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Problem 1 (LCCDE)
y[n] —.Ty[n—1]+.1y[n—2] = z[n]+ .5z[n — 1], with initial conditions y[—1] = 0,
y[—2] = 1 and input z[n] = 2" u[n].
First, we find the complementary solution y.[n] by setting z[n] = 0 and y[n| =
A"
AP — TP AT =0
AT2A\2 =T +.1) =0
ATEA = 5)(A—.2) =0
The roots of the characteristic polynomial are A\; = .5 and A2 = .2, so we have
elin] = a (5)" + aa(2)"
The particular solution has the form of the input y,[n| = $2", and we find § by
substituting this into the original LCCDE for large n (n > 1) as follows:
p2n — 732 4 162772 = 2" puln] + 52" L un — 1]
2"72(322 — 762 +.18) = 2" + 52"t
(622 — 762" 4+ .18 = 2% + .5(2)

g_ 0

— = 1.8519
2.7

So the total solution is
1 1
ye[n] = yeln] + ypn] = al(g)" + Olg(g)n +1.8519(2™).

To find the coefficients, we look at the LCCDE at small n, using the total
solution for n > 0, and the initial conditions for n < 0. For n = 0:

y[0] — . Ty[—1] + .1y[—2] = «[0] + .Ba[—1]
al(%)o + ag(%)o + 1.8519(2°) — .7(0) + .1(1) = 1 + .5(0)

o1 + oy = —0.9150

[Note that we used 5 = 1.8519 which supposedly only holds for n > 0. However,
I tried using 8 = 1.4815 which holds when n = 0, but the final solution didn’t
match the filtered solution in matlab as closely...] And for n = 1:

y[1] — . 7y[0] + .1y[—1] = z[1] + .5z[0]
al(%)l + ag(%)l +1.8519(2%) — .7(041(%)0 + ag(é)" + 1.8519(20)) +.1(0) = 2 +.5(1)
—.20{1 - .50{2 = —.1405



Now we have a linear system with two unknowns, so we solve for a; and as:
1 1| a1| |—.9150
2 5| |ag| — |—.1405
ay|  |—1.0567
as| | 0.1417
Putting it all together, we have
1 1
y[n] = —1.0567(5)" + .1417(5)" + 1.815(2™).

See the matlab plot to verify that this is correct.

2.60

A cascade of two stable systems is stable. If hy[n] and hg[n] are the impulse
responses of two stable systems, then by definition

oo

Si = Z |hi[n]] < oo

for 4 = 1,2. The impulse response of the cascade of these two systems is
h[n] = hy[n] « hao[n] = Y ha[klhaln — k].
k=—00
Therefore, the absolute sum of hln] is

S= Y |hn|

n=—oo

Z Z |ha[k]haln — K|

n=—00 k=—00

S k]l > |haln — K|

k=—o0 n=-—oo
= > ImKl Y kel
k=—o00 n=-—00
25152<OO,

so the system is stable.

2.71



For the linear system y[n] + .5y[n — 1] = z[n], the characteristic polynomial is

A+ BT =0
NI A +.5) =0

so the characteristic root is lambda = —.5, and the complementary solution is
ye[n] = a(—3)™. For the input z[n] = 6[n], the particular solution is 0, so we
find « by looking at the LCCDE at n = 0:

h[0] + .B5h[-1] =1
So the impulse response is

2.76(a)

The periodic sequence x[n| = cos {;n has period 2M, and therefore the auto-
correlation 7,,[!] also has period 2M. We find r,,[l] as follows:

Tezll] = L 2§1 cos [ln] cos [ln - ll]
T oM = M M M

and since cos(A — B) = cos A cos B + sin A sin B, this gives

2M—1

= i Z cos ln[cos 1ncos ll—l—sin 1nsin ll}
oM — M M M M M
2M—1 2M—1

1 U 9 T . T .7
m[cos Ml 7;) cos Mn—i—smﬂl nz:;) cos Mnsm Mn}

and using the identities cos? A = 129524 and sin Acos B = 1sin(4 — B) +
%sin(A + B) where A = B, so sin Acos A = %sin 24,

1 o A 1 o o 2! o
ZW[COSMZ nZ:O (§+§cosﬂn) —l—smﬂl 7;) 2smjwn]



2M—1 . . . . .
now, >, sin 2Zn = 0 because it’s the sum of two full periods of a sinusoid.

o 2M—1
Similarly for 3" ™ cos 2Zn, so we have

1 ™ 1 1°— 27
rm[l]zm{cole[ 2} 5—1—5 2 cosMnH
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(c) For z[n] = (-1)" = {-1,1,-1,1,...}, the period is N = 2. The autocorre-
lation sequence is

reall] = 3 SO (-1M (1!

n=0
_ % Z(_1)2n—l

n=0
= 21D+ (1
={1,-1,1,-1,..} = (1",



