 55, then its bonus

reduces from −60 to −100.

2.5.4 The Generalized Compensation-and-Bonus Mechanism

We now generalize the Compensation-and-Bonus mechanism:

Definition 25 (Generalized Compensation) The function ci(t, t̃) is called a generalized com-

pensation for agent i if

• ci(t, t̃) ≤
∑
j∈xi(t) t̃j for all t and t̃.

• Equality exists in case that the agent is truthful.

Definition 26 (Generalized Bonus) Let mi(t−i, w) be any positive real-valued function, that is

strictly monotonically increasing in w. The function bi(t, t̃) = mi(t−i,−g(x(t), corri(t, t̃))) is called

a generalized bonus for agent i.

Definition 27 (Generalized Compensation and Bonus Mechanism) A Generalized Com-

pensation and Bonus mechanism is a pair m = (o, p) where:

• o() is an optimal allocation algorithm.

• pi(t, t̃) = ci(t, t̃) + bi(t, t̃), where ci() and bi are generalized compensation and bonus functions

respectively.

Arguments, similar to 2.5.1 lead to the following theorem:

Theorem 2.5.3 The Generalized Compensation and Bonus mechanism is a strongly truthful im-

plementation of the task scheduling problem.

2

2.5.5 Budget Considerations

Theorem 2.5.3 allows a lot of freedom in the design of a generalized Compensation-and-Bonus

mechanism. In this section we take advantage of this freedom in order to satisfy two additional

requirements: participation constraints and budget limits (see [60] for a detailed discussion).
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Definition 28 (Participation Constraints) We say that a mechanism satisfies participation

constraints if whenever an agent is truth-telling, its utility is non-negative. More formally: for

each t and t̃ and for each agent i, if t̃j = tj for all j ∈ xi(t), then pi(t, t̃) + vi(x(t), t̃) ≥ 0.

Note: If a truthful approximation mechanism satisfies the property that whenever an agent is not

allocated any tasks then its payment is non-negative, it needs to satisfy participation constraints

as well. (Because by declaring high enough values the agent can force the mechanism to allocate

no tasks to it.)

Theorem 2.5.4 There exists a strongly truthful mechanism that satisfies participation constraints

for the task scheduling problem.

Proof: We define g−i(t−i) to be the optimal make-span among the allocations which do not include

agent i. We define the contribution of agent i as conti(t−i, t̃) = g−i(t−i) − g(x(t), corri(x(t), t, t̃)).

A generalized Compensation-and-Bonus mechanism where the bonus of each agent equals its con-

tribution clearly satisfies participation constraints. 2

So far we have not limited the amount of money that a mechanism can pay to the agents. When

considering mechanisms with limited budget one cannot ignore the fact that such a mechanism

may not be able to allocate the tasks at all. We therefore change the problem definition.

Definition 29 (Constrained Task Scheduling) The problem is the same as in definition 20

except that there is another possible output ⊥ (indicating that the tasks are not allocated). vi(⊥) is

taken to be zero and g(⊥) is taken to be ∞.

Definition 30 (Limited Budget) We say that a mechanism m = (o, p) has a limited budget

b if for any tuple of strategies s = s1, . . . , sn,
∑
i p
i(s) ≤ b. We call a revelation mechanism

b-constrained if it satisfies participation constraints and has a limited budget b.

Note that if Y (t) is the allocation of a b-constrained mechanism then it must be that
∑
i

∑
j∈Y i t

i
j ≤

b.

Definition 31 Let m = (o, p) and m′ = (o′, p′) be two mechanisms for the same minimization

problem. We say that m is as good as m′ if for any dominant strategies d = d1, . . . , dn for the

agents in m and s = s1, . . . , sn for the agents in m′, g(o(d)) ≤ g(o′(s)).

Theorem 2.5.5 Let b, h > 0. Then there exists a truthful mechanism m for the constrained task

scheduling problem such that
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1. m is (b+ h)-constrained.

2. If m′ is b-constrained, then m is as good as m′.

Proof: Consider the following mechanism m = (o, p):

• The output algorithm o(t) finds an optimal allocation among the allocations y such that∑
i

∑
j∈yi t

i
j ≤ b (or outputs ⊥ if none exists).

• Let m() be a bounded strictly monotone increasing function such that 0 ≤ m() < h/n. We

define the contribution conti of the agent as in 2.5.4 (except that the algorithm and the

objective function are different). We define the bonus bi() as m(conti()) and the payment to

be given by pi = ci() + bi() where c() is a compensation function. The payment is defined to

be 0 if the output is ⊥.

The total compensation is bounded by b and the total bonus by h, therefore the budget is

bounded by b + h. Arguments, similar to 2.5.1 show that the mechanism is truthful and that the

only dominant strategies for an agent i are to reveal the truth (when tij ≥ b the agent may declare

on any dij ≥ b) and to perform its tasks as efficient as it can.

Recalling that any b-constrained mechanism m′ needs to choose an allocation z such that∑
i

∑
j∈zi t

i
j ≤ b, the theorem is proved. 2

2.5.6 Poly-Time Mechanisms

While the Compensation-and-Bonus mechanisms are optimal, note that they are intractable from

a computational point of view due to their use of the exponential-time optimal allocation algo-

rithm. One would be tempted to take a known polynomial-time approximation algorithm for the

problem and base a mechanism upon it, obtaining a polynomial-time approximation mechanism.

Unfortunately, this is not so simple and we do not know how to do this in general. In this section

we first show that replacing the optimal allocation algorithm with a non-optimal approximation in

the Compensation-and-Bonus mechanism does not preserve truthfulness. A similar argument can

be made for the important case of VCG mechanisms (section 2.3.1). We then define a sub-case

of the scheduling problem, where the number of agents is fixed and there are known bounds for

the execution times tij . This problem is still NP -hard and the lower bounds presented in sections

2.4.3 and 2.4.3 can be applied to it (with slightly weaker constants depending on the bounds).

Nevertheless, for any ε > 0 we are able to present a 1 + ε polynomial approximation mechanism for

this variant. Our approximation mechanism is based on a rounding technique developed by [36].
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Definition 32 Let x() be an allocation algorithm. The Compensation-and-Bonus mechanism based

on x is the same as 2.5.3 except that the optimal algorithm is replaced by x().

Theorem 2.5.6 Let x() be a non-optimal approximation algorithm for task scheduling. Let m =

(x, p) be the Compensation-and-Bonus mechanism based on x(). Then m is not truthful.

Proof: Assume by contradiction that it is truthful. For an allocation y and a type t, let g(y, t)

denote the make-span – maxi
∑
j∈yit

i
j ; let opt(t) denote an optimal allocation.

Let t be a type such that g(opt(t), t) < g(x(t), t), and let t′1 be a type for agent 1 such that

t′
1
j =

{
t1j if j ∈ opt1(t)
∞ otherwise

where ∞ stands for an arbitrary high value.

Claim 2.5.7 Let t′ = t′1, t2, . . . , tn. Then g(x(t′), t′) ≥ g(x(t), t).

Proof: Otherwise, in the case where agent 1’s type is t1, it would be more beneficial for it to

“pretend” to be t′1 (note that this cannot be verified!). This contradicts the truthfulness of the

mechanism. 2

Corollary 2.5.8 Let s be a type such that

sij =

{
tij if j ∈ opti(t)
∞ otherwise

Then g(x(s), s) ≥ g(x(t), t).

2

Since g(x(s), s) ≥ g(x(t), t) > g(opt(t), t) = g(opt(s), s), we obtain that x(s) 6= opt(s). Thus there

exists an agent who is allocated an ∞ job, in contradiction to the approximation ratio of x(). 2

Definition 33 (Bounded Scheduling Problem) The problem is the same as in definition 20,

except that the number of agents n is fixed to a constant and there exist fixed b > a > 0 such that

for all i, j a ≤ tij ≤ b.

The rounding algorithm presented in [36] provides a (1+ε)-approximation for bounded schedul-

ing and runs in polynomial time. It basically works as follows: The entries tij are first rounded up

to integer multiples of δ (a parameter chosen as a function of a and ε). It then exactly solves this

rounded problem using dynamic programming (in polynomial time). The solution of the rounded

problem is shown to be a 1 + ε approximation to the original one.
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We will attach to this algorithm a carefully chosen payment function as to obtain our mechanism.

The idea is to use the exact times for the compensation function, but the rounded ones for the

bonus function.

Notation: For a vector t, let t̂ denote the vector where all entries are rounded up to an integer

multiple of δ. Denote also ĝ(x, t̃) = g(x, ˆ̃t), where g is the make-span objective function.

Definition 34 (Rounding Mechanism) The rounding mechanism is defined as follows:

• The allocation algorithm is the rounding algorithm of [36] sketched above.

• The payment function is given by: pi(t, t̃) = ci(t, t̃) + bi(t, t̃), where

ci(t, t̃) =
∑

j∈xi(t)
t̃j

bi(t, t̃) = −ĝ(x(t̂), ˆcorri(x(t), t, t̃))

The rounding mechanism compensates the agents according to their actual work, but computes

the bonus according to the rounded declarations and execution times.

Theorem 2.5.9 For every fixed ε > 0 the rounding mechanism is a polynomial time mechanism

with verification that truthfully implements a 1 + ε approximation for the bounded task scheduling

problem.

Proof:(sketch) When the types and the actual computation times are rounded, ĝ is exactly the

make-span, and the rounding algorithm is optimal. Arguments, similar to those in 2.5.1, therefore

show that the only dominant strategies for agent i are to declare on a type t′i such that t′i and ti have

the same rounded value, and to execute its tasks such that after rounding, ˆcorri(x(t), t, t̃) equals

ˆcorr∗(x(t), t). Clearly, when all agents follow such strategies, the result is a 1 + ε approximation.

In particular, truth-telling is among the dominant strategies. 2

2.6 Conclusions and Further Research

In this paper we suggested a framework for studying optimization problems that involve selfish

participants. We studied a representative task scheduling problem under two main models: a

basic mechanism design based model and a model that allows more information to be incorporated

into the mechanism. Under the assumptions of the basic model we showed that the problem

cannot be approximated within a factor of 2 − ε. Then, under the second model assumptions, we

introduced several novel mechanisms including optimal, constrained optimal and polynomial-time
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approximation mechanisms. We have also shown that worst case behavior can be improved using

randomness without weakening the “game-theoretic” requirements of the mechanism.

We believe that our work is only a first step towards understanding the notion of algorithmic

cooperation among selfish agents. There are clearly many open problems and research directions,

and we are far from a situation where we could design, analyze, and implement protocols and

algorithms that directly take into account the participants’ differing goals.

We divide the basic issues for further research into three main categories: questions directly

coming out of our work, game-theoretic extensions to our model and distributed computation issues.

Several questions directly stem from our work. For example, there are large gaps between

the upper and lower bounds for both task scheduling without verification and for poly-time task

scheduling with verification.

Many game-theoretic extensions to our model are possible. For example one may consider

different settings (e.g. repeated games), different solution concepts (e.g. Bayesian-Nash), and

different assumptions (e.g. partial verification).

Finally, in this work we have treated the mechanism as a black box, and have not considered

how its function is actually carried out in a distributed manner. A whole set of open problems

comes from trying to “open up” this black box, and analyze the steps taken in implementing the

mechanism from a distributed point of view. For example when communication costs are considered,

even the revelation principle breaks up; non complete network topology may be exploited by the

agents to extract information about others and to cooperate; cryptography may be introduced and

distributed handling of the payments may be considered.
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Chapter 3

Computationally Feasible VCG
Mechanisms

This sections contains the paper “Computationally Feasible VCG Mechanisms” as submitted to

EC00.
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Abstract

One of the major achievements of mechanism design theory is the family of truthful (incentive compatible)
mechanisms often called VCG (named after Vickrey, Clarke and Groves). When applying VCG mechanisms
to complex mechanism design problems such as combinatorial auctions a problem emerges: even finding
optimal outcomes is computationally intractable. A striking observation is that if the optimal outcome is
replaced by the results of computationally tractable approximation algorithms or heuristics then the resulting
mechanism (termed VCG-based) is no longer necessarily truthful!

The first part of this paper considers this problem in depth and shows that it is almost universal.
Specifically, we prove that essentially all reasonable approximations or heuristics for combinatorial auctions
as well as a wide class of cost minimization problems yield non-truthful VCG-based mechanisms.

The second part of this paper proposes a method for handling this non-truthfulness. We introduce a
notion of feasible truthfulness that captures the limitation on agents imposed by their own computational
limits. We then show that under reasonable assumptions on the agents, it is possible to turn any VCG-based
mechanism into a feasibly truthful one, using an additional appeal mechanism.

The resulting mechanism also satisfies participation constraints.
1Both authors are supported by grants from the Israeli ministry of Science and the Israeli ministry of science
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3.1 Introduction

The theory of mechanism design may be described as studying the design of protocols under the

assumption that the participants behave according to their own goals and preferences and not

necessarily as ”instructed” by the protocol. This theory has been traditionally used in economic

settings such as auctions of various kinds (for an introduction see e.g. [60, 81]). Recently, with

the emergence of the Internet as the distributed computing platform, the theory of mechanism

design has been applied in computational settings such as distributed resource and task allocation

[77, 117, 116], communication networks [19, 46], multi-agent systems [91], and others.

The canonical mechanism design problem can be described as follows: A set of rational agents

need to collaboratively choose an outcome o from a finite set O of possibilities. Each agent i has a

privately known valuation function vi : O → R quantifying the agent’s benefit from each possible

outcome. The agents are supposed to report their valuation functions vi(·) to some centralized

mechanism that chooses an outcome o that maximizes the total welfare
∑
i v
i(o).

The main difficulty is that agents may choose not to reveal their true valuations but rather

report carefully designed lies in an attempt to influence the outcome to their liking. The tool

that the mechanism uses to motivate the agents to reveal the truth is monetary payments – these

payments are to be designed in a way that ensures that rational players always reveal their true

valuations – making the mechanism, so called, incentive compatible or truthful.

There is only one general technique known for designing such a payment structure, sometimes

called the generalized Vickrey auction [112], the Clarke pivot rule [8] the Groves mechanism [31],

or, as we will, VCG. In certain senses this payment structure is unique [30, 89].

In recent years mechanisms have become quite complicated, requiring implementation on com-

puter systems. Cases in point include combinatorial auctions [95, 23, 33, 53, 109, 66, 75, 10, 62],

where multiple items are concurrently sold in an auction, as well as various computational task

and resource allocation problems [77, 117, 116, 51, 19]. For many of these applications the space

of possible outcomes is huge and finding an outcome that maximizes the declared total welfare is

computationally infeasible (NP-complete). In these cases any realistic mechanism will not be able

to obtain the optimal outcome.

A natural general approach for the development of mechanisms for complex problems would be

to use a computationally feasible approximation algorithm or heuristic for obtaining a near-optimal

outcome. The payments in such an approach would presumably be derived by applying the VCG

payment rules to the underlying algorithm. We term such mechanisms VCG-based.

The starting point of this paper is the surprising observation, noticed already by some re-
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searchers ([53, 78]), that VCG-based mechanisms are not necessarily truthful! I.e. if the choice of

outcome is sub-optimal, then applying the VCG payment rules will not necessarily motivate the

agents to reveal the truth – rational agents may lie taking advantage of quirks in the outcome

choice algorithm.

The first part of this paper exams this phenomena in depth and shows that it is near universal:

essentially all reasonable VCG-based mechanisms are not truthful. We first point our attention

at combinatorial auctions and characterize the class of truthful VCG-based mechanisms for this

problem. This characterization yields, in particular, the following corollary. Call an allocation

algorithm for combinatorial auctions reasonable if whenever an item is valued by only a single

agent, then this agent receives that item.

Theorem: Any reasonable VCG-based mechanism for combinatorial auctions is not truthful (un-

less it uses the – computationally intractable – optimal allocation algorithm).

We then study a family of problems termed ”cost minimization allocation problems”. We call

an algorithm for such a problem degenerate if it produces results which are arbitrarily far from the

optimal.

Theorem: Any non-degenerate VCG-based mechanism for any cost minimization allocation prob-

lem is not truthful (unless it uses the optimal allocation algorithm).

We then examine carefully why VCG-based mechanisms are non-truthful, and observe that

the only reason for an agent to lie about her valuation is to ”help” the algorithm to improve the

overall result. However, if finding a better outcome is hard, then we would not expect an agent to

be computationally able to do so! This motivates us to define a feasible notion of truthfulness, a

notion that takes into account the computational limits of the agents.

In the second part of this paper we first define this ”feasible” notion of truthfulness. We then

introduce a variant on VCG-based mechanims, called the second-chance mechanism2 and show that

under reasonable assumptions, any such mechanism is indeed ”feasibly truthful”.

Our notion of truthfulness is based on the view that each agent has some strategic knowledge

and that her range of actions is determined by this knowledge. This knowledge may represent

the computational limitations of the agent or some structural limitations on her information or

behavior. We say that an action is feasibly dominant for the agent if her strategic knowledge does

not contain awareness of any circumstances where another action is better for her. We say that a

mechanism is feasibly truthful if the truth is feasibly dominant for all agents.
2The mechanism is patent pending.
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Given any algorithm for the corresponding optimization problem we define the second-chance

mechanism based on it. This mechanism is a modification of the VCG-based mechanism where

in addition to their type declarations, the agents are allowed to submit appeal functions as well.

An appeal function is an encapsulation of the agents’ algorithmic ability to help the mechanisms’

underlying outcome determination algorithm by means of input modification.

We show that under reasonable assumptions on the agents, the addition of this appeal mech-

anism is enough to ensure feasible truthfulness. Specifically we prove several variants of theorems

of the following schema. The different theorems differ from each other in the exact definition of

computational limitation.

Theorem Schema: If all agents’ strategic knowledge functions are computationally limited and

the outcome determination algorithm is computationally limited then the second chance mechanism

is feasibly truthful. Furthermore, the appeal functions are all computationally limited, and the

mechansim’s’ outcome is at least as good as that of the underlying algorithm. The resulting

mechanism satisfies participation constraints as well.

We present our work in the context of VCG-mechanisms. However our results are more general. In

particular all they can be applied to the compensation and bonus mechanism [78] and to weighted

versions of the VCG method.

The rest of this paper is organized as follows: In section 3.2 we introduce our model and

notations. Limitations of truthful VCG-based mechanisms are studied in section 3.3. In section

3.4 we introduce the second-chance mechanism and show some of its properties.

3.2 Preliminaries

In this section we formally present our model. We attempt, as much as possible, to use the standard

notions from both mechanism design and computational complexity. We focus on dominant strategy

implementation under quasi-linear environments.

In subsection 3.2.1 we describe mechanisms and mechanism design problems3. In subsection

3.2.2 we describe the celebrated VCG mechanisms and present our VCG-based mechanisms.

In subsection 3.2.3 we discuss the computational burden of VCG mechanisms and briefly de-

scribe some fundamental notions of computational complexity.

As an example, we formulate, in subsection 3.2.4, the important problem of combinatorial

auctions.
3In this paper we discuss only what are called utilitarian problems. Without loss of generality we limit ourselves

to direct revelation mechanisms.
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3.2.1 Mechanism design problems

Definition 35 (Utilitarian mechanism design problem) A (utilitarian) mechanism design

problem is described by the following:

1. A finite set O of allowed outputs.

2. Each agent i = (1, . . . , n) has a real function vi(o ∈ O) called its valuation or type. This is a

quantification of its benefit from each possible output o in terms of some common currency.

vi is privately known to agent i. The space V i of all possible valuation functions is called

the type space of the agent.

3. If the mechanism’s output is o and in addition the mechanism hands the agent pi units of

this currency, then her utility ui equals4 vi(o) + pi. This utility is what the agent aims to

optimize.

4. The goal of the mechanism is to select an output o ∈ O that maximizes the total welfare

g(v, o) =
∑
i v
i(o).

An example for such a problem can be found in section 3.2.4.

In a direct revelation mechanism, the participants are simply asked to reveal their types to

the mechanism. Based on these declarations the mechanism then computes the output o and the

payment pi for each of the agents.

Definition 36 (A mechanism) A (direct revelation) mechanism is a pair m = (k, p) such that:

• The output function k accepts as input a vector w = (w1, . . . , wn) of declared valuation

functions5 and returns an output k(w) ∈ O.

• The payment function p(w) = (p1(w), . . . , pn(w)) returns a real vector. This is the payment

handed by the mechanism to each of the agents (e.g. if pi = −2 then the agent pays two units

of currency to the mechanism).

A revelation mechanism computes its output according to the type declarations of the agents.

As they may lie to the mechanism, it should be carefully designed such that it will be for the

benefit of each agent to reveal her true type to the mechanism.

Notation: We denote the tuple (a1, ...ai−1, ai+1, ..., an) by a−i. We let (ai, a−i) denote the tuple

(a1, . . . , an).
4This is called the quasi-linearity assumption.
5We do not consider the issue of how to represent the valuations.
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Definition 37 (truthful mechanism) A mechanism is called truthful if truth-telling is a dom-

inant strategy. I.e. for every agent i of type vi and for every type declaration w−i for the other

agents, the agent’s utility is maximized when she declares her real valuation function vi.

As an example consider the famous Vickrey auction [112]: A seller wishes to sell one item in an

auction. There are n buyers, each privately knowing her valuation vi for this item. In a Vickrey

auction each of the buyers is simply asked for her valuation. The item is allocated to the buyer

with the highest bid for the price equal the second highest bid. The reader may verify that this

mechanism is truthful, i.e. that it is always for the agent’s benefit to declare her true type vi.

Another example for a truthful mechanism can be found in section 3.2.4.

3.2.2 VCG-based mechanisms

In this subsection we present the celebrated VCG mechanisms. Intuitively these mechanisms solve

utilitarian problems by identifying the utility of truthful agents with the declared total welfare.

Definition 38 (VCG mechanism) A mechanism m = (k, p) belongs to the VCG family if:

• k(w) maximizes the total welfare according to w.

• The payment is calculated according to the VCG formula: pi(w) =
∑
j 6=iw

j(k(w)) + hi(w−i)

(hi() is an arbitrary function of w−i).

Theorem 3.2.1 ([31]) A VCG mechanism is truthful.

2

It is worth notifying that weighted VCG mechanisms are possible as well (see e.g. [89] [78]).

For many applications, the task of finding an output k(w) that maximizes the total welfare is

computationally infeasible. In this paper we consider mechanisms where the optimal algorithm is

replaced by a sub-optimal but computationally feasible one.

Definition 39 (VCG-based mechanism) Let k(w) be an algorithm that maps type declarations

into allowable outputs. We call m = (k(w), p(w)) a VCG mechanism based on k if p is calculated

according to the VCG formula: pi(d) =
∑
j 6=iw

j(k(w))+hi(w−i) (where hi() is an arbitrary function

of w−i).

Obviously, a VCG-based mechanism that is based on an optimal algorithm is a VCG mechanism.
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3.2.3 Computational considerations in mechanism design

Computer scientists make a sharp distinction between two major classes of computational problems.

The first class is called P and contains all the easy problems. I.e. problems that can be solved in

time polynomial in the bit-size of the input. The second class is called NP -Complete and contains

problems which are provably hard. To date, no sub-exponential algorithm for any NP -Complete

problem has been found. Unfortunately, many problems of interest (e.g. finding an allocation that

maximizes the total welfare in a combinatorial auction) are NP -Complete. Fortunately, for many

of these problems, various polynomial time heuristics and approximation algorithms are available.

An introduction to the theory of computational complexity can be found in [24] [83].

We define these two principal notions in terms of mechanisms:

Definition 40 A mechanism (k, p) is called polynomial time computable if both k(w) and p(w)

run in polynomial time (using a standard encoding of w).

Note that a VCG-based mechanism is polynomial iff its output algorithm is polynomial. We

sometimes call polynomial algorithms and mechanisms computationally feasible.

Definition 41 A mechanism design problem is called NP -complete if the problem of finding an

output that maximizes the total welfare is NP -complete.

3.2.4 Example: Combinatorial auctions

The problem of combinatorial auction has been extensively studied in recent years (see e.g. [53] [95]

[23] [33] [75] ). The importance of this problem is twofold. First, several important applications

rely on it (e.g. the FCC auction [62]). Second, it is a generalization of many other problems of

interest, in particular in the field of electronic commerce.

The problem: A seller wishes to sell a set S of items (radio spectra licenses, electronic devices,

etc.) to a group of agents who desire them. Each agent i has, for every subset s ⊆ S of the items, a

number vi(s) that represents how much s is worth for her. We assume that vi(.) is privately known

to the agent.

We take two standard additional assumptions on the type space of the agents:

No externalities The valuation of each agent depends only on the items allocated to her. I.e.

{vi(s)|s ⊆ S)} completely represents the agent’s valuation.

Free disposal Items have non-negative values. I.e if s ⊆ t then vi(s) ≤ vi(t). Also vi(φ) = 0.
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Note that the problem allows items to be complementary, i.e. vi(S
⋃
T ) ≥ vi(S) + vi(T ) or

substitutes i.e. vi(S
⋃
T ) ≤ vi(S) + vi(T ) (S, T disjointed). For example a buyer may be willing

to pay $200 for T.V set, $150 for a VCR, $450 for both and only $200 for two VCRs.

When an agent payment is pi for a set of items si then her overall utility is pi+vi(si). Note that

here the payment is non-positive. This utility is what each agent tries to optimize. For example

an agent prefers to buy a $1000 valued VCR for $600 gaining $400 to buying a $1500 valued VCR

for $1250.

In a VCG mechanism for such an auction, the participants are first required to reveal their

valuation functions to the mechanism. The mechanism then computes, according to the declarations

of the agents, an allocation s that maximizes the total welfare. The payment for each of the agents

is calculated according to the VCG formula. By theorem 3.2.1, the utility ui = pi + vi(si) of each

of the agents is maximized when she reveals her true valuation to the mechanism. When all agents

are truthful, the mechanism maximizes the total welfare.

Consider however the computational task faced by such a mechanism. After the types are

declared, the mechanism needs to select, among all possible allocations, one that maximizes the

total welfare. This problem is known to be NP-Complete. Therefore, unless the number of agents

and items is very small, such a mechanism is computationally infeasible. Note that even the problem

of finding an allocation that approximates the optimal allocation within a reasonable factor is NP -

Complete (under the common complexity assumption that RP 6= Co − NP , see e.g. [95, 53]).

Nevertheless, various heuristics and tractable sub-cases have been analyzed in the literature [95]

[23] [33] [75] [109].

3.3 Limitations of truthful VCG-based mechanisms

In this section we study the limitations of truthful VCG-based mechanisms. In subsection 3.3.1

we characterize these mechanisms for important problem of combinatorial auctions (see subsec-

tion 3.2.4). This characterization precludes the possibility of obtaining truthfulness by applying

VCG rules to many of the proposed heuristics for combinatorial auctions, e.g. the greedy algo-

rithms in [53] and [75]. Moreover we show that any truthful non-optimal VCG-based mechanism

for combinatorial auctions suffers from abnormal behavior. In subsection 3.3.2 we show that for

many natural cost minimization problems, any truthful VCG-based mechanism is either optimal

or produces results which are arbitrarily far from the optimal. As a result, when such a problem

is computationally intractable, any truthful computationally feasible VCG-based mechanism will

produce unreasonable results.
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3.3.1 Truthful VCG-based mechanisms for combinatorial auctions

In this section we characterize the class of truthful VCG-based mechanisms for combinatorial auc-

tions (subsection 3.2.4).

Definition 42 Let k(w) be an algorithm that maps type declarations into allowable outputs. Let

V ′ be a subspace of the space of all possible types V
df
=
∏n
i=1 V

i. Let O denote the range of k at V ′,

i.e. O = {k(w)|w ∈ V ′}. We say that k is maximal in its range at V’ if for every type w ∈ V ′,

k(w) maximizes g over O. We say that k is maximal in its range if it is maximal in its range at

V .

As an example consider an algorithm for combinatorial auctions that allocates all the items

(the set S) to the agent with the highest valuation vi(S). Clearly, this computationally efficient

algorithm is maximal in its range . The result of this algorithm is never worse than 1/n and also

1/|S| times the optimal result (n denotes the number of the agents).

Proposition 3.3.1 A VCG-based mechanism with an output algorithm that is maximal in its range

is truthful.

Proof: Such a mechanism is a VCG mechanism where the set of allowable outputs is the range of

its output algorithm. By theorem 3.2.1 such a mechanism is truthful. 2

We show that this almost characterizes the class of truthful VCG-based mechanisms for the com-

binatorial auction problem.

Notation: We let Ṽ denote the space of all types v = (v1, . . . , vn) such that for any two different

allocations x and y, g(v, x) 6= g(v, y). (Recall that g(.) denotes the total welfare.)

It is not difficult to see that Ṽ contains almost all the types, i.e. V − Ṽ is zero measured.

Theorem 3.3.2 If a VCG-based mechanism for the combinatorial auction problem is truthful then

its output algorithm is maximal in its range at Ṽ .

Proof: Assume by contradiction that m = (k, p) is truthful but k is not maximal in its range at

Ṽ . Without loss of generality assume that pi(w) =
∑
j 6=iw

j(k(w)) (i.e. we let hi() in the VCG

formula to be zero). The utility of a truthful agent i, when the declarations of the other agents are

w−i, equals g((vi, w−i), k(vi, w−i)).

Let O denote the range of k at Ṽ and let v ∈ Ṽ be a type such that k(v) is not optimal over

O. Let y = optO(v). Among the optimal allocations in O we also require that y = (y1, . . . , yn)
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allocates all the items to the agents, i.e.
⋃
i y
i = S. Note that this is possible due to the free

disposal assumption. Finally let w ∈ Ṽ be a type such that y = k(w).

Define a type z by

zi(s) =

{
vi(s) if s 6⊇ yi
α if s ⊇ yi

where α stands for a sufficiently large number. In other words, each agent i strongly desires the set

yi. We assume that z ∈ Ṽ , otherwise we could add sufficiently small “noise” εi(s) to z such that

all the following claims remain true.

Lemma 3.3.3 y = k(z).

Proof: Define a sequence of type vectors by:

w0 = (w1, . . . , wn)
w1 = (z1, w2, . . . , wn)
...
wn = (z1, . . . , zn)

We assume that wj ∈ Ṽ for all j. It is not difficult to see that z could be defined in a way that

guarantees this.

Claim 3.3.4 k(w1) = y.

Proof: Assume by contradiction that this is false. From the definition of Ṽ we obtain that

g(w1, k(w1)) 6= g(w1, y). Consider the case where agent 1’s type is z1 and the types of the others

are w2, . . . , wn. By declaring w1, agent 1 can force the algorithm to decide on y. Therefore it

must be that g(w1, k(w1)) > g(w1, y). In particular since α is large, it must be that k1(w1) ⊇

y1. Thus, α +
∑n
j=2w

j(k(w1)) > α +
∑n
j=2w

j(y). As, due to the free disposal assumption,

w1(k1(w1)) ≥ w1(y), we obtain that w1(k1(w1)) +
∑n
j=2w

j(k(w1)) > w1(y) +
∑n
j=2w

j(y) i.e.

g(w0, k(w1)) > g(w0, y). Therefore when the type of agent 1 is w1, she is better off declaring z1 in

contradiction to the truthfulness of the mechanism. 2

Similarly we obtain that k(wj) = y for all j. This completes the proof of lemma 3.3.3. 2

Consider the following sequence of type vectors:

v0 = (v1, . . . , vn)
v1 = (z1, v2, . . . , vn)
...
vn = (z1, . . . , zn)
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Claim 3.3.5 For all vj, y maximizes g on O.

Proof: y maximizes g for v0. Due to the free disposal assumption, an optimal allocation for vj

allocates yi for every agent i ≤ j. It must also to allocate the rest of the items optimally among

the rest of the agents. This is also done according to y. 2

Claim 3.3.6 k(vn−1) = y.

Proof: Otherwise, when agent n’s type is vn, she is better off declaring zn obtaining g(vn−1, y).

This contradicts the truthfulness of the mechanism. 2

Similarly, we obtain that k(v0) = y. A contradiction. This completes the proof of theorem 3.3.2.

2

This result characterize the output algorithms that could be incorporated in a VCG-based mecha-

nisms accept maybe a measure zeroed subset of the types. We can now give a complete character-

ization:

Corollary 3.3.7 Consider a VCG-based mechanism for a combinatorial auction with an output

algorithm k. If the mechanism is truthful then there exists an output algorithm k̃, maximal in its

range, such that for every v, g(v, k(v)) = g(v, k̃(v)).

Proof: Let gk(v)
df
=g(v, k(v)). It is not difficult to see that gk(v) must be contiguous in v. As Ṽ is

dense in V our corollary is proved. 2

This result gives rise to several interesting algorithmic and combinatorial questions. For example

given an approximation factor c ≥ 1, what is the minimal size of a sub-family O ⊆ O such that for

every v, maxy∈O g(v, y) ≥ c · gopt(v).

We now show that non-optimal truthful VCG-based mechanisms suffer from the following dis-

turbing abnormal behavior:

Definition 43 (reasonable mechanism) A mechanism for combinatorial auctions is called rea-

sonable if whenever there exists an item j and an agent i such that

• For all S, if j /∈ S then vi(S ∪ {j}) > vi(S).

• For every agent l 6= i, vi(S ∪ {j}) = vi(S).

then j is allocated to agent i.
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In other words, when one of the agents desires some item and the others do not, then the “right

one” gets it.

Theorem 3.3.8 Any non-optimal truthful VCG-based mechanism for combinatorial auctions is

not reasonable.

Proof: By theorem 3.3.7, let S = (S1, . . . , Sn) be an allocation which is not in the range of the

output algorithm. Define a type vector v by vi(X) = |X ∩ Si|. Clearly each item j is desired by

a single agent. As the mechanism’s allocation is not S, there exist at least one item which is not

allocated to the “right” agent. 2

3.3.2 Truthful VCG-based mechanisms for cost minimization problems

We now show that for many natural cost minimization problems, any truthful VCG-based mecha-

nism is either optimal or produces results which are arbitrarily far from the optimal.

We start with an example.

Multicast transmissions: A communication network is modeled by a directed graph G = (V,E).

Each edge e is a privately owned link. The cost te of sending a message along that edge is privately

known to its owner. Given a source s ∈ V and a set T ⊆ V of terminals, the mechanism must

select a subtree rooted in s that covers all the terminals. The message is then broadcasted along

this tree. We assume that no agent owns a cut in the network.

Naturally, the goal of the mechanism is to select, among all possible trees, a tree R that

minimizes the total cost:
∑
e∈R te. The natural goal of each agent however is to maximize her own

profit: pi −
∑

(e∈R owned by i) te. It is not difficult to see that this a utilitarian mechanism design

problem.

This example was introduced at [19] (under a different model). It is motivated by the need to

broadcast long messages (e.g. movies) over the Internet. We now generalize this example.

Definition 44 (cost minimization allocation problem)

A cost minimization allocation problem (CMAP) is a mechanism design problem described by:

Type space The type of each agent i is described by a vector (vi1, . . . , v
i
mi). We let m =

∑
imi.

(In our multicast example the vijs correspond to the negation of the costs te.)

Allowable outputs Each output is denoted by a bit vector x = (x1
1, . . . , x

1
m1
, . . . , xn1 , . . . , x

n
mn) ∈

{0, 1}m. We denote (xi1, . . . , x
i
mi) by xi. There may be additional constraints on the set O of
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allowable outputs. (In our example x should correspond to a tree the network’s graph where

xij equals 1 iff the corresponding edge is in the tree.)

such that the following conditions are satisfied:

Non-boundedness if vi = (vi1, . . . , v
i
mi) describes a type for agent i and wi ≤ vi (as vectors),

them wi also describe a type.

Independence and monotonicity Each valuation vi depends only on i’s bits xi. (In our exam-

ple, the agent valuation of a given tree depends only on her own edges in it.) If for all j,

wij ≤ vij then for every output x, wi(xi) ≤ vi(xi).

Forcing condition For every type v, an allowable output x and a real number α, define a type

v[α] by

v[α]ij =

{
vij if xij = 1
α otherwise

The forcing condition is satisfied if for every allowable output y 6= x, limα→−∞ g(t(α), y) =

−∞.

Many natural problems in which the goal is to minimize the total cost under given constraints

belong to this class. In particular the reader may verify that our multicast example is of this kind.

Notations: For a type v we let gopt(v) denote the optimal value of g. We denote g(v, k(v)) by

gk(v).

Definition 45 (degenerate algorithm) An output algorithm k is called degenerate if the ratio

rk(v) = gk(v)−gopt(v)
|gopt(v)|+1 is unbounded. I.e. there exist v’s such that rk(v) is arbitrarily large.

A degenerate algorithm is arbitrarily far from optimal both additively and multiplicatively.

Note that this should not be confused with the standard notion of an approximation ratio, as our

definition corresponds to a single problem. In particular the number of agents is fixed.

Theorem 3.3.9 If a VCG-based mechanism for a CMAP is truthful then its output algorithm is

either optimal or degenerate.

Proof: Let m = (k, p) be a non-optimal truthful VCG-based mechanism for a CMAP. Like in

theorem 3.3.2 assume that pi(w) =
∑
j 6=iw

j(k(w)). Let v be a type (description) such that k(v) is

not optimal and let y = opt(v) be an optimal output.
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We define a type z by:

zij =

{
vij if yij = 1
−α otherwise

where α is arbitrarily large.

Consider the type sequence:

v0 = (v1, . . . , vn)
v1 = (z1, v2, . . . , vn)
...
vn = (z1, . . . , zn)

Claim 3.3.10 For all j, y = opt(vj).

Proof: y is optimal for v0. From the independence condition, g(vj , y) = g(v0, y). From the

monotonicity, g(vj , x) ≤ g(v0, x) for all x. 2

Claim 3.3.11 g(v1, k(v1)) < g(v1, y)

Proof: Otherwise g(v1, k(v1)) = g(v1, y) = g(v0, y) > g(v0, k(v0)). Therefore, when agent 1’s type

is v1 and the declarations of the other agents are v2, . . . , vn, agent 1 is better off declaring z1. This

contradicts the truthfulness of the mechanism. 2

Similarly, we obtain that g(z, k(z)) < g(z, y) = g(v0, y). By the forcing condition, g(z, k(z))→ −∞

when α→∞. By that the theorem is proved. 2

When a CAMP is NP-Complete, an optimal algorithm is infeasible from a computational point of

view. Thus, any computationally feasible truthful VCG-based mechanism for such a problem will

produce unreasonable results. If we insist on solving problems under dominant strategies we are

therefore in trouble. Another interesting class of mechanisms is one where the agents first declare

their types, then calculate the output according to some protocol and finally calculate the payments

according to the VCG formula. An immediate outcome of theorem 3.3.9 is that if such a mechanism

has a non-optimal ex-post Nash equilibrium, then there are equilibriums which are arbitrarily far

from optimal. Finally we comment that we do not know how to prove such theorems for Bayesian

models.

3.4 Computationally feasible VCG mechanisms

To date, VCG is the only known general method for the development of strategy-proof mecha-

nisms. Therefore the results in the previous section do not leave much hope for the development

of satisfying, computationally feasible strategy-proof mechanisms.
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Our goal in this section is to develop feasible mechanisms that provide solution concepts of the

same spirit as strategy-proofness.

Taking into consideration the computational limitations of the agents, we define the concept of

feasible dominance. It is meant to be used in the context of revelation games. We assume that

each of the agents chooses her action according to some knowledge she has at the beginning of the

game. This knowledge may represent the computational limitations of the agent or some structural

limitations on her information or behavior. We say that an action is feasibly dominant for the

agent if she is not aware of any circumstances where another action is better for her. We argue

that if an agent has such actions available, then it is irrational for her not to choose one of them.

When VCG-based mechanisms are carefully inspected one sees that the only reason for an

agent to lie about her type is to help the algorithm to improve the overall result. This leads to

the intuition that if the agents cannot improve upon the underlying algorithm then they can do no

better than being truthful.

Given any algorithm for the corresponding optimization problem we define the second-chance

mechanism based on it. This mechanism is a modification of the VCG-based mechanism where in

addition to their type declarations, the agents are allowed to submit appeal functions as well. We

show that under reasonable assumptions on the agents, truth-telling is feasibly dominant. When

the agents act rationally and report their true types, the mechanism’s result is at least as good as

the underlying algorithm’s. Our mechanism also satisfies participation constraints.

The reader is noted that our solution concept and the reasoning of why an agent should tell the

truth to the mechanism are essentially different from previous works on bounded rationality. (For

a recent book on this topic see [92].)

Subsection 3.4.1 describes the concept of feasibly dominant actions. The second-chance mech-

anism is introduced in subsection 3.4.2. In subsection 3.4.3 we describe why agents should tell the

truth to our mechanism. Additional implementation issues are discussed in subsection 3.4.4. Our

method is summarized in subsection 3.4.5.

3.4.1 Feasibly dominant actions

The basic models of equilibria in game theory are justified by the (hidden) assumption that the

agents are capable of computing their best response functions.

In many natural games however, the action space is huge and this function is too complex to

be calculated or even to be approximated within a reasonable amount of time. In such situations

this assumption seems no longer valid.

In this section we re-formulate the concept of dominant actions (strategies) under the assump-
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tion that agents have a limited capability of computing their best response. Our concept is meant

to be used in the context of revelation games. We assume that each of the agents chooses her action

according to some knowledge she has at the beginning of the game. We define an action to be

feasibly dominant if, when the agent has chosen her action, she was not aware of any circumstances

where another action is better for her.

Notations: We denote the action space of agent i by Ai. Given a tuple a = (a1, . . . , an) of actions

chosen by the agents, we denote the utility of agent i by ui(a).

In a direct revelation mechanism (definition 36) Ai = V i and ui(w) = vi(k(w)) + pi(w). Note

that the agent’s type is suppressed.

Definition 46 (strategic knowledge) Strategic knowledge (or knowledge for short) of agent i

is a partial function bi : A−i → Ai.

Knowledge is a function by which the agent describes (for herself!) how she would like to

respond to any given situation. The semantics of ai = bi(a−i) is “when the others’ actions are a−i

the best action I can think of is ai”.

Naturally we will assume that each agent is capable of computing her own knowledge and

henceforth that bi can be computed in a reasonable amount of time. (This assumption is formulated

in section 3.4.4.)

Definition 47 (feasible best response) An action ai for agent i is called feasible best response

to a−i if either a−i is not in the domain of the agent’s knowledge bi or ui((bi(a−i), a−i)) ≤ ui(a).

In other words, other actions may be better against a−i but at least when choosing her action

the agent was not aware of these.

Note that when the agent’s knowledge bi is optimal, i.e. it is a best response function, this

definition corresponds to the standard one. Note also that if a−i is not in the domain of bi, then

any action ai is a feasible best response to it.

The definition of feasibly dominant actions now follows naturally.

Definition 48 (feasibly dominant action) An action ai for agent i is called feasibly dominant

if it is a feasible best response against any a−i. We also call such an action fda.

A dominant action is obviously feasibly dominant.

To exemplify the concept, consider a match between two chess-players, White and Black, where

each of the opponents is required to submit a computer program that plays on her behalf. Black’s
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knowledge for example specifies what program she would like to submit if she knew White’s. Of

course one cannot expect such knowledge to be optimal. A program Ab is a feasible best response

to Aw if Black does not know how to play better against Aw, more precisely, if when submitting

Ab Black was not aware of any better way to play against Aw. Note that since this is a revelation

game, we do not refer to knowledge that may be acquired during the game. Ab is feasibly dominant

for Black if she cannot think of any change in the program that would help her against any possible

opponent! We argue that if an agent has feasibly dominant actions available, then it is irrational

not to choose one of them.

Our goal is to define a mechanism where truth-telling is feasibly dominant.

3.4.2 The second-chance mechanism

Although VCG-based mechanisms may not be truthful, it is not difficult to see that the only reason

for an agent to lie about her type is to help the algorithm to improve the overall result. An agent

who believes that the declarations of the others are such that she may better lie to the algorithm,

might be wrong and henceforth cause damage to the overall result.

In order to prevent this we introduce the usage of appeal functions. The semantics of an appeal

l is: “when the agents’ type is v = (v1, . . . , vn) I believe that the output algorithm k produces a

better result if it is given l(v) instead of the actual input v”. Given the agents’ declarations w, the

mechanism then computes k(w) and the results of all the appeals k(l1(w)), . . . , k(ln(w)) and selects

the best output among these results.

The idea is that instead of declaring a falsified type, it is better for the agent to report it

truthfully and to ask the mechanism to check whether the false declaration would have lead to

better results. When the agents are truth-telling, the output chosen by the mechanism is at least

as good as k(v).

Definition 49 (appeal function) Let V =
∏
i V

i denote the type space of the agents. An appeal

is a function l : V → V .

We now define the second-chance mechanism.

Definition 50 (second-chance mechanism) Given an output algorithm k, the second chance

mechanism based on k is the following game:

1. Each agent sends a type declaration wi and an appeal function li to the mechanism.

2. Let w = (w1, . . . , wn). The mechanism computes k(w), k(l1(w)), . . . , k(ln(w)) and chooses

among these outputs the one that maximizes the total welfare (according to w). I.e. the

mechanism tries all the appeals and chooses the one that yields the best result.
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3. Let ô denote the chosen output. The mechanism then calculates the payments according to

the VCG formula: pi =
∑
j 6=iw

j(ô) + hi(w−i) (where hi is any real function).

The actual implementation of the appeal functions is discussed in subsection 3.4.4. Note that

hi(w−i) is independent of the agents’ appeals. Until section 3.4.4 we can simply assume that it is

always zero.

An action in a second chance mechanism is a pair (wi, li) where wi is a type declaration and li

is an appeal function.

Definition 51 (truthful action) An action ai = (wi, li) is called truthful if wi = vi, i.e. the

agent reveals her true type to the mechanism. A mechanism is called feasibly truthful if truth-telling

is feasibly dominant for all the agents.

The following observation is a key property of the mechanism.

Proposition 3.4.1 Consider a second-chance mechanism with an output algorithm k. For every

type v = (v1, . . . , vn), if all agents are truth-telling, the output chosen by the mechanism is at least

as good as k(v).

2

In other words, when the agents are truth-telling, the mechanism is at least as good as the under-

lying algorithm. In particular, when the algorithm is guaranteed to be within a certain constant

from the optimal, then so is the mechanism.

We will show that under reasonable assumptions on the agents, the mechanism is indeed feasibly

truthful. We also need to guarantee that all the computations can be carried out in a reasonable

amount of time.

An example

To exemplify the strength of the mechanism consider Alice who participates in a combinatorial

auction for houses. She is interested in a particular pair of adjacent cottages and is willing to pay

up to $200, 000 for them. She is also willing to pay up to $60, 000 for each one separately.

Alice’s type is therefore vi = {200, 60, 60} (in thousands, regarding only these particular two

houses). After experimenting with the mechanism Alice notices that in many situations a declara-

tion of wi = {200, 0, 0} causes the algorithm to produce a better result.

In a VCG-based mechanism Alice may choose to declare wi instead of vi. Sometimes, depending

on the type declarations of the others, it would indeed improve the overall result and would therefore
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increase her own profit as well. On other occasions it would reduce the quality of the overall result

and therefore decrease Alice’s profit.

In the second chance mechanism Alice can report her true valuation vi and define li(vi, w−i)

as (wi, w−i). This way she can enjoy the best of both worlds: In cases where declaring wi would

improve the overall result, the mechanism will choose k(li(v)). In cases where lying to the algorithm

would reduce the quality of the overall result, the mechanism will prefer k(v), and thus prevent the

damage.

3.4.3 Existence of computationally efficient feasibly dominant truth-telling ac-
tions

In this subsection we will show that under reasonable assumptions, computationally efficient feasibly

dominant truth-telling actions do exist for the agents. Note that our assumptions are different from

what is customary in game theory.

We first comment that if no time limit is enforced on the appeal functions then the agents have

dominant actions available: Consider an agent i participating in a second chance mechanism. Let

k denote the output algorithm. Given the type declarations w−i of the other agents, there exists

a type vector ŵ
df
=li(w−i) that maximizes g((vi, w−i), k(ŵ)). It is not difficult to see that (vi, li) is

dominant and henceforth feasibly dominant action for the agent. However, if the original problem

is too hard to compute then so is li.

When the agents are limited to submit only computationally limited appeal functions, the

existence of feasibly dominant truth-telling actions is less obvious. In this section we show that

such actions are available under reasonable assumptions on the way that the agents’ knowledge is

obtained. We argue that in practice this knowledge will not “fall out of the blue”, but there will be

a few reasonable ways for the agents to obtain it.

We focus on two types of knowledge that look to us the most natural ones:

The first is obtained by an agent who simply explores the output algorithm. Such an agent

ignores potential appeals for the other agents. Therefore knowledge of this kind is actually knowl-

edge about the algorithm. The justification behind the assumption that agents will have this kind

of knowledge is that the space of possible appeals is so huge and complex that it is beyond the

agents’ capability to reason about it.

The second type of knowledge is obtained by an agent who explores, in addition to the output

algorithm, a small family of potential appeals for the other agents.

In both cases we show the existence of computationally efficient feasibly dominant truth-telling

actions for the agent.
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Clearly, when an agent lies about her type, there exist cases where she will consequently loose.

Therefore the agents are further motivated to be truthful.

We begin with a formal definition for computationally limited algorithms and mechanisms.

Definition 52 (algorithm of degree d) We say that an output algorithm is of degree d if its

running time is bounded by some polynomial of degree d in the number of agents.

The definition for appeal functions, actions, knowledge and mechanisms are similar.

Proposition 3.4.2 If the output algorithm of a second-chance mechanism is of degree d then the

mechanism is of degree d+ 1.

2

In subsection 3.4.4 we discuss ways to force the agents to submit only appeal functions of degree d.

We now refer to the first type of knowledge obtained by an agent who simply explores the

output algorithm:

Definition 53 (appeal independent knowledge) Knowledge bi is called appeal independent if

it is of the form bi : V −i → Ai. Such knowledge is called declaration based if it is of the form

bi : V −i → V i.

The semantics of declaration based knowledge is: “when the others declare w−i, I would like

to declare bi(w−i)”. Alice in our example has such kind of knowledge. The semantics of (wi, li) =

bi(w−i) where bi is appeal independent is: “when the others declare w−i, I would like to declare wi

and to submit the appeal li”.

Theorem 3.4.3 If bi is a declaration based knowledge for agent i then (vi, bi) is feasibly dominant

for the agent.

Proof: Assume by contradiction that it is not feasibly dominant. Therefore there exists a vector

of actions a−i for the others such that (wi, φ)
df
=bi(a−i) is strictly better for the agent than playing

(vi, bi). Note that i’s appeal is always empty. Since bi is declaration based, we can assume that all

the appeals of the other agents are also empty. Denote a−i by (w−i, φ). Consider the case where the

agent’s action is (vi, bi). If the mechanism “rejects the appeal” and chooses the type (vi, w−i) then

g((vi, w−i), k(vi, w−i)) ≥ g((vi, w−i), k(wi, w−i)). By declaring wi the agent forces the mechanism

to choose k(wi, w−i) which can only reduce the utility of the agent. If the mechanism “accepts the

appeal” and chooses the type (wi, w−i), then it does the same when the agent declares wi. 2
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Theorem 3.4.4 If the output algorithm is of degree d and the agent has appeal independent knowl-

edge of degree d then there exists a truthful feasibly dominant action of degree d for this agent.

Proof: Let bi be a knowledge of degree d for agent i. Define an appeal li as follows: Given w−i,

let (wi, ψi) = bi(w−i). The appeal computes k(wi, w−i) and k(ψ((wi, w−i))) and takes the better

result according to (vi, w−i). Obviously li is feasibly dominant and of degree d 2

We now consider a more general scenario, where the agent explores, in addition to the output

algorithm, a small family of potential appeals for the other agents.

Definition 54 (d-obtainable knowledge) Knowledge bi is called d-obtainable if the following

holds:

1. bi is of degree d.

2. Every appeal function that appears, in the domain or in the range of bi, is of degree d.

3. There are at most nd appeal functions that appear in the domain or in the range of bi. More-

over there exists a representative family Li of no more than nd (n− 1)-tuples of appeals such

that for every tuple φ−i that appears in the domain of bi there exists a ψ−i ∈ Li such that for

all w−i, bi((w−i, φ−i)) = bi((w−i, ψ−i)).

The second condition is justified by the assumption that an agent can not reason about functions

that she cannot compute. The representative family in the third condition stands for all the cases

that the agent has checked. The underlying assumption is that an agent cannot reason about

functions and tuples that she has not checked at least once. Naturally we assume that an agent

can check only a reasonable number of cases.

Theorem 3.4.5 If the output algorithm is of degree d and an agent has a d-obtainable knowledge,

then she has a truthful feasibly dominant action of degree 3 · d.

Proof: Let bi be a d-obtainable knowledge for agent i. Given w−i we shall define an appeal li as

follows: Let L be the family of all appeals that appear in the domain or in the range of bi. Let Li

be a representative family and let W = {wi|∃ψ−i ∈ Li, φis.t.(wi, φi) = bi((w−i, ψ−i))}. Obviously

|W |, |L| are bounded by a polynomial of degree d. li computes for every pair (wi ∈ W, l ∈ L),

k(l((wi, w−i))) and takes the best output according to (vi, w−i). It is not difficult to see that (vi, li)

is feasibly dominant and that li is of degree 3 · d. 2
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When the agents’ knowledge is obtained in one of the ways mentioned above then if the time limit

enforced on the appeals is not too small, the agents are strongly motivated to report their true

types to the mechanism. We argue that this will be the case for many applications of interest.

Truthful feasibly dominant actions may not exist in situations where an agent has significant

knowledge about properties of the potential appeals of the others. Such situations may arise in

repeated settings (e.g an auction that runs every week). This may be solved by merging each appeal

that improves the result of the output algorithm into it and letting the agents update their appeal

functions.

3.4.4 Other implementation issues

Implementation of the appeal functions

We see two natural ways to implement the concept of appeal functions. The first is simply to let

the agents compute their appeals by themselves and to send the results to the mechanism in a

second round. In this method however, the type of each agent is revealed to all the others. This

is undesirable for many applications. Another natural way is to supply the agents with a language

for the description of their appeals and to perform the computation on the mechanism’s machine.

In both methods it is not difficult to impose a time limit on the agents or to ask them to pay

for additional computational time. However an arbitrary time limit may prevent the existence of

feasible dominant actions.

An interesting direction is to impose on the description of the appeals a structure that reflects

the agents’ knowledge of the output algorithm. One possible structure is a decision tree where

the agents are required to supply, for each leaf α, a type vector tα such that the algorithm’s

result is strictly improved when it is given l(tα) instead of the actual input tα. In this method

the computational time of the mechanism is naturally limited by the computational power of the

agents themselves.

Participation constraints

One desirable property of mechanisms is that the utility of a truthful agent is always non-negative.

This is often called participation constraints (see e.g. [60]). In this section we construct a second-

chance mechanism that satisfies this property.

We shall assume that for each agent i, there exists a type vi such that for every v = (v1, . . . , vn),

gopt((vi, v−i)) ≤ gopt(v). In a combinatorial auction for example, this type is defined by vi(s) = 0

for every combination s of items.

The Clarke mechanism ([8]) is a VCG mechanism with payments pi(w) =
∑
j 6=iw

j(opt(w)) −
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gopt(vi, (w−i)). It is not difficult to check that the mechanism satisfies participation constraints.

When the optimal algorithm in the Clarke mechanism is replaced by a sub-optimal one, the result

of the algorithm may be improved when wi is replaced by vi. Therefore participation constraints

may no longer be satisfied. However this is not difficult to fix.

Definition 55 We say that an output algorithm k satisfies participation constraints if for every

type v = (v1, . . . , vn) and agent i, gk(v) ≥ gk((vi, v−i)).

Proposition 3.4.6 If the output algorithm k is of degree d, then there exists an algorithm k̃ of

degree d+ 2 that satisfies participation constraints such that for every type v, gk̃(v) ≥ gk(v).

Proof: Given v we define k̃(v) as follows. At the beginning we let k0 = k. In the (j+1)th phase, if

for every agent i, gkj (v) ≥ gkj (vi, v−i) then fix k̃(v) = kj(v) and stop; Otherwise fix the type of one

of the agents i who does not satisfy the above condition to be vi and continue. It is not difficult to

verify that k̃ satisfies the required conditions. 2

Given an algorithm k̃ that satisfies participation constraints we shall define the payment function

of the second chance mechanism based on it as pi =
∑
j 6=iw

j(o) − gk̃(v
i, (w−i)) where w denotes

the agents’ declarations and o the chosen output. Since g(w, o) ≥ gk̃(w), participation constraints

are satisfied.

3.4.5 Summary of the method

We summarize the necessary steps the designer of a mechanism needs to take when using our

method. First the designer needs to develop an algorithm k for the corresponding optimization

problem. This could be done without any constraints on the global behavior of the algorithm. The

designer can automatically transform k into an algorithm k̃ that satisfies participation constraints.

The next step is to find a reasonable time limit on the appeals or better to develop a language

(API) for the appeals that reflects the agents’ knowledge of the algorithm. After this is done the

designer can give the mechanism to the agents to experiment with and to learn k̃. Finally, after the

participants are ready, the second-chance mechanism could be executed. In repeated settings the

designer may want to merge (automatically) successful appeals into k̃ and let the agents update

their appeal functions afterwards. Note that all the steps required for turning the algorithm k

into a mechanism are either automatic or common for all mechanism design problems. Using our

method, the development of a mechanism for a mechanism design problem is therefore reduced to

the development of a good algorithm for the corresponding optimization problem.
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Chapter 4

Discussion

4.1 Conclusions and further research

This thesis studies algorithmic problems that involve self-interested agents. It assumes that the

agents are rationally following their own self interest. It studies such problems in the framework of

mechanism design theory and focuses on dominant strategy implementation.

The thesis shows that many problems that naturally stem from computer science applications

can be satisfactorily handled. The suggested solution, which is a combination of the compensation

and bonus and the second chance mechanisms (definitions 24, 50), let the designer focus on the

algorithmic side of the problem and constructs the protocol automatically. The protocol uses

monetary transformations in order to motivate the agents to behave well. Although revenues and

payments are not optimized in this work, the protocol never pays more than the designer’s budget.

Results in this thesis can roughly be divided into the following categories: Limitations of the

classical model, probabilistic mechanisms, the usage of verification assumptions, the computational

limitations of existing mechanisms and the second-chance mechanism.

Beyond the concrete results, there are several principal insights that emerge from this work:

The importance of information The information, a-priory or post-priory, which is available

to the mechanism can make a crucial difference on the mechanism’s ability to handle such

problems. In particular, the importance of verification assumptions was shown in this thesis.

The need for the relaxation of the game theoretic requirements Requirements like the

truthfulness of the mechanism, seem to impose constraints on the global behavior of the

corresponding algorithms, which are very difficult and sometimes even impossible to satisfy.

In many cases, a slight relaxation of such requirements can greatly facilitate the construction

of computationally feasible mechanisms. This phenomenon is likely to occur when considering

other game theoretic requirements such as budget balance.
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The power of randomization Randomization can play a major role in the development of effi-

cient mechanisms. Its contribution may be twofold. First, randomized algorithms are in many

cases simpler, faster and more efficient than deterministic ones. This was already exploited

in this work. Secondly, randomization of the mechanism can greatly influence the strategy

space of the agents precluding strategies which are bad for the designer. This aspect is yet

to be explored.

This work is only a first step towards an understanding of the ability to solve computational

problems that involve selfish agents. There are clearly numerous directions for further research on

this topic. I mention only few basic ones: The computational power of strategy-proof mechanisms

is far from being understood, even in the classical model, probabilistic models and further relax-

ation of the concept of dominant strategies are yet to be explored and more concrete connections

between mechanism design and computational complexity are yet to be discovered. Moreover, in

practice, mechanisms will have to handle additional problems like irrationality and collusion among

agents. Issues like revenue maximization, risk, reserved prices and budget balance are very impor-

tant to many applications. In a lot of cases, mechanisms will have to be carried out in a ”real”

distributed environment. Finally, solution concepts other than dominant strategy implementation

(e.g. Bayesian Nash) may be considered.

I am certain that all these issues and a lot of others will provide researchers with many beautiful

research problems in the years to follow!

4.2 Applications

Problems that involve self interested participants arise from several sub fields of computer science

and economics. In this section I describe some example applications which may benefit from results

obtained in this work and make some additional comments about how to use these results.

Electronic Commerce: Combinatorial Auctions

The problem of combinatorial auctions (section 3.2.4) can be addressed by a second-chance

mechanism to maximize the total welfare. Besides the major obstacle of the computation of the

allocation, this mechanism can also be used for handling another major problem: that even the

description of the valuation functions is intractable. In the proposed setting the agents will send two

structures that represents their valuation functions. One is an oracle vi(.) that accepts a subset s

and returns the agent’s valuation vi(s). The other structure xi(.) represents the valuation function

in a way that is convenient for the allocation algorithm to work with (e.g. a short list of bids or

a description in an intermediate language [75]). The second chance mechanism will use xi(.) for
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the computation of the allocation and will query vi(.) for the computation of the total welfare.

The agents will be requested to prepare the representing structure according to the designer’s

instructions (e.g. submit a list of the 100 most valuable sets which are not contained one in each

other). An agent’s appeals will refer to the xi(.)s but be measured according to the vi(.)s. In any

case where an agent consider a deviation from the instructions, she can rather follow them and ask

the mechanism to check whether she is better off deviating.

Networking: broadcasting long messages

Consider a network where the links are privately owned and the costs of sending messages are

privately known to their owners. Consider the problem of broadcasting (e.g. movies) in such a

network that appeared at section 3.3.2. The a second-chance mechanism could be used here as well.

The companies that owe the links can weekly update their costs and appeals. Successful appeals

may be incorporated into the mechanism as suggested in section 3.4.3.

Networking: broadcasting many short messages

Consider such a network as before. This time, whenever someone sends a message we would

like to send it through the network. Obviously, there is no point in applying a central mechanism

that finds an optimal route for each message. However, a solution that makes local decisions in

every node which are based on a Vickery auction with random weights (as in section 2.4.4) may

be considered. The randomness here is used to spread the load over the system. Although such a

mechanism is not necessarily truthful it may has some interesting stochastic ”strategy proofness”

properties.

Virtual communities

My initial practical motivation when starting this research was to enhance cooperation among

people over the Internet. Consider for example a virtual community where people cooperate and

help each other in solving problems (as an example consider [37] or just a good old news-group). A

naive incentive model (such as a new-group’s) has two potential major problems: first there may

not be enough motivation for the participants to help each other and second, there is nothing that

guarantees the efficiency of the allocation of problems to participants. My personal feeling is that

indeed, news-group participants hardly devote a considerable amount of time for problems which

are posed in news-groups and that the amount of answers for various requests is im-balanced and

inefficient. For some communities the compensation and bonus mechanism might help. Money, real

or virtual, may motivate people to invest more time helping each-other and the mechanism will

make sure that problems are efficiently allocated among the participants. Although verification of

the costs does not seem natural for such an application, it may simply be ignored. Many additional
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interesting questions can be asked about such an application.

Privatization processes

Several privatization processes in recent years where conducted using various sorts of auctions

(e.g. the California day-ahead auction [119]). As the verification of both costs and actions seems

feasible for such applications, the compensation and bonus mechanism might offer an alternative

to the auction approach. The mechanism enables a government to determine a precise policy of

what is desired for the public and to pay the companies involved according to their contribution to

the public’s welfare.
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Appendix A

A note about single object allocations

This section gives an example for a natural problem where the family of functions that can be

extended into a truthful mechanism is very large. This is in a sharp contrast to [89].

One of the most basic problems of mechanism design is an auction on a single object. Formally:

Definition 56 (single object allocation) A single object allocation problem is a mechanism

design problem of the following form:

• There are n+ 1 possible outputs. An output i > 0 means that the object is allocated to agent

i. 0 means that the object is not allocated to any agent.

• The type of each agent is any strictly positive number.

We say that a mechanism for this problem is good if it is truthful, satisfies participation con-

straints (definition 3.4.4) and is normalized such that the payment of the agents who do not get

the object is always zero.

We shall characterize the family of good mechanisms for this problem.

Definition 57 (proper function) An output function x : Rn++ → {0, . . . , n} is called proper if for

every type vector t = (t1, . . . , tn), and an agent i such that i = x(t), if si ≥ ti then i = x((si, t−i)).

In other words, an agent wins the object with type ti shall keep if her type increases.

Definition 58 (implied payment) Let x(.) be a proper function. We say that a payment function

p(.) is implied by x(.), if −pi(t) is 0 when i 6= x(t) or equals inf{si|i = x((si, t−i))}.

In other words, agent i, when wins, pays an amount which equals the minimal type that enables

her to still win the object, or zero otherwise. It is not difficult to see that the infimum exists.
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Proposition A.0.1 If m = (x, p) is a revelation mechanism for the single object allocation problem

(definition 56), such that x(.) is a proper function and p(.) is implied by x(.), then m is a good

mechanism.

Proof: Let t be a type vector, i an agent. Clearly pi(.) does not depend on ti. If i 6= x(t) then,

since x(.) is proper and from the definition of p(.) it must be that ti ≤ pi. Henceforth i can only

loose if she wins by cheating. If i = x(t) then from the definition of p, ti ≥ pi and therefore i can

only loose by cheating. 2

Proposition A.0.2 If a revelation mechanism m = (x, p) is good then x is proper and p is implied

by x.

Proof: From the basic properties proven in section 2.4.3 we known that the mechanism should

offer two possible payments to the agent: A payment which equals zero if she looses (this is because

the mechanism is good), or a payment of pi if she wins. We know (proposition 2.4.4) that pi is

independent of ti. From the maximization property (proposition 2.4.5) we also know that if ti > pi

then i must win the object and if ti < pi then she must not win. Clearly this implies that x is

proper and that pi is implied by it. 2

We have therefore characterized the family of good mechanisms for this problem. A similar result

holds for a discrete setting.

It is not difficult to see that if x(.) obeys the following natural independence condition:

For every type vector t, an agent i and a type si, if x(t) 6= i and x((si, t−i)) 6= i then

x(t) = x((si, t−i)).

then it can be represented as x(t) = arg maxi ψi(ti) where ψi(.) are monotonically increasing.

Obviously, every function of this form obeys the independence condition.

It is not hard to construct an example which does not satisfy this independence condition and

henceforth can not be represented as a maximum of monotone functions. Thus, in a contrast

to problems where only maximizing weighted sums is implementable [89], the family of truthful

mechanisms for this problem is very large.
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