Chapter V: Analysis of Packet Switching Networks

1. Introduction
1.1 BasicModel of delay/loss system

Mux/Switch/Router/Network

Arrivals a(t)
Msg/Pkt/Cell

Departuress(t)

Delay Box Msg/Pkt/Cell

Lost or BlockedL (t)

1. interestedh calculating

— time spent in the system T

— number of customers in the system N(t)

— fraction of arriving customers that are 1&gt

— avg number of messages per second passing through the system - throughput
2. How do we cetermine the number of customers in the system atttild&)

— If a(t) is the number of customers that aerifrom 0->t

— L(t) is the number of customers that are lost becausedteeblocked from entering from
0->t,

L = lim —=, and
— B(t) is the number of customers that depart from the system from 0->t then
— N(t) =a(t) - L(t) - B()
a(t)

3. Thearriva rate into the system -- avg humber of customers per second thati@arE= lim ES

t-o0

If the interarrval time between customer 1 andi is r;, thenA = lim =
n-eo 7yttt 1, E(1)
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Arrival times of Customers

n4

Ty =1, — 1

n-1— ’7

5
2|
=t~y
1
1=
‘ ‘ ‘
ty %) th-1 1y

4. Theprobability of a lost or blocked packet is

L
PB = 1
5. Thethroughput is theverage number of customers per second that depart the system
T = lim A1)
t-oo t
0 Co(t) LU
T tew 0 t TI:I
=A-L
=A-1A PB
=A(1-Pg)

t
. .1
6. Theaveage number of customers in the system is tIlm f! N(t")dt'
— 00

Definitions and Description of Queue

buffer

Arriving Customers Server
R — e —

(Messages) (Channel)

W - Waiting time
S - Service time
T - Total queueing delay =W + S

A - arrival rate ( messages or customers per second)

1
ﬁ - average message length (bits)
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C - capacity - bits xmitted per second

_ 1 . .
S= iC - avg time to xmit a message

- A
p - link utilization=1S= —
uC
if p > 1queue becomes infinite

N - Number of messages in the queue, including customer being served

1.2 Kendall's Notation

A/BIC

A - Arrival Distribution
M - Poisson arsial Process
D - Deterministic - Voice Packets
Gl - General, Independent

B - Service time distribution
M - exponential
D - fixed - ATM cells - be careful
G - general

C - # of ®rvers
Extended Notation

(A/B/C):(D/E/IF)

D - Service Process
FCFS - first come, first served
LIFO - last in, first out
SIRO - =rwe in random order
GD - general

E - max allavable customers in the queue
Buffer size

F - Number of customers
as opposed to an infinte user population

Example

(M/M/3):(FCFS/100é0)
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2. Little’s Law

Reference [1], section 3.2

Average operation of the systemdmady-state
steady state -> system isgtowing in an unbounded way

N(t) = Number of customers in syst at timel hstantaneous
t
. 1
Average customers in the syt = f! N(r)dr

steady stat®\ = tIim N
- 00

a(t) = Number of customers who arei from 0 to t -Cumulative

. a(t
Average arna rated, = ¥

steady statd = lim A,
t- o0

T; = Time spent in the system by tH& customer 4nstantaneous
a(t)
2T
The avg time in the syst. | = =
a(t)
At time t:
a(t) is the number of customers thatvbaarived
a(t)

> T, is the sum of the times that thgpend in the system.
i=0

steady stat@ = lim T,
t-o0

Little’ sLaw N = AT

The power of Littles law is that it holds for all distributions of awdls and service times

We @an apply Littles Law o the entire system or parts of the system

12



2.1 SimpleExamples
2.1.1 Examplel

if there is an arvial every 2 seconds - anvé rateA= 1/2

and each user spends 1 second in the syEterh

R

R

T T T T T T T T T T T
1

0 2 3 4 5 6 7 8 9 10 11 12

the arerage number of users in the systemlis 1/2* 1=1/2
2.1.2 Example2
if there is an arvial every second - arvial rated =1

and each user spends 2 seconds in the syister

"] N
5 NG - -
44 a(t) RN
53 i r**J‘
T ‘T
2= "7 ()
1 —
0 T T 17 T T T T T T |
0 1 2 3 4 5 6 7 8 9 10 11

the arerage number of users in the systemlis 1*2 =2
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2.2 Graphical Proof of Little’ s Law

Assumptions:
« The system is empty at time t=0
- At a future timet;, the system is also empiy(t;) = B,
This is true infinitely often wheaT <1
If AT > 1, the system is unstable
This assumption is remed ast — o0
« The customers depart in the order thay threive
The number in the syst. M(t) = a(t) — B(t)

i

the area between(t) and A(t) (up tot;) is A(t;) = J N(r)dr

a(t))
A(tj) is dso z Ti

i=1
a(t)) 4

Alt)) = gl T; =! N(r)dr

t.
Dividing by t;, then multiply the left hand side b;;%
j
a(t))

T.
17 a(t) i§1 I

tJ
1
Z(N@)dr==3 T,=—2
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Take the average values up to tinte
tl

N(t;) = tl!' N(r)dr
i

A(t) = ‘aEt_j)
]
a(t))

5T

= IO;Etj)

N(t;) = A(t)T(t;)
And lim S\I(t]-) = A(t)T(t)E- (N=aT)
t—>00 O
In reference [1], fig 3.2 it is shown that the customerstd@veto depart in the order tharrive.

Therefore Littles law an be applied to LIFO, SiBRand Priority systems, as well as FIFO systems

2.3 Applications of Little’ s law
2.3.1 Singlequeue
Determine the relationship between the parameters that specify a queue

Bc
r--————>—>—">">~">>">>""™""">">">""> 77777 - - -~ al
| B |
e b : Be |
L buffer | TTooTTT T N
| | | |

\ [ ! ! !

Input channels L L Output L
B — . -

A L o Channel L
T o o

L Lo .

| L - - J |

L e e 4

A. Draw box around queue, but not xmission line
A = arrival rate from xmission lines
Nq = avg # of packets in queue, not being xmitted.
W = avg waiting time in the queu@he time before we start to transmit the packet)
NQ = IW=>W = NQ/A
B. Draw box around xmission line

o 1
X = avg packet xmission time c

. - A
From Little's Law: Nc = AX = —
uC
Since the channel xmits 0 or 1 message.
Nc = p
The arerage number of customers on the channel is the fraction of the time that the channel is
busy, p.
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A
Therefore, the channel utilization jg:= H—C

C. Draw the box around the entire system
T =total delay =W + X
N = total number in system Ng + p

N =AT = A(W + X)
N Ng +
T:f:Qip
A A

2.3.2 Netvork Delay

Network

N
T = +— independent of packet length distribution or routing

2 A

i=1
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2.3.3 Netvworks of Queues

Network

1. ApplyLittle’s law o the entire network
Thet = Nnet/ Anet
2. ApplyLittle’s Law o each queue
Ny = AT,
The A; depends on the routing

3. Theaveage number of messges in the network is sum ofue@ge numbers of messages in the
queues

Npee = 2 Ni = 2 AT,
I I
4. Theaveage delay in the network can be found from Weage delays in queues
2 AT
— i AI —
Toa= =3 T,
A et T Anet
The delay in each queue is weighted by the proportion of thalflough the queue
This result will be used with Kleinrockindependence assumption.
We will calculate the delays in the individual queues, then use this result to fincethgeanetwork delay

2.3.4 Theuse of windows for flav control - TCP

The windav constrains the number of packet from a source to W

W is the maximum number of packets that the source camihdhe network

Therefore AT <W - Little’s Law
Where T is the delay that the packet experiences
Assumes that the ACK delays are small

When the network is congested, T increases, eeatally, A must decrease
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Note: If the network is congested, and can only provide a throughguboeach useiV = AT.
If each user increases their windaize, the increase their delays.

Therefore, to decrease the delay in a congested network, each user should decrease thedzevindo
In TCP the windw size is decreased when an acknowledgement isveetleiter than expected.
Home work

Homaework: Find the &erage delayl  for the following network

N1:4

L ——

————»Output

Az—»
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3. Analysisof M/M/1 Queues

Reference [1], section 3.3

The arrval of messages to the queue is described by a Poisson process withage arnal rate .

L . : : . . . .11
The time it taks to service a customer in the queue is exponentially distributed Wm‘erageatlmeu—c. m

is the aerage message length, a@ds the transmission rate of the channel.

Kleinrock’s goproximation is an approximate analysis of reatds of M/M/1 queues and has been used to
predict the performance of the ARPAnet/Internet.

3.1 SomeCharacterisitics of the Poisson Process and the Exponential distribution
3.1.1 Pvisson Arrival Process
The probability ofn arrivals in ary intervalr is

A n
Pn(r) =e™"" % forn=0,1,...

3.1.1.1 Theinterarri val times between messageseaexponentially distributed

1. Theprobability distribution function of the™ interarrival is:
P(th<8)=1-Py(s)=1-€"% fors=0,
Where:
t, is the time of the™ arrival, and
Tn=th—tha
The probability distribution is independentrgfthe message number.
2. Theprobability density function of interavals is: p(r) = Ae™"
E(r) = 1/A, Var (1) = 1/A2
The arrval rate isA messages/second
Note: Both the service time and interagtitimes in an M/M/1 queue are exponentially distributed

3.1.1.2 Thee ae 3 goproximations of the arrival process for small intewals, J, that we need to
analyze an M/M/1 queue:
The properties are found by taking the Taylor series expansiBg (o)

1. Theprobability of no arnals in g is:
lim Po(0) = lim e’ =1-15+0(3)=1-AJ
J-0 -0

2. Theprobability of 1 arwval in g is:
lim P1(0) = lim A1de° =15 +0(3) = A5
J-0 J-0

3. Andthe probability ofn > 1 arrivals is:

. (/‘5)” )5
P— — _~ >
ymo P.(d) = €= o(d)=0forn=2
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3.1.1.3 Thee are 2 properties of the Poisson process that we will use in Kleinrockgpproximate
analysis of networks of queues

1. Thesum of Poisson processes is a Poisson process with the output rate equal to the sum of the input

rates
Sn,l(P(/]l))

(P2 .
Sna2(P(12)) Ssa(P(Z A1)
Sinn(P(4n))

2. Whena Roisson process is split by independently assigning an input to an output, each process is a
Poisson process with the sum of the output rates equal to the input rate.

Sout,1(P(A1))

S w2(P(A
Sn(P(gl,\i)) Sout,2(P(42))

Sout,n(P(An))

This is not true when the splitting is deterministic - ievalsiare sequentially assigned to outputs

3.1.2 Theexponential service time distribution
P(s,<s)=1-e* 520
Wheres, = service time ofn™ customer
E(sy) = 1 Var(s,) = 1
AT " (HC)?
3.1.2.1 Theexponential distribution is memoryless:
P(x>r+t) e’
P(x>t) et
1. Thecompletion of the service process is independent of when the service process started
P(sp>r+t/s,>t)=P(s,>r)

P(x>r+t/x>t)= =e M =P(x>r)

2. Sincethe distribution of interavel times is also exponential, thextearrival is independent of the
number of customers in the system or when the lasthodcurred
PGz, >r+t/r,>t)=P(r,>r)

3. Thememoryless property allows us to use a Markhain formulation of a queue in which thexhe
state is only dependent on the current state and does not depend on when the curreas state w
entered.

3.1.2.2 Theke is an gproximation of the service process for small interals, J, that we need to
analyze an M/M/1 queue:

The probability that the service completegiis: !Sim0 P(s,<9) = (Iyimo El - e“csg: UCS +0(3) = uCo
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3.2 Discrete Markov chain formulation of an M/M/1 queue
Patition time into small steps @, 29, ---,kJ, - - -

Ny = number of customers in the queue at tikae
Pij = P(Nk+1 = J / Nk = I)

Whend - 0, there is only one departure oraatin
POO =1-21d--no al’l’i/al
Pi =1-210 —uCJ fori > 0- no arival or departure during

Pii+1 = A4, fori 2 0 -- one arrvval

Pii-1 = HCd, fori = 1 -- one departure
Pi,j :Oforj zi,i+1l,i-1

1-A6-UCS 1-A6-PCé 1-A6-pCo

uCao pCa uCao pCa uCao pCa uCao

1. Deriation of the stationary distribution qf;, the probability that there areustomers in the queue.
* Piin=40

|+1| “C5

« In equilibrium p;P;i.; = 4«1 P41 Otherwise the state of the system is either increasing or
decreasing. ( the probability of moving up to a higher state equals the probabilityiofmo
down from that higher state). Therefore,

PiAd = P HCO

* Pi+v1 jppi

p= u—c the utilization of the output line from Littielaw

* Pt = 0 po, by iteration.

1=5p =3 ppo= o
S 5T 1-p

* Po=1-p
« p=p(1-p),i=01,..
2. CalculateN, the arerage number of customers in the queue.
_ o] . 0 L
N=3ipi=3ip(1-p)

= p(1- p)le' t=p1- p)7Zp

dml
=p(1 )(Tmipm p(1 p)(1 o)
_p _ A
_1—p_uC—A

Note thatN - coasp — 1
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3. FromlLittle’s Law

3.3
3.3.

« The arerage delay is:
N p 1
A Al-p) pC(1-p)
+ The aerage waiting time is:
1 1 o)
w= —— - = -
MC(1-p) HC pC(1-p)

- The arerage number waiting in the queue is:

pz
1-p

NQ=AW:

Examples
1 Dispersityrouting
th

: 1
K times as manmessages that arl? as long

Increase the awmal rate fromA to A’ = KA

. 1 1
Decrease thevarage message size fro&ﬂo — = —

13

1
Ko Ky

A = KA thereforep' = p remains the same

lJ.C, p = Kuca P = p .
L N’ remains the same

1-p

N N’ N T

— T = = =— |

IR KA K s reduced byK
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3.3.2 Dviding a channel into smaller pieces increases the delay

Given arival rate A and service time/uiC
1

T= —
HC(1-p)
" L . . A . C
Patition arrivals into M channels with anval rateA’ = M and channel capacity = M

The utilization remains the same: = AIM A
Tem e P

L . M
The service time mcreasesﬁ%

— M —
HC(1-p)
This is an argument for statistical multiplexing rather than TDM for Poisson traffic

3.4 Finite Buffers
— (M/M/1):(GD/N/co)

r

MT

1-A86  1-A3-PCé 1-A56-pCo 1-A5-UC3 1-uCs

pCa uCo pCa uCo pCa
— Steady State Equations

pi(n) = probability of being in state i at thé" step.
In steady statep;(n) = p;

Po(n) = (1= A3) po(n — 1) + UCS py(n - 1).
In steady stateopy = p;

Similarly, (1+ p)p; = pis1 + ppi-g for 0 <i <N and, py = ppn-1
1-p
1- pN+t
— Blocking probability - The probability that all of theiffers are full when a message aes. The
message is discarded.

Solving this set of equationspy =

input rate:A(1 - Pg)
output rate: (X pg)UC In py queue is empty, channel is unoccuppied

input rate = output rate

_@-p)p"

Pg 1- pN+t

3.5 Whatabout other Service disciplines? LIFO, SIRO, Priorities
1. Theavaage delayT, is the same for all service disciplines

The state model looks at the probability that aser is serviced - not necessarily the first tosarri

p, is the same for gmservice discipline
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N remains the same
Therefore, from Littles law, T remains the same

Theaveage delayT, is the same for al\brk Conserving priority disciplines.

3.6 M/G/1Queues

Pollaczek-Khintchine formula

Reference [1] section 3.5
M/G/1 Queue

_ 1
To=W+X=W+—

AX2

~2-p)

WhereX2 = E(X?) - the second moment of the service time dist.

pcC

Apply the P-K formula to the exponential service time distribution

[00)
X2= uC!’ x2e Hdx =

2
(uC)?

_20C . p 1 1

= = T=W+—=—
21-p)  IC(L-p) "ic T ic-p)

Home work

1.

103

The Department of Motor ®hicles (DMV) has an office with 2 rooms. 14 customers per hour
arrive & the DMV (with a Poisson axal process).

In the first office a clerk processes applications foversilicenses.The clerk can process an
aveage of 24 customers per hotlihe processing time is an exponential distribution.

The clerk in the first office rejects the applications from 1/4 of the customers tlatsathie desk.
Half of the customers with rejected applicationgegiyp and go home. The other half &kn
aveaage of 15 minutes to correct the application, and return to the end of the line in théidast of
(Assume that the combined arrivals from new customers and repeat customers form a Poisson
arrival process.)

In the second office, photographs are taken and therglticenses are issued. There areatting
lines. The customers that enter this room are randomly directed to one obtliretsy and are not
allowed to switch to the other ling(The arrival process to these queues is Poission - Burke's
lemma) The service time in each of the queuesxpoaentially distributed. In the first line the
aveage service time is 8 minutes and in the second linevénage service time is 9 minutes.

A. Whatis the arwal rate at each of the 3 queues in the DMV?
B. Whatis the aerage number of customers in the DMV?

C. Whatis the aerage amount of time that an arriving customer spends in the DMV?
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2. Assumehat half the messages are fixed size 4000 byteepmeld the other half are fixed size 20
byte acknowledgement messages. The transmission link transmits 10,000 bits/sec.

a. PlotT vrs p using P-K formula

b. Assume that the messages are from a single exponential distribution with the same mean
service time, (4008 20)/2. Plot T vrsp on the same graph.
Does the exponential distribution stilvgia wrse case answer?
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4. Kleinrock’s Independence approximation
Applies to communications networks:
1. With nodes connected by transmission lines.
2. Eachhode has seral communications lines arriving at and leaving the node.
3. Eachcommunication line leaving a node has a queue where messages wait for service.
4. Thearrivas into the network hae Roisson distribution.
5. And,the messages Y& a exponential message length distribution.
Kleinrock showed that:

The arerage delays in this type of a network can be approximately calculated by assuming that the delays
in the queues are independent.

The approximation was verified by simulations in KleinredkiD dissertation at MIT in 1964.
He showed that the approximation is accurate as long as there are 4 or more communications links entering
and leaving each node and the link utilizations<ai@&

This approximation was used to analyze the delays, determine the routing, and design the topology of the
original ARPAnet.

4.1 Correlation Between Queues

Consider 2 tandem M/D/1 queues

Q Q>

1. Whenthe first queue has messagesiting, the departures from the first queue, and hence the
arrivals at the second queue axerdy spaced and are not Poisson.
Example: ATM networks

2. If the xmission line at the output of the second queue has the same xmission rate as the first queue,
then there is NO waiting time in the second queliee separation between aals at the second
gueue is to the time to service the message that preceded it.
The service times in tandem queues are not independent.

Consider 2 tandem M/M/1 queues, with equal rate transmission lines.

— For a particular message, the service time in both queues is the same.

— If the second queue is empand the first queue has a short message, followed by a long message.
The messages folloone another on the line between the queues. When the second messege arri
at the second queue, the queue is empty and the service of the first message is complete. The service
of the second message starts immediately.

— If a short message follows a long message in the first queue, when the second messagd bei
second queue, the server is still by the second message must wait for service.

— The delay for messages in the second queue, depends on the service time of the messages in the first
gueue, so the queueing delaysM@@T independent.

15
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4.2 Themathematical basis for making Kleinrock’s gpproximation

1.

Burke’s Lemmawhich proves that:

The interdeparture time for messages from an M/M/1 queue is a Poisson process, with the same
as the arsxia process.

This lemma is preen in L

Inthe analysis ofackson Networkswhere it is proen that:

The aerage delay in a network of M/M/1 queues can be exactly calculated by independently
calculating the werage delays in each of the queues, as long as the service times in geccessi
gueues are independent.

The analysis of Jackson Networks follows directly from Bigk.emma and the properties of
Poisson processes.

— The departures from a queue is a Poisson process, from 8Lekema.
Therefore, the awéls on the channel, at the next node, is a Poisson process.

— When a channel reaches the next node, theaksriare split and sent tossal queues at the
node.
As long as the awéls are split randomlythe arrvals at a queue from a single input channel
is also a Poisson process.

— The total arnas at a queue come fromveeal channels.
The total arwals is also a Poisson process, because the sum of Poisson processes is a Poisson
process.

The difference between a Jackson Nekwvand a communication network is that messages retain their
lenght as the pass through a communication netk. Thisresults in correlated delays in successi
gueues, as demonstrated earlier.

Kleinrock’s gpproximation is accurate in networks with multiple channels at each node because:

1.

2.

Messagearriving on each channel are split amonges&l queues and the destination at the node,
and

Messagearriving from se&eral incoming channels and the source at the node are mixed together as
they enter the queue.

The mixing reduces the liklihood that messagesyioboe another in successiqueues.

The approximation is more accurate aw latilizations because the space between messages is also a
Poisson process, and is independent of the message lengths.

4.3 Procedure for applying Kleinrock’ s independence approximation

1.

15

Usethe routing rule to determine the flows (aatirates) on each link.

Xs2

Xg1 + Xg3
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— The figure shows the flows in a portion of a communication network.

— The arrval rate on a link is the sum of the adlirates from the sources that are routeer o
the link.
Aij = 2. Xp is the arrval rate on a link, where, is the arval rate from a source that is
PO, j
routed on link i,j
The arrval rate on a link is the awal rate at the queue at the input to that link.

— y =2 Xpis all of the flows treersing the network
P

2. Usethe M/M/1 queueing analysis to calculate therage delay in the individual queues.

/]..
— The utilization isp;; = fé

— The average number of messages waiting or being served at each qigue prL
Pij

Nj 1

Aij - HC(1-py)

3. Uselittle’s Law © find the &erage delay in the entire network

— The average queueing delay 1§ ; =

— The total number of messages in the netwotk is > N;j = > 1 pijo
ij ij +7 Fij
_ N 1 ’

— The arerage network delay i§ = — = — Pi
v vil-pg

4. If the propagation on the links is not negligible

— From Little’s law, the average number of messages on a linkig; = A;;d;;, whered;; is the
propagation delay on the link.

— The total number of messages in the systel is Z % +2;;d; D

.= pl]
— The average network delay i’ = ? + A d; D

5. Theaveage delay on a path from a source to a destination is the sum of the delays on the path
O 1 O

Tp= 2 Ty= 2 +di0
P alijonthepath —  all ij onthe path ch(l_pij) IJD
The result of Kleinrocls gproximation is that the network delay calculation becomes an arithmetic
procedure that we can use for future optimizations.

15
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Home work

Kl

einrock’s Independence Approximation and Proportional Routing

Given a retwork,

ABD:2'5

/]EC:J- /‘EA:]-/Z

The network has:

bidirectional communications channels, with the capacity specified in each direction, and
an M/M/1 queue for each channel leaving a node.

The propagation delay on the links is negligible.

The arrval processes at the nodes are Poisson with theslaraies specified.

Axy is the flav from nodeX to nodeY.

o o1 1
The message lenght distributions are exponential with rnear«ﬁ

The paths that the flows folloto the their destinations are:

15

Aac: 12 of the packets on A->B->C
1/2 of the packets on A->F->C

Agp:  2/5 of the packets on B->C->D
3/5 of the packets on B->E->D

Agc:  E->B->C

Aga:  E->B->A

A. Findthe utilization on each link with a non-zero flow

B. Findthe arerage network delay



5.

S.
A.

5.

2.
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Priorities in Queues - Conseration Laws

1 Sevwice Disciplines

Non-preemptive:

If a message is being transmitted when a higher priority message is being transmittediethe lo
priority message completes transmission before the higher priority message is transmitted.

This is the discipline that is used in most communications network applications

Preemptive, resume:

If a low priority message is being transmitted when a higher priority messagesathe lov priority
message stops transmitting. When the higher priority messages complete transmissiongerthe lo
priority message resumes transmission where it left off.

The extra werhead associated with this approach has discouraged its use in communicatiorissnetw
It has maw practical applications, including modeling people wating in line at & o@zhine.

. Preemptive, restart:

If a low priority message is being transmitted when a higher priority messagesathe lov priority

message stops transmittingVhen the higher priority messages complete transmission, er lo
priority message must stana agan from the beginning of its transmission.

Of the 3 disciplines, this is the only discipline thallat work conserving. In the first 2 disciplines, the

link utilization is the same for systems with priorities as it was for a system without priorities because
the same number of bits per second are transmitted. In this system, more bits are transmitted and the
utilization increases. In effect, theesage message length fomigriority messages that are interrupted

is longer than thevarage message length of messages that are not transmitted.

In communications networks, this service discipline is used Xtreraely important ents, like

alarms.

2 M/M/1 Queues with 2 priorities, non-preemptve rvice discipline
Special CaseBoth lox and high priority users v@ the same service time distribution.

In the denation of M/M/1 queues we showed that therage delay for work conserving priority service
disciplines the delayl, remains the same.

Therefore, if we decreadg, for the high priority users, we must incredsefor the lav priority users.

In this section, we will deve the arerage delay for lv and high priority users without taking aatvage
of the fact the the totavarage delay remains the same. Taking advantage of the tetaba delay can
simplify the denation, but this derxiation will lead to the werage delays in a general case.

. The aerage delay is

FindTy, the delay for high priority traffic
A Wy = R+ E(Sy)
« Wy = The arerage time that high priority users spend waiting in the queue

+ R= expected time for a message, that is being served when the high priority message tarri
complete service.

« E(Sy) = average time to service the high priority messages that are in the queue when the high
priority message anres.

a. FindR

i. R=(Prob that a message is being served when a high priority message) &r{ average time
remaining to complete the service )

ii. p=Prob that a message is being served when a high priority messags arri
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iii. C = The time remaining to service a service that is in progress, because of the memoryless
property of the exponential distribution.

1
v.R=p—
iv leC

b. And E(Sy)
. Ny
. E(SH) =—
i. E(Sy) iC
« Ny = number of high priority messages waiting when the messagesarri

= average time to service each of these messages

pc
i. Ny = A4Wy, by Little’s Law.
Ay
iii. E(Sy) = —Wy = oW,
(Sn) 1C H = PHVVH
_ 1%
A
HC(1 - pn)

1 10 Yol 0
C.Tp=—+Wy=—0+ 0
"t M e 1-pup

B.W, = 2

+ pyW
1C PH

3. FindT_, the delay for the M priority traffic
AW, =R+E(Sy)+E(S) + E(Sy)
+ W, =the expected waiting time for aNgoriority message.
+ RandE(Sy) are defined as before.

« E(S.) = aveage time to service theviopriority messages that are in the queue when the message
arrives.

« E(Sy') = average time to service the additional high priority messages thae astiile the lav
priority message is waiting for service.

1
a.R=p —, as lefore.
1Y \C

b. E(Sy) = pyWh, as kefore.
c. E(S)) = p W, smilar to the dewation for high priority traffic.

d. FindE(Sy")
Ny’
pC

« Ny’ = number of high priority messages that wrishile the lav priority message is ating
for service

i, E(Sy) =

.

= average time to service each of those messages.

pC
AW,
. E(SH ) = :C L= pHWL
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B.
W, = P + oWy + o, W, + oW,
L_LTC PHWH T oW + py VWV
0
~Z _+ W
:HC PHVVH
l-p -p
o L H 1 b 1
HC (1-pL=pu)1-pH) HC (1-p)(1-pH)
10 0 a

C.T, i

et oS-, 0
C 5 (@-P-pw)g

4. Find the relationship betwe@&n, Ty andTym1

1 . . I
« Twimin = ———=—— = The delay in an M/M/1 queue without priorities.
HC(1-p)
O pp. O
A Ty =Twmnld - —— < Twmn
o l-epug

The delay for high priority traffic decreases

poy U
A Twmn

O
B.TL =Twmnd + -—
0 1=enp
The delay for lav priority traffic increases.

PH PL
CTp=—Ty+—T. =T
P P H P L

The total delay is conserved.

5.3 Generalizationof Consewation Laws to more than 2 priorities and M/G/1
queues

Objectve: to show how priorities affect the service of other customers
Reference [1] pp 188-9, [2] pp. 63-5, [3] pp. 113-7.

System
- Class of users;/‘(lv ﬂU1'7%), (/‘2! :UU'ZIX*%)! Y (A o Jjuprxilzj)

- Lower numbered classes are higher priorities.

. T P P A
. The total link utilizationiso =Y p; =Y —= < 1.
i=1 i=1 KC

The consevation law we will prove & that:

P PR <1
ye)
p-W':Dl_P
]

i ji-1
LW, =R+ Y E(S)+ 3 E(S)
k=1 k=1
« W; = the expected waiting time for a customer in class |

« R = the time for the customer being served to complete service

14
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j
« > E(S)) is the average time to service the customers already in the queue with pHigfiisr than or
k=1

the same as the current customer.

i-1
« > E(S) is the average time to service customers whilgher priority, who arrive while this customer

k=1

is waiting.
Note that, except for the customer being sdna customer in class j is not affected by customers with
priority > j

Ny
A. E(S) = ——=, as lefore.
mC

a. Ny = AW, by Little’s Law.

b. E(S0) = oWk
B. E(S) = number of arwas while waiting * service time for each of those wu&s
E(S) = = pyW;, as lefore.
(Sk) “kc Pk i
-1
i -1 R+ Z ,Oka
k=1
CWJ = R+kZpka +WJ kZ,Ok = 7]
=1 =1
1-2 Pk
k=1
2. FindW; by solving recursiely:
R
YT 1-p
R+ plwl R
W2 = =
1-p1=p2 (L-p1=p2)(1-p1)
_ R
W = j i1
(1-2 p)1-2 o)
k=1 k=1
3.Find R

« For service time distributions, other than exponential, the remaining service time is not independent of
the time in service.

« The residual service timR is found by integratingwer the distribution of all service times.
« In reference [1], pg 188-9, this is shown to be:
1 5 1k —
R=-AX2=-3 X2
2 2 % kK

P
4. Find 3 p;W; by recursiely substituting the values faW,
j=1

p1R
p1Wy =
1VWg 1-p;
+
oW, +p2W2:D P1 + P2 _ P11t P2

-p1 (I-p1=p2)(1-p1) - 1-p1-p
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5.4 Speciakases
5.4.1 Allof the priority classes hae the same serage messagel/p = 1/

. P AR
« The conservation Vabecomesy A;W; = -5
=1 -
« From Little’s law AjW; = N;.
P AR
Therefore,3” N; = ——
j=1 1- P
P
« 2 Nj=N=AW
j=1
ThereforeW = = constant

« The arerage waiting time remains the same.

If we decrease the delay of one group of users, we must increase the delay of another group of users by
the same amount

This is more general than the result in the earlier section because it apphéd teervice time
distribution.

5.4.2 Two priority classes with different average message length§q,, ), (A2 1)

- When the message length distributions are different, it is possible to reduceethgeadelay per
customer.

- In general, the \&rage delay is decreased when the customers with shorter service timegeare gi
priority

Super markets - special counters for customers with fewer items
Networks - higher priority to short ack messages
A. Find the delayl p, with priorities:

A A
a.Tp= 71T1+72T2, whered = A, + A,

1 1 A1 A A . 1
b.Tp:—Dﬂ—+—2—m+—lwl+iw2,sncen:vvi+7
COAN i A O 24 A wC
1 2 A . 1 A1 21
c.Tp=—+22W; +22W,,snce = =22 = +22 =
pC 1 A HAl A
dWw; = R W, = R
T 1-p P - e
12 — A2h— A—s
R=ZSAX2=25 L x2=2x2
e REZZAX=Z2 X5
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.= +A1ﬁ Ay X2
o=

1
i + <

MC 2 1-p1 2 (1-p)1-p1)

_ 1 X2 /]1(1‘p)+A2

= —+
HC 2(1-p) (1-p1)
B. With no priorities:

_ 1. aXz
HC  2(1-p)

TNP

C. The change invarage delay is :

X2 oh(l-p)+A, O

Tp-Twp =

"0 a-p D ,
0 A2 AA A2 0,0

= -— - +tA— A - A+ — +
_ X2 o' mC  wC 2 e wC wCU
T 21-p)° 1i- U
(1-0) P1 O
O O

_ X2 M 01 10
21-p) A-p)C Ly KO

. 1 1
D. Thereforelp < Typ iff — < —

B K
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