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= Reading

= Bayesian Decision Theory
= Textbook DHS Chapter 2.5 — 2.6

= Homework #1 due 2005-09-21, Wed
= TA office hours
= Tuesdays 9:20-10:50am, CEPSR Rm 712
= Basic Matlab sample code (course web site)
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Minimal Risk Decision Rule
Decide w,, if Rla, [ X) <R(a, [ X)

] . . P(X|@,) Ay Ay P(o),)
|f 1 > 12 22 . 2
= /e. Decide o, P(X|@,) 4, — A, P(a)

w IfA,=2,,=14;,,=4,,=0, i.e., loss = ‘classification error’

P(xla,)  Pla,)

P(x|o,) P (0,) , e, P(a, | x) > P(w,]|Xx)

P(w|x) -
Max A Posterioi (MAP) classifier o

Decide o, if

s If Plw,) = Plwy),

ML classifier

P(x| @)

P(x|@)
P(x|@,)

Decide o,, if >1 ie P(x| o) >P(x|@,)

(Likelihood Ratio)
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Discriminant Function and Decision Regions

= Decide o, if 9(¥)>g;(x) Vj=i

= E.g., minimal risk classifier 9i(X)=-R(« [x)
e.g., 9;(x) = P(® | x) 0:(x)=P(x|®)P(@)
9,(x)=InP(x|@)+InP(w)

= Decision Region, R,
xisinR;, ifg(x)>g;(x) Vj=i

= Two-Category case

Decide w,, if 9(x)=0,(x)-9,(x)>0
P(x|@) |, P(@)
P(x|@,) P(w,)

g(x)=In

FIGURE 2.6. In this two-dimensional two-category classifier, the probability

are Gaussian, the decision boundary consists of two hyperbolas, and thus the

. region R; is not simply connected. The ellipses mark where the density is 1
EE6887 Chang 3-4 thatat the peak of the distribution. From: Richard O. Duda, Peter E. Hart, and
Stork, Fattern Classification. Copyright @© 2001 by John Wiley & Sons, Inc.




Gaussian Distribution

= Gaussian distribution

1
1 —olxuf
p(x) — - e[ 20 J
N 27o
s Given the same mean and

variance, Gaussian has the
max entropy

= Sum of a large number of

Pr[\x—,u\ <0]=0.68

Pr[|x— 1| < 20]=0.95

Pr[|x — 4| <30]=0.997
Mahalanobis distance from x to x

. r =‘X—,u‘/0
small, independent random
variables approaches Entropy of Gaussian:
Gaussian H yu, = 0.5+l0g, (v270)

Comparison w. uniform
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Multi-variate Gaussian

= Multivariate Gaussian, N(u,Z) %
of 0
-1 T -1 Y=
(Gl = m) 0 o
p(x) = o2 2
(27) " [ —
where x, p are D-dimensional vectors
¥ : Dx D matrix X2
|| is the determinant of X O General ¥
Xy

(03)" ==(i, j) = cov(x(i), x(j))
= E[(x(1) = E(x()(x(J) - E(x(1))]
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Effect of Linear Transformat_ion

= Linear transformation of Gaussian @
y=A'X y:kx1, A:dxk, x:dx1 i-:\/’j_\-.m

y ~ N(A'z, A'TA)

= Whitening transform ____f,z-/ =
> =®AD" (SVD, Eigenvectors) ;
®:[¢ |4 |..]14] columnsare orthogonal ev  A: diag. matrix of eigenvalues

Whitening Trans. A, = DA™?

also PCA Transform

y=Ax ~ N(A/u 1)
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AZA= ADAD'A= I

Mahalanobis Distance »
Mahalanobis distance from x to u

= Mahalanobis dist in 1-D r=x-pllo

Pr[|x— x| < c]="Pr[r <1]=0.68
Pr[|x— x| < 20]=Prr <2]=0.95
Pr[|x — 4| <307 =Pr[r <3]=0.997

1 -1 .

p(x) =————=exp(—(x—p) =7 (x—p))

= Multi- (21,,) JiEl 1 :
Dimensional = mexl@(?(x—“) DA (x~p))

case = P A (A ()

(Zﬂ)D/Z \/ﬁ

r is the Mahalanobis distance

13
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= Malalanobis distance
from point x to

the mean of @
a Gaussian
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Discriminant Function for Gaussians

= If consider classification error as “loss”
g,(x)=InP(x|@)+InP(w)

= For Gaussian
P(x[@)=N(u, L)

P(x| W) = exp(r(x—m) Z, (x-,)

Lt

(7)™ =]
1 . d 1

gi(x)=_E(X_ﬂi) 2 (X_ﬂi)_5|n2”_5|n|2i|+lnP(a)i)
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Case | I, =0l

= Statistical indep. features O
circles of same size O

e

|2|:O'2d >l=07l

9 (x) :_%(X_/Ji)tziil(x_,ui)_ d In 2”_%In|2i|+ InP(w;)

2
g;(x) :_%(X—,Ui)tUz(X—,ui)—Hn P(w)
9i(x)=- 12 (th_zluitx"‘/v‘it,ui)"‘ InP(aw)
20

1 1
g; (x) :_zluitx__zluit/ui +InP(®)
o 20
g;(X)=w'x+w, alinear function with bias w;,
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Decision Boundaries
= Decision boundary between class i and j
0,00 =5 ux+w,  G0=0;(0

Wt()(—xo):O W= g4 —

o? P(w,)

1
Xo:_(ﬂi+ﬂj)_ 7 In
2 | P((‘)j)

(4= 1)

| 24— i

= A hyperplane perpendicular to -4
passing through point x,

= If P(@) =P(a) then x-Z(u+u) %
i.e., midpoint between » and g
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Case 2 Z,=ZX

= Hyperellipsoidal shapes of equal size and shape
9,(x) = —l(x—yi)‘z*(x—yi)—iln 2ﬂ—1|n|z|+ InP(w,)
2 2 2
g;(X)=w'x+w,,  ahyperplane with bias w,
W, = Z_lyit W, = —%,uitZ’lyi +InP(w,)

= Decision boundary

W(x=%)=0  w=2"(4-u)
In[P(@)/P(;)]
(= 1;) 27 (1 — 1)

Xﬁ%(ﬂiﬂti)— (44— 15)

= Not perpendicular
to the line connecting the means
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Case 2 decision boundaries

FIGURE 2.12. Probability densities (indicated by the surfaces in two dimensions and
EE6887—Chang ellipsoidal surfaces in three dimensions) and decision regions for equal but asymmet-
ric Gaussian distributions. The decision hyperplanes need not be perpendicular to the
L o Lo gk L michacd O Dds Doy | SN EYTEET Y. Nat L Sioel

Case 3 I, = arbitrary

= Discriminant functions are quadratic
g, (X) = XWX + W' X + W,

where:
Wi :_12;1 ﬁO
2

w; :Zi_llui
1 ... 1
Wio=—§ﬂi2i yi—EIn|2i|+In P(w)

= The decision surfaces are hyperquadratic.
The geometry form can be

= Hyperplane, pairs of hyperplanes, hypersphere, hyperellipsoid,
hyperparaboloids, hyperhyperboloids
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FIGURE 2.14. Arbitrary Gaussian distributions lead to Bayes decision boundaries thal
are general hyperquadrics. Conversely, given any hyperquadric, one can find two Gaus-
sian distributions whose Bayes decision boundary is that hyperquadric. These variances
are indicated by the contours of constant probability density. From: Richard O. Duda,
Peter E. Harl, and David G. Stork, Pattern Classification. Copyright @© 2001 by John
Wiley & Sons, Inc.
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