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Chapter V: Analysis of Packet Switching Networks

1. Intr oduction

1.1 BasicModel of delay/loss system

Delay Box

Mux/Switch/Router/Network

Msg/Pkt/Cell
Departuresβ (t)Arrivals α (t)

Msg/Pkt/Cell

Lost or BlockedL(t)

1. interestedin calculating

— time spent in the system T

— number of customers in the system N(t)

— fraction of arriving customers that are lostPb

— avg number of messages per second passing through the system - throughput

2. How do we determine the number of customers in the system at timet, N (t)

— If α (t) is the number of customers that arrive from 0->t

— L(t) is the number of customers that are lost because they are blocked from entering from
0->t,

L =
t→∞
lim

L(t)

t
, and

— β (t) is the number of customers that depart from the system from 0->t then

— N (t) = α (t) − L(t) − β (t)

3. Thearrival rate into the system -- avg number of customers per second that arrive is λ =
t→∞
lim

α (t)

t

If the interarrival time between customeri − 1 and i is τ i, thenλ =
n→∞
lim

n

τ1 + τ2 + . . . + τ n
=

1

E(τ )
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Arrival times of Customers

t

α
(t

)

1

2

n-1

n

t1 t2 tn−1 tn

τ1 = t1

τ2 = t2 − t1

τ n = tn − tn−1

. . .

4. Theprobability of a lost or blocked packet is

PB =
L

λ
5. Thethroughput is the average number of customers per second that depart the system

T =
t→∞
lim

β (t)

t

=
t→∞
lim





α (t)

t
−

L(t)

t





= λ − L
= λ − λ PB

= λ(1 − PB)

6. Theav erage number of customers in the system isN =
t→∞
lim

1

t

t

0
∫ N (t′)dt′

Definitions and Description of Queue

buffer

Server
(Channel)

Arriving Customers
(Messages)

W - Waiting time

S - Service time

T - Total queueing delayT = W + S

λ - arrival rate ( messages or customers per second)

1

µ
- average message length (bits)
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C - capacity - bits xmitted per second

S =
1

µC
- avg time to xmit a message

ρ - link utilization= λ S =
λ

µC
if ρ > 1 queue becomes infinite

N - Number of messages in the queue, including customer being served

1.2 Kendall’s Notation

A/B/C

A - Arrival Distribution

M - Poisson arrival Process

D - Deterministic - Voice Packets

GI - General, Independent

B - Service time distribution

M - exponential

D - fixed - ATM cells - be careful

G - general

C - # of servers

Extended Notation

(A/B/C):(D/E/F)

D - Service Process

FCFS - first come, first served

LIFO - last in, first out

SIRO - serve in random order

GD - general

E - max allowable customers in the queue
Buffer size

F - Number of customers
as opposed to an infinte user population

Example

(M/M/3):(FCFS/100/∞)
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2. Little’ s Law

Reference [1], section 3.2

Av erage operation of the system insteady-state
steady state -> system isn’t growing in an unbounded way

N (t) = Number of customers in syst at time t -Instantaneous

Av erage customers in the systNt =
1

t

t

0
∫ N (τ )dτ

steady stateN =
t→∞
lim Nt

α (t) = Number of customers who arrive from 0 to t -Cumulative

Av erage arrival rateλ t =
α (t)

t

steady stateλ =
t→∞
lim λ t

Ti = Time spent in the system by theith customer -Instantaneous

The avg time in the syst. isTt =

α (t)

i=0
Σ Ti

α (t)
At time t:

α (t) is the number of customers that have arrived
α (t)

i=0
Σ Ti is the sum of the times that they spend in the system.

steady stateT =
t→∞
lim Tt

Little’ s Law N = λT

The power of Little’s law is that it holds for all distributions of arrivals and service times

We can apply Little’s Law to the entire system or parts of the system
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2.1 SimpleExamples
2.1.1 Example1

if there is an arrival every 2 seconds - arrival rateλ= 1/2

and each user spends 1 second in the systemT = 1

t

α
(t

)
β

(t
)

0

1

2

3

4

5

6

0 1 2 3 4 5 6 7 8 9 10 11 12

α (t)

β (t)

N(t)

the average number of users in the system isN = 1/2 * 1 = 1/2

2.1.2 Example2

if there is an arrival every second - arrival rateλ = 1

and each user spends 2 seconds in the systemT = 2

t

α
(t

)
β

(t
)

0

1

2

3

4

5

6

0 1 2 3 4 5 6 7 8 9 10 11 12

α (t)

β (t)

N(t)

the average number of users in the system isN = 1 * 2 = 2
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2.2 GraphicalProof of Little’ s Law

t

α
(t

)
β

(t
)

0

1

2

3

4

5

6

7

8

0 t j

α (t)

β (t)

N(t)

T1

T2

T3

Assumptions:

• The system is empty at time t=0

• At a future timet j , the system is also empty,α (t j) = β t j

This is true infinitely often whenλT < 1

If λT > 1, the system is unstable

This assumption is removed as t → ∞
• The customers depart in the order that they arrive

The number in the syst. isN (t) = α (t) − β (t)

the area betweenα (t) and β (t) (up tot j) is A(t j) =
t j

0
∫ N (τ )dτ

A(t j) is also
α (t j)

i=1
Σ Ti

A(t j) =
α (t j)

i=1
Σ Ti =

t j

0
∫ N (τ )dτ

Dividing by t j , then multiply the left hand side by
α (t j)

α (t j)

1

t j

t j

0
∫ N (τ )dτ =

1

t j

α (t j)

i=1
Σ Ti =

α (t j)

t j

α (t j)

i=1
Σ Ti

α (t j)
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Take the average values up to timet j

N (t j) =
1

t j

t j

0
∫ N (τ )dτ

λ(t j) =
α (t j)

t j

T (t j) =

α (t j)

i=1
Σ Ti

α (t j)

N (t j) = λ(t j)T (t j)

And
t−>∞
lim 


N (t j) = λ(t j)T (t j)




→ (N = λT )

In reference [1], fig 3.2 it is shown that the customers don’t hav eto depart in the order they arrive.
Therefore Little’s law can be applied to LIFO, SIRO and Priority systems, as well as FIFO systems

2.3 Applications of Little’ s law
2.3.1 Singlequeue
Determine the relationship between the parameters that specify a queue

buffer

BA

Output
Channel

BB

BC

Input channels
λ

A. Draw box around queue, but not xmission line

λ = arrival rate from xmission lines

NQ = avg # of packets in queue, not being xmitted.

W = avg waiting time in the queue(The time before we start to transmit the packet)

NQ = λW => W = NQ/λ

B. Draw box around xmission line

X = avg packet xmission time=
1

µC

From Little’s Law: NC = λ X =
λ

µC

Since the channel xmits 0 or 1 message.
NC = ρ
The average number of customers on the channel is the fraction of the time that the channel is
busy, ρ.

12



- 8 -

Therefore, the channel utilization is:ρ =
λ

µC

C. Draw the box around the entire system

T = total delay =W + X

N = total number in system =NQ + ρ

N = λT = λ(W + X)

T =
N

λ
=

NQ + ρ
λ

2.3.2 Network Delay

Network

λ1λ2

λ2 λ2

T =
N

n

i=1
Σ λ i

independent of packet length distribution or routing

12



- 9 -

2.3.3 Networks of Queues

Network

λ1λ2

λ2 λ2

1. ApplyLittle’s law to the entire network
Tnet = Nnet /λ net

2. ApplyLittle’s Law to each queue
Ni = λ iTi

Theλ i depends on the routing

3. Theav erage number of messges in the network is sum of the average numbers of messages in the
queues

Nnet =
i
Σ Ni =

i
Σ λ iTi

4. Theav erage delay in the network can be found from the average delays in queues

Tnet = i
Σ λ iTi

λ net
=

i
Σ λ i

λ net
Ti

The delay in each queue is weighted by the proportion of the flow through the queue
This result will be used with Kleinrock’s independence assumption.
We will calculate the delays in the individual queues, then use this result to find the average network delay

2.3.4 Theuse of windows for flow control - TCP

The window constrains the number of packet from a source to W

W is the maximum number of packets that the source can have in the network

Therefore,λT ≤ W - Little’s Law
Where T is the delay that the packet experiences
Assumes that the ACK delays are small

When the network is congested, T increases, and eventually, λ must decrease
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Note: If the network is congested, and can only provide a throughput ofλ for each user,W ≈ λT .

If each user increases their window size, they increase their delays.

Therefore, to decrease the delay in a congested network, each user should decrease their window size

In TCP the window size is decreased when an acknowledgement is received later than expected.

Home work

Homework: Find the average delayTnet for the following network

λ1

λ2

Output

N1 = 4

N2 = 6

T3 = 6
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3. Analysisof M/M/1 Queues

Reference [1], section 3.3

The arrival of messages to the queue is described by a Poisson process with an average arrival rateλ .

The time it takes to service a customer in the queue is exponentially distributed with an average time
1

µC
.

1

µ
is the average message length, andC is the transmission rate of the channel.

Kleinrock’s approximation is an approximate analysis of network’s of M/M/1 queues and has been used to
predict the performance of the ARPAnet/Internet.

3.1 SomeCharacterisitics of the Poisson Process and the Exponential distribution
3.1.1 Poisson Arrival Process
The probability ofn arrivals in any intervalτ is

Pn(τ ) = e−λτ (λτ )n

n!
, for n=0,1,...

3.1.1.1 Theinterarri val t imes between messages are exponentially distributed

1. Theprobability distribution function of thenth interarrival is:
P(τ n ≤ s) = 1 − P0(s) = 1 − e−λ s, for s ≥ 0,
Where:

tn is the time of thenth arrival, and
τ n = tn − tn−1

The probability distribution is independent ofn, the message number.

2. Theprobability density function of interarrivals is: p(τ ) = λe−λτ

E(τ ) = 1/λ , Var(τ ) = 1/λ2

The arrival rate isλ messages/second
Note: Both the service time and interarrival times in an M/M/1 queue are exponentially distributed

3.1.1.2 There are 3 approximations of the arrival process for small intervals, δ , that we need to
analyze an M/M/1 queue:
The properties are found by taking the Taylor series expansion ofPN (τ )

1. Theprobability of no arrivals in δ is:

δ →0
lim P0(δ ) =

δ →0
lim e−λδ = 1 − λδ + o(δ ) ≈ 1 − λδ

2. Theprobability of 1 arrival in δ is:

δ →0
lim P1(δ ) =

δ →0
lim λδ e−λδ = λδ + o(δ ) ≈ λδ

3. Andthe probability ofn > 1 arrivals is:

δ →0
lim Pn(δ ) =

(λδ )n

n!
e−λδ = o(δ ) ≈ 0 for n ≥ 2
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3.1.1.3 There are 2 properties of the Poisson process that we will use in Kleinrock’s approximate
analysis of networks of queues

1. Thesum of Poisson processes is a Poisson process with the output rate equal to the sum of the input
rates

+

Sin,1(P(λ1))

Sin,2(P(λ2))

. . .

Sin,n(P(λ n))

Sout(P(
n

i=1
Σ λ i))

2. Whena Poisson process is split by independently assigning an input to an output, each process is a
Poisson process with the sum of the output rates equal to the input rate.

+

Sout,1(P(λ1))

Sout,2(P(λ2))

. . .

Sout,n(P(λ n))

Sin(P(
n

i=1
Σ λ i))

This is not true when the splitting is deterministic - ie: arrivals are sequentially assigned to outputs

3.1.2 Theexponential service time distribution
P(sn ≤ s) = 1 − e−µCs, s ≥ 0
Wheresn = service time ofnth customer

E(sn) =
1

µC
, Var(sn) =

1

(µC)2

3.1.2.1 Theexponential distribution is memoryless:

P(x > r + t / x > t) =
P(x > r + t)

P(x > t)
=

e−λ(r+t)

e−λ t
= e−λr = P(x > r)

1. Thecompletion of the service process is independent of when the service process started
P(sn > r + t / sn > t) = P(sn > r)

2. Sincethe distribution of interarrival times is also exponential, the next arrival is independent of the
number of customers in the system or when the last arrival occurred
P(τ n > r + t / τ n > t) = P(τ n > r)

3. Thememoryless property allows us to use a Markov chain formulation of a queue in which the next
state is only dependent on the current state and does not depend on when the current state was
entered.

3.1.2.2 There is an approximation of the service process for small intervals, δ , that we need to
analyze an M/M/1 queue:

The probability that the service completes inδ is:
δ →0
lim P(sn ≤ δ ) =

δ →0
lim 


1 − eµCs


= µCδ + o(δ ) ≈ µCδ
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3.2 Discrete Markov chain formulation of an M/M/1 queue
Partition time into small steps 0,δ , 2δ , . . . , kδ , . . .

Nk = number of customers in the queue at timekδ

Pij = P(Nk+1 = j / Nk = i)

Whenδ → 0, there is only one departure or arrival in δ

P00 = 1 − λδ -- no arrival

Pii = 1 − λδ − µCδ for i > 0 - no arrival or departure duringδ

Pi,i+1 = λδ , for i ≥ 0 -- one arrival

Pi,i−1 = µCδ , for i ≥ 1 -- one departure

Pi, j = 0 for j ≠ i, i + 1, i − 1

0 1 2 ... n-1 n n+1 ...
λδ

µCδ

λδ

µCδ

λδ

µCδ

λδ

µCδ

λδ

µCδ

λδ

µCδ

λδ

µCδ

1 − λδ 1 − λδ − µCδ 1 − λδ − µCδ 1 − λδ − µCδ 1 − λδ − µCδ 1 − λδ − µCδ

1. Derivation of the stationary distribution ofpi, the probability that there arei customers in the queue.

• Pi,i+1 = λδ

• Pi+1,i = µCδ

• In equilibrium pi Pi,i+1 = pi+1Pi+1,i otherwise the state of the system is either increasing or
decreasing. ( the probability of moving up to a higher state equals the probability of moving
down from that higher state). Therefore,
pi λδ = pi+1µCδ

• pi+1 = ρ pi

ρ =
λ

µC
, the utilization of the output line from Little’s law

• pi+1 = ρ i+1 p0, by iteration.

• 1 =
∞

i=0
Σ pi =

∞

i=0
Σ ρ i p0 =

p0

1 − ρ

• p0 = 1 − ρ

• pi = ρ i(1 − ρ), i=0,1,...

2. CalculateN , the average number of customers in the queue.

N =
∞

i=0
Σ ipi =

∞

i=0
Σ iρ i(1 − ρ)

= ρ(1 − ρ)
∞

i=0
Σ iρ i−1 = ρ(1 − ρ)

d

d ρ

∞

i=0
Σ ρ i

= ρ(1 − ρ)
d

d ρ



1

1 − ρ



= ρ(1 − ρ)
1

(1 − ρ)2

=
ρ

1 − ρ
=

λ
µC − λ

Note thatN → ∞ asρ → 1
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ρ

N

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

5

10

15

20

N =
ρ

1 − ρ

3. FromLittle’s Law

• The average delay is:

T =
N

λ
=

ρ
λ(1 − ρ)

=
1

µC(1 − ρ)

• The average waiting time is:

W =
1

µC(1 − ρ)
−

1

µC
=

ρ
µC(1 − ρ)

• The average number waiting in the queue is:

NQ = λW =
ρ2

1 − ρ
.

3.3 Examples
3.3.1 Dispersityrouting

K times as many messages that are
1

k

th

as long

Increase the arrival rate fromλ to λ ′ = K λ

Decrease the average message size from
1

µ
to

1

µ′
=

1

Kµ

ρ =
λ

µC
, ρ ′ =

K λ
KµC

, thereforeρ ′ = ρ remains the same.

N =
ρ

1 − ρ
= N ′ remains the same

T =
N

λ
, T ′ =

N ′
λ ′

=
N

K λ
=

T

K
, is reduced byK
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3.3.2 Dividing a channel into smaller pieces increases the delay

Given arrival rateλ and service time 1/µC

T =
1

µC(1 − ρ)

Partition arrivals into M channels with arrival rateλ ′ =
λ
M

and channel capacityC′ =
C

M
.

The utilization remains the same:ρ ′ =
λ /M

µC/M
=

λ
µC

= ρ

The service time increases to
M

µC

T ′ =
M

µC(1 − ρ)
= MT

This is an argument for statistical multiplexing rather than TDM for Poisson traffic

3.4 FiniteBuffers
— (M/M/1):(GD/N/∞)

0 1 2 ... n-1 n
λδ

µCδ

λδ

µCδ

λδ

µCδ

λδ

µCδ

λδ

µCδ

1 − λδ 1 − λδ − µCδ 1 − λδ − µCδ 1 − λδ − µCδ 1 − µCδ

— Steady State Equations

pi(n) = probability of being in state i at thenth step.
In steady state,pi(n) = pi

p0(n) = (1 − λδ )p0(n − 1) + µCδ p1(n − 1).
In steady state:ρ p0 = p1

Similarly, (1 + ρ)pi = pi+1 + ρ pi−1 for 0 < i < N and,pN = ρ pN−1

Solving this set of equations: :p0 =
1 − ρ

1 − ρ N+1

— Blocking probability - The probability that all of the buffers are full when a message arrives. The
message is discarded.

input rate:λ(1 − PB)

output rate: (1− p0)µC In p0 queue is empty, channel is unoccuppied

input rate = output rate

PB =
(1 − ρ)ρ N

1 − ρ N+1

3.5 Whatabout other Service disciplines? LIFO, SIRO, Priorities
1. Theav erage delay, T, is the same for all service disciplines

The state model looks at the probability that any user is serviced - not necessarily the first to arrive.

pn is the same for any service discipline
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N remains the same

Therefore, from Little’s law, T remains the same

2. Theav erage delay, T, is the same for allWork Conserving priority disciplines.

3.6 M/G/1Queues

Pollaczek-Khintchine formula

Reference [1] section 3.5

M/G/1 Queue

W =
λ X2

2(1− ρ)

WhereX2 = E(X2) - the second moment of the service time dist.

TP = W + X = W +
1

µC

Apply the P-K formula to the exponential service time distribution

X2 = µC
∞

0
∫ x2e−µCx dx =

2

(µC)2

W =
2λ /(µC)2

2(1− ρ)
=

ρ
µC(1 − ρ)

, T = W +
1

µC
=

1

µC(1 − ρ)
.

Home work

1. TheDepartment of Motor Vehicles (DMV) has an office with 2 rooms. 14 customers per hour
arrive at the DMV ( with a Poisson arrival process).

In the first office a clerk processes applications for drivers licenses.The clerk can process an
av erage of 24 customers per hour. The processing time is an exponential distribution.

The clerk in the first office rejects the applications from 1/4 of the customers that arrive at the desk.
Half of the customers with rejected applications give up and go home. The other half take an
av erage of 15 minutes to correct the application, and return to the end of the line in the first office.
(Assume that the combined arrivals from new customers and repeat customers form a Poisson
arrival process.)

In the second office, photographs are taken and the drivers licenses are issued. There are 2 waiting
lines. The customers that enter this room are randomly directed to one of the two lines, and are not
allowed to switch to the other line.(The arrival process to these queues is Poission - Burke’s
lemma) The service time in each of the queues is exponentially distributed. In the first line the
av erage service time is 8 minutes and in the second line the average service time is 9 minutes.

A. Whatis the arrival rate at each of the 3 queues in the DMV?

B. Whatis the average number of customers in the DMV?

C. Whatis the average amount of time that an arriving customer spends in the DMV?
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2. Assumethat half the messages are fixed size 4000 byte packets and the other half are fixed size 20
byte acknowledgement messages. The transmission link transmits 10,000 bits/sec.

a. PlotT vrs ρ using P-K formula

b. Assume that the messages are from a single exponential distribution with the same mean
service time, (4000+ 20) / 2. Plot T vrsρ on the same graph.

Does the exponential distribution still give a worse case answer?
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4. Kleinrock’s Independence approximation

Applies to communications networks:

1. With nodes connected by transmission lines.

2. Eachnode has several communications lines arriving at and leaving the node.

3. Eachcommunication line leaving a node has a queue where messages wait for service.

4. Thearrivals into the network have Poisson distribution.

5. And,the messages have an exponential message length distribution.

Kleinrock showed that:
The average delays in this type of a network can be approximately calculated by assuming that the delays
in the queues are independent.

The approximation was verified by simulations in Kleinrock’s PhD dissertation at MIT in 1964.
He showed that the approximation is accurate as long as there are 4 or more communications links entering
and leaving each node and the link utilizations are≤ .8.

This approximation was used to analyze the delays, determine the routing, and design the topology of the
original ARPAnet.

4.1 Correlation Between Queues

Consider 2 tandem M/D/1 queues

Q1 Q2

1. Whenthe first queue has messages waiting, the departures from the first queue, and hence the
arrivals at the second queue are evenly spaced and are not Poisson.
Example: ATM networks

2. If the xmission line at the output of the second queue has the same xmission rate as the first queue,
then there is NO waiting time in the second queue.The separation between arrivals at the second
queue is≥ to the time to service the message that preceded it.
The service times in tandem queues are not independent.

Consider 2 tandem M/M/1 queues, with equal rate transmission lines.

— For a particular message, the service time in both queues is the same.

— If the second queue is empty, and the first queue has a short message, followed by a long message.
The messages follow one another on the line between the queues. When the second message arrives
at the second queue, the queue is empty and the service of the first message is complete. The service
of the second message starts immediately.

— If a short message follows a long message in the first queue, when the second message arrives at the
second queue, the server is still busy, and the second message must wait for service.

— The delay for messages in the second queue, depends on the service time of the messages in the first
queue, so the queueing delays areNOT independent.
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4.2 Themathematical basis for making Kleinrock’s approximation
1. Burke’s Lemmawhich proves that:

The interdeparture time for messages from an M/M/1 queue is a Poisson process, with the sameλ
as the arrival process.
This lemma is proven in 1.

2. In the analysis ofJackson Networkswhere it is proven that:
The average delay in a network of M/M/1 queues can be exactly calculated by independently
calculating the average delays in each of the queues, as long as the service times in successive
queues are independent.
The analysis of Jackson Networks follows directly from Burke’s Lemma and the properties of
Poisson processes.

— The departures from a queue is a Poisson process, from Burke’s Lemma.
Therefore, the arrivals on the channel, at the next node, is a Poisson process.

— When a channel reaches the next node, the arrivals are split and sent to several queues at the
node.
As long as the arrivals are split randomly, the arrivals at a queue from a single input channel
is also a Poisson process.

— The total arrivals at a queue come from several channels.
The total arrivals is also a Poisson process, because the sum of Poisson processes is a Poisson
process.

The difference between a Jackson Network and a communication network is that messages retain their
lenght as they pass through a communication network. This results in correlated delays in successive
queues, as demonstrated earlier.

Kleinrock’s approximation is accurate in networks with multiple channels at each node because:

1. Messagesarriving on each channel are split among several queues and the destination at the node,
and

2. Messagesarriving from several incoming channels and the source at the node are mixed together as
they enter the queue.

The mixing reduces the liklihood that messages follow one another in successive queues.

The approximation is more accurate at low utilizations because the space between messages is also a
Poisson process, and is independent of the message lengths.

4.3 Procedure for applying Kleinrock’ s independence approximation
1. Usethe routing rule to determine the flows (arrival rates) on each link.

xs1

xs2

xs3

xs1 + xs2

xs1 + xs3

xs2

xs3

xs3

xs1
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— The figure shows the flows in a portion of a communication network.

— The arrival rate on a link is the sum of the arrival rates from the sources that are routed over
the link.
λ i, j =

p∈i, j
Σ x p, is the arrival rate on a link, wherex p is the arrival rate from a source that is

routed on link i,j
The arrival rate on a link is the arrival rate at the queue at the input to that link.

— γ =
p
Σ x p is all of the flows traversing the network

2. Usethe M/M/1 queueing analysis to calculate the average delay in the individual queues.

— The utilization isρ ij =
λ ij

µC

— The average number of messages waiting or being served at each queue isNij =
ρ ij

1 − ρ ij

— The average queueing delay isTi, j =
Nij

λ ij
=

1

µC(1 − ρ ij)

3. UseLittle’s Law to find the average delay in the entire network

— The total number of messages in the network isN =
ij
Σ Nij =

ij
Σ

ρ ij

1 − ρ ij

— The average network delay isT =
N

γ
=

1

γ ij
Σ

ρ ij

1 − ρ ij

4. If the propagation on the links is not negligible

— From Little’s law, the average number of messages on a link isN x,ij = λ ij dij , wheredij is the
propagation delay on the link.

— The total number of messages in the system isN ′ =
ij
Σ





ρ ij

1 − ρ ij
+ λ ij dij





— The average network delay is:T ′ =
1

γ ij
Σ





ρ ij

1 − ρ ij
+ λ ij dij





5. Theav erage delay on a path from a source to a destination is the sum of the delays on the path

T p =
all i, j on the path

Σ Tij =
all i, j on the path

Σ




1

µC(1 − ρ ij)
+ dij





The result of Kleinrock’s approximation is that the network delay calculation becomes an arithmetic
procedure that we can use for future optimizations.
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Home work

Kleinrock’s Independence Approximation and Proportional Routing

Given a network,

A

B

F

C

E

D

C=1

C=2

C=2

C=1
C=2

C=2

C=1
C=1

λ AC = 2

λ BD = 2. 5

λ EC = 1 λ EA = 1/2

The network has:
bidirectional communications channels, with the capacity specified in each direction, and
an M/M/1 queue for each channel leaving a node.

The propagation delay on the links is negligible.

The arrival processes at the nodes are Poisson with the arrival rates specified.
λ XY is the flow from nodeX to nodeY .

The message lenght distributions are exponential with mean
1

µ
=

1

2

The paths that the flows follow to the their destinations are:

λ AC : 1/2 of the packets on A->B->C
1/2 of the packets on A->F->C

λ BD: 2/5 of the packets on B->C->D
3/5 of the packets on B->E->D

λ EC : E->B->C
λ EA: E->B->A

A. Find the utilization on each link with a non-zero flow

B. Findthe average network delay
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5. Priorities in Queues - Conservation Laws
5.1 Service Disciplines
A. Non-preemptive:

If a message is being transmitted when a higher priority message is being transmitted, the lower
priority message completes transmission before the higher priority message is transmitted.
This is the discipline that is used in most communications network applications

B. Preemptive, resume:
If a low priority message is being transmitted when a higher priority message arrives, the low priority
message stops transmitting. When the higher priority messages complete transmission, the lower
priority message resumes transmission where it left off.
The extra overhead associated with this approach has discouraged its use in communications networks.
It has many practical applications, including modeling people wating in line at a copy machine.

C. Preemptive, restart:
If a low priority message is being transmitted when a higher priority message arrives, the low priority
message stops transmitting.When the higher priority messages complete transmission, the lower
priority message must start over again from the beginning of its transmission.
Of the 3 disciplines, this is the only discipline that isNot work conserving. In the first 2 disciplines, the
link utilization is the same for systems with priorities as it was for a system without priorities because
the same number of bits per second are transmitted. In this system, more bits are transmitted and the
utilization increases. In effect, the average message length for low priority messages that are interrupted
is longer than the average message length of messages that are not transmitted.
In communications networks, this service discipline is used for extremely important events, like
alarms.

5.2 M/M/1 Queues with 2 priorities, non-preemptive service discipline
• Special Case: Both low and high priority users have the same service time distribution.

• In the derivation of M/M/1 queues we showed that the average delay for work conserving priority service
disciplines the delay,T , remains the same.

• Therefore, if we decreaseTH for the high priority users, we must increaseTL for the low priority users.

• In this section, we will derive the average delay for low and high priority users without taking advantage
of the fact the the total average delay remains the same. Taking advantage of the total average delay can
simplify the derivation, but this derivation will lead to the average delays in a general case.

1. The average delay is

TP =
ρ H

ρ
TH +

ρ L

ρ
TL

2. FindTH , the delay for high priority traffic

A. WH = R + E(SH )

• WH = The average time that high priority users spend waiting in the queue

• R = expected time for a message, that is being served when the high priority message arrives, to
complete service.

• E(SH ) = average time to service the high priority messages that are in the queue when the high
priority message arrives.

a. FindR

i. R = (Prob that a message is being served when a high priority message arrives) X ( average time
remaining to complete the service )

ii. ρ = Prob that a message is being served when a high priority message arrives

14
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iii.
1

µC
= The time remaining to service a service that is in progress, because of the memoryless

property of the exponential distribution.

iv. R = ρ
1

µC

b. Find E(SH )

i. E(SH ) =
NH

µC

• NH = number of high priority messages waiting when the message arrives

•
1

µC
= average time to service each of these messages

ii. NH = λ HWH , by Little’s Law.

iii. E(SH ) =
λ H

µC
WH = ρ HWH

B. WH =
ρ

µC
+ ρ HWH =

ρ
µC(1 − ρ H )

C. TH =
1

µC
+ WH =

1

µC




1 +

ρ
1 − ρ H





3. FindTL , the delay for the low priority traffic

A. WL = R + E(SH ) + E(SL) + E(SH ′)

• WL = the expected waiting time for a low priority message.

• R andE(SH ) are defined as before.

• E(SL) = av erage time to service the low priority messages that are in the queue when the message
arrives.

• E(SH ′) = average time to service the additional high priority messages that arrive while the low
priority message is waiting for service.

a. R = ρ
1

µC
, as before.

b. E(SH ) = ρ HWH , as before.

c. E(SL) = ρ LWL , similar to the derivation for high priority traffic.

d. FindE(SH ′)

i. E(SH ′) =
NH ′
µC

• NH ′ = number of high priority messages that arrive while the low priority message is wating
for service

•
1

µC
= average time to service each of those messages.

ii. NH ′ = λ HWL

iii. E(SH ′) =
λ HWL

µC
= ρ HWL
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B.

WL =
ρ

µC
+ ρ HWH + ρ LWL + ρ HWL

=

ρ
µC

+ ρ HWH

1 − ρ L − ρ H

=
ρ

µC

1

(1 − ρ L − ρ H )(1 − ρ H )
=

ρ
µC

1

(1 − ρ)(1 − ρ H )

C. TL =
1

µC




1 +

ρ
(1 − ρ)(1 − ρ H )





4. Find the relationship betweenTL , TH andTM /M /1

• TM /M /1 =
1

µC(1 − ρ)
= The delay in an M/M/1 queue without priorities.

A. TH = TM /M /1




1 −

ρ ρ L

1 − ρ H





≤ TM /M /1

The delay for high priority traffic decreases

B. TL = TM /M /1




1 +

ρ ρ H

1 − ρ H





≥ TM /M /1

The delay for low priority traffic increases.

C. TP =
ρ H

ρ
TH +

ρ L

ρ
TL = T

The total delay is conserved.

5.3 Generalizationof Conservation Laws to more than 2 priorities and M/G/1
queues

Objective: to show how priorities affect the service of other customers

Reference [1] pp 188-9, [2] pp. 63-5, [3] pp. 113-7.

System

• Class of users: (λ1, 1/µ1, X2
1), (λ2, 1/µ2, X2

2), . . ., (λ p, 1/µp, X2
p)

• Lower numbered classes are higher priorities.

• The total link utilization isρ =
p

i=1
Σ ρ i =

p

i=1
Σ λ i

µiC
< 1.

The conservation law we will prove is that:

p

j=1
Σ ρ jW j =







ρ R

1 − ρ
∞

ρ < 1

ρ ≥ 1

1. W j = R +
j

k=1
Σ E(Sk) +

j−1

k=1
Σ E(Sk ′)

• W j = the expected waiting time for a customer in class j

• R = the time for the customer being served to complete service
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•
j

k=1
Σ E(Sk) is the average time to service the customers already in the queue with priorityhigher than or

the same as the current customer.

•
j−1

k=1
Σ E(Sk ′) is the average time to service customers withhigher priority, who arrive while this customer

is waiting.
Note that, except for the customer being served, a customer in class j is not affected by customers with
priority > j

A. E(Sk) =
Nk

µkC
, as before.

a. Nk = λ kWk , by Little’s Law.

b. E(Sk) = ρ kWk

B. E(Sk ′) = number of arrivals while waiting * service time for each of those arrivals

E(Sk ′) =
λ kW j

µkC
= ρ kW j , as before.

C. W j = R +
j

k=1
Σ ρ kWk + W j

j−1

k=1
Σ ρ k =

R +
j−1

k=1
Σ ρ kWk

1 −
j

k=1
Σ ρ k

2. FindW j by solving recursively:

W1 =
R

1 − ρ1

W2 =
R + ρ1W1

1 − ρ1 − ρ2
=

R

(1 − ρ1 − ρ2)(1 − ρ1)

. . .

W j =
R

(1 −
j

k=1
Σ ρ k)(1 −

j−1

k=1
Σ ρ k)

3. Find R

• For service time distributions, other than exponential, the remaining service time is not independent of
the time in service.

• The residual service timeR is found by integrating over the distribution of all service times.

• In reference [1], pg 188-9, this is shown to be:

R =
1

2
λ X2 =

1

2

p

1
Σ λ k X2

k

4. Find
p

j=1
Σ ρ jW j by recursively substituting the values forW j

ρ1W1 =
ρ1R

1 − ρ1

ρ1W1 + ρ2W2 = 


ρ1

1 − ρ1
+

ρ2

(1 − ρ1 − ρ2)(1 − ρ1)


R =

ρ1 + ρ2

1 − ρ1 − ρ2
R

14
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. . .

p

j=1
Σ ρ jW j =

p

j=1
Σ ρ j

1 −
p

j=1
Σ ρ j

R =
ρ

1 − ρ
R

5.4 Specialcases
5.4.1 All of the priority classes have the same average message,1/µi = 1/µ

• The conservation law becomes
p

j=1
Σ λ jW j =

λ R

1 − ρ

• From Little’s law λ jW j = N j .

Therefore,
p

j=1
Σ N j =

λ R

1 − ρ

•
p

j=1
Σ N j = N = λW

Therefore,W =
R

1 − ρ
= constant

• The average waiting time remains the same.

If we decrease the delay of one group of users, we must increase the delay of another group of users by
the same amount

This is more general than the result in the earlier section because it applies toANY service time
distribution.

5.4.2 Two priority classes with different average message lengths,(λ1, µ1), (λ2,µ2)

• When the message length distributions are different, it is possible to reduce the average delay per
customer.

• In general, the average delay is decreased when the customers with shorter service times are given
priority

Super markets - special counters for customers with fewer items

Networks - higher priority to short ack messages

A. Find the delayTP, with priorities:

a. TP =
λ1

λ
T1 +

λ2

λ
T2, whereλ = λ1 + λ2

b. TP =
1

C



λ1

λ
1

µ1
+

λ2

λ
1

µ2




+
λ1

λ
W1 +

λ2

λ
W2, sinceTi = Wi +

1

µiC

c. TP =
1

µC
+

λ1

λ
W1 +

λ2

λ
W2, since

1

µ
=

λ1

λ
1

µ1
+

λ2

λ
1

µ2

d. W1 =
R

1 − ρ1
, W2 =

R

(1 − ρ)(1 − ρ1)
,

e. R =
1

2

2

1
Σ λ i X

2
i =

λ
2

2

1
Σ λ i

λ
X2

i =
λ
2

X2

f.
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TP =
1

µC
+

λ1

2

X2

1 − ρ1
+

λ2

2

X2

(1 − ρ)(1 − ρ1)

=
1

µC
+

X2

2(1− ρ)

λ1(1 − ρ) + λ2

(1 − ρ1)

B. With no priorities:

TNP =
1

µC
+

λ X2

2(1− ρ)

C. The change in average delay is :

TP − TNP =
X2

2(1− ρ)



λ1(1 − ρ) + λ2

(1 − ρ1)
− λ



=
X2

2(1− ρ)







λ1 −
λ2

1

µ1C
−

λ1λ2

µ2C
+ λ2 − λ1 − λ2 +

λ2
1

µ1C
+

λ2λ1

µ1C
1 − ρ1







=
X2

2(1− ρ)

λ1λ2

(1 − ρ1)C



1

µ1
−

1

µ2




D. ThereforeTP < TNP iff
1

µ1
<

1

µ2
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