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Abstract
Rapid growth in mobile computing and other wireless multimedia services is inspiring many research and development activities concerning high-speed wireless
communication systems. The main challenges in this area include the development
of efficient coding and modulation techniques to improve the quality and spectral
efficiency of wireless systems. Multiple-input multiple-output (MIMO) techniques
for wireless communication have recently emerged and offer a powerful paradigm
for meeting these challenges. In particular, MIMO systems constitute a unified
way of modeling a wide range of different communication channels, which can be
handled with a compact vector-matrix notation. This thesis proposes new signal
processing techniques for two representative cases of MIMO systems: (a) systems
employing multiple transmit and receive antennas, and (b) systems with multiple users transmitting simultaneously and overlapping in both time and frequency.
Owing to the common MIMO system model notation, similar signal processing
techniques are applicable to both scenarios as will be demonstrated in the thesis.
Chapter 2 gives an overview of the recent development in space-time coding
and signal processing techniques for MIMO communication systems having multiple antennas. We first review the information theoretic results on the capacities
of wireless systems employing multiple transmit and receive antennas. We then
describe two representative categories of space-time systems, namely, the BLAST
systems and systems employing space-time block coding. The extension of MIMO
techniques to frequency-selective channels is also addressed. Finally, alternative
coding and signal processing techniques for wireless systems employing multiple
transmit and receive antennas are also briefly touched upon.
The most costly element of a multiple antenna device is usually the RF chains
(amplifiers, filters, digital-to-analog converters, etc.). A promising approach for
reducing the cost and complexity while retaining a reasonably large fraction of
the high potential data rate of a MIMO system is to employ a reduced number of
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RF chains at the receiver (or transmitter) and attempt to optimally allocate each
chain to one of a larger number of receive (transmit) antennas. In this way, only
the best set of antennas is used, while the remaining antennas are not employed,
thus reducing the number of RF chains required. Different approaches to selecting
the best antennas are proposed in Chapter 3. In particular, we consider a new
framework for antenna subset selection in noisy environments and also fast antenna
selection algorithms.
Wireless communication using multiple antennas can increase the multiplexing gain (i.e., throughput) and diversity gain (i.e., robustness) of a communication
system in fading channels. It has been shown that for any given number of antennas there is a fundamental tradeoff between these two gains. Pioneering works
on space-time architectures had focused on maximizing either the diversity gain
or the multiplexing gain. However, recent works have proposed space-time architectures that simultaneously achieve good diversity and multiplexing performance. In Chapter 4 of this thesis a family of lattice space-time (LAST) codes
is presented that can achieve the optimum diversity-multiplexing tradeoff in delaylimited MIMO channels. In Chapter 4, using stochastic optimization techniques
we design LAST codes that can further optimize the error rate. The design of
minimum error rate LAST codes is later extended to scenarios in which multiple
transmitting terminals cooperate by sharing their antennas.
In the final part of the thesis we consider MIMO systems with multiple users
instead of multiple antennas. In particular, we address the downlink of time domain duplex code division multiple access (TDD-CDMA) systems. First we obtain and compare the capacity results of a downlink CDMA system with either
multiuser detection (i.e., receiver processing) or precoding (i.e., transmitter processing). It is demonstrated that the two schemes exhibit similar capacity regions,
which motivates the development of efficient transmitter precoding techniques to
reduce the receiver complexity at the mobile units without degrading the system
performance. We then compare two classes of linear interference suppression techniques for downlink TDD-CDMA systems over multipath fading channels, namely,
linear multiuser detection methods and linear precoding methods. We later develop
non-linear multiuser precoding methods, to remove multiuser interference, interchip interference and inter-symbol interference. Efficient algorithms for multiuser
power loading and cancellation ordering are also developed.
In summary, a range of signal processing tools appropriate for use in MIMO
communication systems have been developed in the work presented in this thesis.
iii
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Chapter 1

Introduction
Rapid growth in mobile computing and other wireless multimedia services is inspiring many research and development activities concerning high-speed wireless
communication systems. The main challenges in this area include the development
of efficient coding and modulation techniques to improve the quality and spectral
efficiency of wireless systems. Multiple-input multiple-output (MIMO) techniques
for wireless communication have recently emerged and offer a powerful paradigm
for meeting these challenges. In particular, MIMO systems constitute a unified way
of modeling a wide range of different communication channels, which can be handled with a compact vector-matrix notation. In this thesis, we propose new signal
processing techniques for two representative cases of MIMO systems: (a) systems
employing multiple transmit and receive antennas, and (b) systems with multiple users simultaneously transmitting and overlapping in both time and frequency.
Owing to the common MIMO system model notation, similar signal processing
techniques are applicable to both scenarios as will be demonstrated in the thesis.
The main motivation of this research is to propose powerful signal processing
techniques to improve the performance of MIMO communication systems.

1.1 Outline of the thesis and main contributions
Chapter 2 provides an overview on the recent developments in space-time coding
and signal processing techniques appropriate for MIMO communication systems
having multiple antennas. We first review the information theoretic results on the
capacities of wireless systems employing multiple transmit and receive antennas.
We then describe two representative categories of space-time systems, namely, the
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Bell-Labs Layered Space Time (BLAST) systems and systems employing spacetime block coding. Signal processing techniques for channel estimation and decoding in space-time systems are also discussed and compared. The extension of
MIMO techniques to frequency-selective channels is also addressed. Finally, some
other useful signal processing techniques for wireless systems employing multiple
transmit and receive antennas are also briefly touched upon.
Previously published work has shown that it is possible to improve the performance of MIMO systems by employing a larger number of antennas than is
actually used at any instant, where the optimal subset of antennas is selected based
on the channel state information. Existing antenna selection algorithms assume
perfect channel knowledge and optimize criteria such as Shannon capacity or various bounds on error rate. Chapter 3 begins by examining MIMO antenna selection
algorithms where the set of possible solutions is large and only a noisy estimate of
the channel is available. Using an approach similar to that employed by traditional
adaptive filtering algorithms, we propose a new framework based on simulation
based discrete stochastic optimization algorithms to adaptively select a better antenna subset using criteria such as maximum mutual information, bounds on error
rate, etc. These discrete stochastic approximation algorithms are ideally suited to
minimize the error rate since computing a closed form expression for the error rate
is intractable. We also consider time-varying channels for which the antenna selection algorithms can track the time-varying optimal antenna configuration. We
present several numerical examples to show the convergence of these algorithms
under various performance criteria, and also demonstrate their tracking capabilities. We later propose various new antenna selection criteria and also fast antenna
selection algorithms.
Wireless communications using multiple antennas can increase the multiplexing gain (i.e., throughput) and diversity gain (i.e., robustness) of communication
systems in fading channels. It has been shown that for any given number of antennas there is a fundamental tradeoff between these two gains. Pioneering works
on space-time architectures focused on maximizing either the diversity gain or
the multiplexing gain. However, recent works have proposed space-time architectures that simultaneously achieve good diversity and multiplexing performance.
In Chapter 4 of this thesis we consider a family of lattice space-time (LAST)
codes that can achieve the optimum diversity-multiplexing tradeoff in delay-limited
MIMO channels. Unfortunately, the diversity-multiplexing tradeoff analysis does
not say anything about the coding gain or error rate at signal-to-noise (SNR) ratios
2
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of interest (also note that the tradeoff analysis gives asymptotic results). That is,
two space-time codes belonging to the family of LAST codes can obtain different error rate performance at the signal to noise ratios of interest. Therefore, in
Chapter 4 we design spherical LAST codes subject to the minimum error-rate criterion by employing a stochastic approximation technique based on the well known
Robbins-Monro algorithm together with unbiased gradient estimation. The design
of minimum error rate LAST codes is later extended to scenarios in which multiple
transmitting terminals cooperate by sharing their antennas.
In Chapter 5 we consider MIMO systems with multiple users instead of multiple antennas. In particular, we address the downlink of time division duplex code
division multiple access (TDD-CDMA) systems. First we obtain and compare
the capacity results of a downlink CDMA system with either mulituser detection
(i.e., receiver processing) or precoding (i.e., transmitter processing). It is seen that
the two schemes exhibit similar capacity regions for both sum-rate and maximum
equal rate, which motivates the development of efficient nonlinear transmitter precoding techniques to reduce the receiver complexity at the mobile units without
degrading the system performance. We then compare two classes of linear interference suppression techniques for downlink TDD-CDMA systems over multipath
fading channels, namely, linear multiuser detection methods and linear precoding
methods. For the linear precoding schemes, we assume that the channel state information (CSI) is available only at the transmitter but not at the receiver. We propose
several precoding techniques and the corresponding power control algorithms. The
performance metric used in the comparisons is the total power required at the transmitter to achieve a certain Quality of Service (QoS) at the receiver (e.g., minimum
signal to noise ratio). Our results reveal that in general multiuser detection and precoding offer similar performance; but in certain scenarios, precoding can bring a
substantial performance improvement. These results motivate the use of precoding
techniques to reduce the complexity of the mobile terminals (only a matched-filter
to its own spreading sequence is required and CSI is not required). We later develop both bit-wise and chip-wise Tomlinson-Harashima (TH) multiuser precoding methods for downlink CDMA with multipath, to remove multi-user interference, inter-chip interference and inter-symbol interference. Efficient algorithms
for multiuser power loading and ordering are also developed. Implementation of
the proposed TH-precoding schemes in time-varying channels based on channel
prediction is also addressed. Simulations results are provided to demonstrate the
effectiveness of the proposed techniques in suppressing interference in the CDMA
3
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downlink. It should be noted that CSI at the transmitter can facilitate efficient
user scheduling. We therefore further develop low-complexity user allocation algorithms based on the proposed linear precoding techniques.
Chapter 6 concludes the dissertation summarizing the main results and enumerating future lines of work.
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Chapter 2

Overview of MIMO Systems
2.1 Introduction
Multiple-input multiple-output (MIMO) communication technology has received
significant recent attention due to the rapid development of high-speed broadband
wireless communication systems employing multiple transmit and receive antennas. Information theoretic results show that MIMO systems can offer significant
capacity gains over traditional single-input single-output channels [40, 119]. This
increase in capacity is enabled by the fact that in rich scattering wireless environments, the signals from each individual transmitter appear highly uncorrelated
at each of the receive antennas. When conveyed through uncorrelated channels
between the transmitter and the receiver, the signals corresponding to each of the
individual transmit antennas have attained different spatial signatures. The receiver
can exploit these differences in spatial signatures to separate the signals originating
from different transmit antennas.
Many MIMO techniques have been proposed and are usually targeted at different scenarios in wireless communications. The Bell-Labs Layered Space Time
(BLAST) system [42, 131] is a layered space-time architecture originally proposed
by Bell-Labs to achieve high data rate wireless transmission. In this scheme, different symbol streams are simultaneously transmitted from all transmit antennas (i.e.,
they overlap both in frequency and in time). The receive antennas yield the superposition of all the transmitted symbol streams and recover them via proper signal
processing. On the other hand, in Space-Time Coding (STC) systems [3, 114, 115,
118], the same information symbol stream is transmitted from different transmit
antennas in an appropriate manner in order to obtain transmit diversity. Hence, in
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STC systems the MIMO channel is exploited to provide more reliable communications, whereas in the BLAST system the MIMO channel is used to provide higher
rate communications. Note that by employing higher level signal constellations,
STC systems can also achieve higher throughput. In this chapter, we give a general
overview of the capacity results for MIMO systems as well as for BLAST and STC
techniques.
The remainder of this chapter is organized as follows. In Section 2.2 we summarize the capacity results for MIMO systems and discuss the impact of antenna
correlation on capacity. In Section 2.3, we describe the BLAST system and related
decoding and channel estimation techniques. In Section 2.4, we discuss space-time
coding techniques and in particular the space-time block codes. Performance comparisons between the BLAST system and the space-time block coding system are
also made. In Section 2.5 we consider MIMO systems in frequency selective channels. Finally, in Section 2.6, we briefly touch upon some other useful space-time
coding and signal processing techniques.

2.2 Capacity of MIMO Systems
In this section, we summarize the information theoretic results on the capacities of
MIMO channels, developed in the late 1990s [40, 119]. These results show the significant potential gains in channel capacity by employing multiple antennas at both
the transmitter and receiver ends; and inspired an enormous surge of world-wide
research activities to develop space-time coding and signal processing techniques
that can approach the MIMO channel capacity.

2.2.1

Capacity Results

Consider a MIMO system with nT transmit antennas and nR receive antennas signaling through flat fading channels, as shown in Figure 2.1. The input-output relationship of this system is given by
y = Hx + v,

(2.1)

where x = [x1 , x2 , ..., xnT ]T is the (nT × 1) transmitted signal vector, y = [y1 , y2 , ..., ynR ]T

is the (nR × 1) received signal vector, v = [v1 , v2 , ..., vnR ]T is the received noise

6

2.2 Capacity of MIMO Systems
h 2,1
x1

y1

x2

y2

Tx

Rx

y nR

x nT

Figure 2.1: Schematic representation of a MIMO system.
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(2.2)

is the (nR × nT ) MIMO channel matrix with hij representing the complex gain of

the channel between the jth transmit antenna and the ith receive antenna.

It is assumed that the noise sample vi , i = 1, 2, ..., nR , is a circularly symmetric
complex Gaussian random variable with zero mean and variance σ 2 , denoted as
vi ∼ Nc (0, σ 2 ). That is, ℜ{vi } ∼ N (0,

σ2
2 ),

ℑ{vi } ∼ N (0,

σ2
2 ),

and that they are

independent. It is assumed that the complex channel gains hij ∼ Nc (0, 1). Note

that in general, the channel gains may be correlated.

Assuming that the channel matrix H is known at the receiver, but not at the
transmitter, the ergodic (mean)
of the MIMO channel with an average
³ capacity
© Hª ´
total transmit power P (i.e., tr E xx
≤ P ) is given by [119, 40]
¶¾
½
µ
1 P
H
HH
C = E log det I nR +
nT σ 2
½
µ
¶¾
1 P H
= E log det I nT +
H H
nT σ 2

bits/s/Hz,

(2.3)

where the expectation is taken with respect to the distribution of the random channel matrix H.
To gain some insight on the capacity expression in (2.3), denote ρ = P/σ 2 which
permits the capacity to be expressed as
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C=

p
X

E{log(1+

k=1

ρ
λk )},
nT

(2.4)

where p = min{nT , nR } and λ1 , ..., λp are the eigenvalues of the matrix HH H

or H H H. Note that the matrices HH H and H H H have the same eigenvalues

which are all real and non-negative. If we compare (2.4) with the capacity of a
single-input single-output (SISO) channel [25], we observe that the capacity of a
MIMO system is equivalent to the sum of p parallel SISO channels, each one with
an equivalent signal-to-noise ratio equal to λi .
Furthermore, it can be shown that when both nT and nR increase, the capacity
increases linearly with respect to min{nT , nR }. On the other hand, if nR is fixed
and nT increases, then the capacity saturates at some fixed value; whereas if nT

is fixed and nR increases, the capacity increases logarithmically with nR . These
asymptotic behaviors of the ergodic capacity are shown in Figure 2.2.
Capacity with respect the number of antennas for ρ = 15dB
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T
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T
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Figure 2.2: Ergodic capacities of uncorrelated MIMO channels. The channel is
assumed to be known at the receiver but not at the transmitter.
Another notion that is frequently used in practice is the outage capacity. The
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instantaneous capacity is defined as
¶
µ
ρ
H
HH
.
φ (H, ρ) = log det I nR +
nT

(2.5)

Obviously φ(H, ρ) is a random variable since H is random. Given a certain outage
probability Pout , the corresponding outage capacity Cout is defined through the
following equation,
P {φ(H, ρ) ≤ Cout } = Pout .

(2.6)

So far we have assumed that the channel matrix H is known at the receiver
but not at the transmitter. Another scenario is that the channel is known at both the
transmitter and receiver. This is the case, for example, when the system employs
time-division duplex (TDD) so that the uplink and downlink channels are reciprocal to each other. In this case, the instantaneous capacity is given by the following
“water-filling” equation [112]
ψ(H, ρ) =

nT
X

[log (υλi )]+

bits/s/Hz,

(2.7)

i=1

where λ1 , ..., λnT are the eigenvalues of the matrix H H H, υ is chosen such that
i+
nT h
P
and the operator (·)+ is specified as
ρ=
υ − λ1i
i=1

+

(x) =

(

x if

x > 0,

0 if

x ≤ 0.

(2.8)

The ergodic capacity is then given by C = E{ψ(H, ρ)}. Moreover, the outage
capacity in this case is specified by
P {ψ(H, ρ) ≤ Cout } = Pout .

(2.9)

Figure 2.3 shows the 10% outage capacity of uncorrelated MIMO channels
with and without water-filling. It is seen that by knowing the channel at the transmitter, some capacity gain can be obtained at low signal-to-noise ratios.

2.2.2

Effects of Antenna Correlations

It has been observed that antennas placed with large enough separations will receive essentially uncorrelated signals [83]. However, in handsets or small termi9
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Figure 2.3: 10% outage capacities of uncorrelated MIMO channels with and without employing water-filling.
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10

2.2 Capacity of MIMO Systems
nals, large separations among the antennas may not be feasible. On the other hand,
when the transmitter or receiver is not surrounded by scatterers, no local scattering
or diversity occurs, and the spatial fading at the antennas is correlated. Hence, insufficient antenna spacing and lack of scattering cause the individual antennas to
be correlated.
We next discuss the correlation model and the effect of antenna correlation
on capacity. Following [17], assuming correlations at both the transmitter and
receiver, the (nR × nT ) channel response matrix can be modeled as
1/2

H = R1/2
r H w Rt

(2.10)

with H w being a (nR × nT ) matrix with i.i.d. Nc (0,1) entries and Rt and Rr ,
of size (nT × nT ) and (nR × nR ), representing the covariance matrices inducing

transmit and receive correlations respectively. Note that for the case of uncorrelated
transmitter (receiver), we have Rt = I (Rr = I).

The form of cross-correlation between the waves impinging on antenna elements (i.e., Rr or Rt ) has been studied and modeled in several publications, e.g.,
[7, 17, 20, 36, 112]. These models use similar parameters to characterize the correlation. Specifically, assuming that no line of sight exists between the transmit and
the receive antennas, the signal reaching the receive antennas can be modeled as arriving from a number of equivalent point sources or scatterers in the vicinity of the
receiver as shown in Figure 2.4. Assuming that the antennas are omnidirectional
(i.e. they radiate and receive from all directions in space), there are three main
parameters that characterize the correlation between antennas (see Figure 2.4):
• Distance d between antennas in terms of wavelengths,
• Angular spread of the arrival incident waves aRx
o ,
• Mean angle of arrival of incident waves foRx .
Large values of the angular spread aRx
o result in uncorrelated signals at each of
the antennas. The angular spread is a function of the distance of the cluster to the
antenna array and radius of the cluster. For example, in an outdoor environment,
a cluster could be a building located far away from the antenna array yielding in a
small angular spread aRx
o . In an indoor environment, the cluster of scatterers will
be the walls surrounding the array. In this case, there will be signals impinging
the antenna array from all directions resulting in a large value of angular spread;
therefore, uncorrelated fading among the antennas can be expected. Figure 2.5
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depicts various scattering scenarios similar to those defined for COST-259 models
[112]. In this representation, the circle represents a cluster of scatterers. The five
different scenarios correspond to:
• Uplink: This scenario corresponds to a base station operating as a receiver

from some high point without any nearby scatterers. The receiver, usually
a handset or small terminal, will be surrounded by scatterers. The angular
spread at the receiver (i.e., base station) is very low, resulting in correlation
among the receive antennas.

• Downlink: This scenario is similar to the uplink but with the base station
acting as a transmitter.

• Urban area: Medium size angular spread for both the transmitter and the
receiver. Scatterer clusters represent buildings.

• Rural area: Low angular spread for both the transmitter and the receiver.
Scatterer clusters represent mountains and hills.

• Indoor: Large angular spread for both the transmitter and the receiver. Impinging waves arrive from all directions in space.

Figure 2.6 shows the 10% outage capacities for the different scenarios defined
in Figure 2.5 with nT = nR = 4 and an antenna spacing of d = 0.5λ. We assume
that the channel is known at the receiver but not at the transmitter. We have used
the correlation model described in [7]. We also show the SISO capacity for comparison. It is seen that urban and indoor scenarios with rich scattering offer much
higher MIMO capacities than do rural environments.
Figure 2.7 shows the 10% outage capacities of a correlated MIMO channel
with and without water-filling. The correlation scenario corresponds to the urban
area depicted in Figure 2.5 with an antenna spacing of d = 0.5λ. Comparing with
Figure 2.3, it is seen that significant capacity gain can be achieved with waterfilling in the presence of antenna correlations however the channel must be known
at both the transmitter and the receiver.

2.3 The BLAST System
The information theoretical results presented in the preceding section indicate the
large capacity gains available by employing multiple antennas at both ends of the
12
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10% outage capacities nT = nR = 4, antenna spacing 0.5λ
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Figure 2.6: MIMO outage capacities for different channel scenarios described in
Figure 2.5.
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communication systems. Identifying such a large potential gain, researchers at
Bell-Labs developed the first MIMO architecture for high-speed wireless communications, namely the BLAST systems.
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Vector
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signal
processing:
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Figure 2.8: Schematic representation of a BLAST system.
BLAST (Bell-Labs Layered Space Time) [42, 131] is a high speed wireless
communication scheme employing multiple antennas at both the transmitter and
the receiver. In a BLAST system, the transmitted data is split equally into nT
transmit antennas and then simultaneously sent to the channel overlapping in both
time and frequency. The signals are received by nR receive antennas as shown in
Figure 2.8 and signal processing at the receiver attempts to separate the received
signals and recover the transmitted data. The input-output relationship of a BLAST
system can be expressed as
y=

r

ρ
Hs + v
nT

(2.11)

where s = [s1 , s2 , ..., snT ]T is the (nT ×1) transmit signal vector with si belonging

to a finite constellation A, v = [v1 , v2 , ..., vnR ]T is the (nR × 1) receive noise

vector with vi ∼ Nc (0, 1), H is defined in (2.2) and ρ is the total signal-to-noise

ratio independent of the number
antennas. Unitary power is assumed
n of transmit
o
2
for the transmitted symbols, E |si | = 1.

2.3.1

BLAST Detection Algorithms

It is seen from (2.11) that the receive antennas see the superposition of all the
transmitted signals. The task of a BLAST detector is to recover the transmitted
data s from the received signal y. Several BLAST detection algorithms will now
be described [41, 48]. Here we assume the channel matrix H is known at the
15
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receiver. We will discuss channel estimation algorithms in Section 2.3.2.
Maximum Likelihood (ML) Receiver
The ML detector is the optimal receiver in terms of bit error rate. Let A be the

symbol constellation set (e.g., QPSK or M -QAM) whose size is M . Then, the ML
detection rule is given by
°
°2
r
°
°
ρ
°
° .
y
−
Hs
ŝ = arg min
°
s∈AnT °
nT

(2.12)

Note that the minimization problem is performed over all possible transmitted signal vectors s in the set AnT . The computational complexity of an exhaustive search

is then O(M nT ). Hence, although the ML receiver is optimal, its complexity

grows exponentially with the number of transmit antennas. A low complexity local

search method called “sphere decoding” whose complexity is O(M 3 ) is developed
in [26, 38].

Zero Forcing and Cancellation Receiver
A more simpler receiver is known as the zero forcing (ZF) receiver. The ZF receiver considers the signal from each transmit antenna as the desired signal and the
remainder as interferers. Nulling is performed by linearly weighting the received
signals to satisfy the ZF criterion, i.e., by inverting the channel response. Furthermore, a superior performance can be obtained by using nonlinear techniques,
for example cancellation. Using symbol cancellation, the previously detected and
sliced symbol from each transmit antenna is subtracted out from the received signal
vector, in a similar manner to that employed ino decision feedback equalization or
multiuser detection with successive interference cancellation. Therefore, the next
signal to be decoded will see one interferer less.
For simplicity, assume n = nT = nR . Denote the QR factorization of H as
H = QR where Q is unitary, i.e., QQH = I and R is upper triangular. The
nulling operation of the received vector y is performed by
H

z=Q y=

r

ρ
RS + QH v;
nT
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Note that since Q is unitary, there is no noise amplification, i.e., w = QH v is
also Nc (0, I). In (2.14), the decision statistic zn is just a noisy scaled version of
sn which can be directly estimated and then subtracted from zn−1 . Repeating the
estimating and subtracting operations until all transmitted signals are decoded, the
complete algorithms is summarized in Algorithm 1 where the quantizer Q(·) takes

values from the constellation A.

Algorithm 1 ZF and cancellation BLAST receiver
´
³
q
n
1
z
ŝn = Q rn,n
n
ρ
³
´´
³q
1
n
ŝn−1 = Q rn−1,n−1
z
−
r
ŝ
n−1,n n
ρ n−1
..
.
Ã
!
´
³q
n
P
1
n
ŝi = Q ri,i
ri,k ŝk
ρ zi −
k=i+1

..
.

ŝ1 = Q

µ

1
r1,1

³q

n
ρ zn−1

−

n
P

k=2

r1,k ŝk

´¶

Nulling and Cancellation Receivers with Ordering
In the decoding algorithm discussed above, an incorrect decision in the detection
of a symbol adds interference to the next symbols to be detected. It is shown in
[41, 48] that it is advantageous to first find and detect the symbol sk with the highest
signal to-noise ratio, i.e., that with the highest reliability. The detected symbol is
then subtracted from the rest of the received signals. Therefore, after cancelling
sk , we have a system with nT − 1 transmit antennas and nR receive antennas,

i.e., the corresponding channel matrix is obtained by removing column k from H.

The same process is then applied on this (nT − 1, nR ) system and the algorithm

continues until all transmitted symbols have been detected. That is, the nulling and
cancellation operation is performed starting with the more reliable symbols and
17
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moving to the less reliable ones.
The nulling operation can be performed by means of ZF or the minimum meansquare error (MMSE) criterion. Similarly to ZF equalization in single antenna
systems, the ZF criterion yields the following problems: (1) The algorithm can
encounter singular matrices that are not invertible; and (2) ZF focuses on cancelling
the interference (i.e., overlapping signals) completely at the expense of enhancing
the noise, possibly significantly. On the other hand, the MMSE criterion minimizes
the error due to the noise and the interference combined. In the ordering operation,
the MMSE method nulls the component with the smallest MSE. Following [48],
the BLAST decoding algorithm based on the MMSE nulling and cancellation with
ordering is given in Algorithm 2.
Algorithm 2 MMSE nulling and cancellation with ordering
G=H
r=y
FOR i = 1 : nT DO
P = ( nρ GH G + I)−1
ki = argmin{Pj,j }, j ∈
/ {k1 , k2 , ..., ki−1 } (ordering: find min MSE)
w = (GP )(:, ki ) (nulling vector)
z = wH r
ŝki = Q(z)
q
r = r − nρ H(:, ki )ŝki (cancellation)
G = G \ H(:, ki ) (remove column of that transmit antenna)
END

Figure 2.9 compares the BER performance of the four detection methods discussed previously in a BLAST system with nT = nR = 4 antennas and QPSK modulation. It is seen that the ML decoder has the best BER performance although for
every transmitted code vector, the receiver needs to evaluate (2.12) over 44 = 256
possibilities. On the other hand, the MMSE nulling and cancellation algorithm
with ordering exhibits the best performance among the suboptimal algorithms.

2.3.2

MIMO Channel Estimation Algorithms

So far, we have assumed that the MIMO channel matrix H is known at the receiver. In practice, the receiver needs to estimate this matrix prior to the start of
the decoding process. We next discuss the channel estimation methods based on a
training preamble [91].
Suppose T ≥ nT MIMO training symbol vectors s(1), s(2), ..., s(T ) are used
18
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BER for different BLAST decoding algorithms ( nT = nR = 4 and QPSK modulation)
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Figure 2.9: BER performance of different BLAST decoding algorithms with nT =
nR = 4 and QPSK. Uncorrelated MIMO channels and perfect channel knowledge
at the receiver are assumed.
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to probe the channel. The received signals corresponding to these training symbols
are

r

ρ
Hs(i) + v(i), i = 1, 2, ..., T.
(2.15)
nT
h
i
h
i
Denote Y = y(1), y(2), ..., y(T ) , S = s(1), s(2), ..., s(T ) and V =
h
i
v(1), v(2), ..., v(T ) . Then (2.15) can be written as
y(i) =

Y =

r

ρ
HS + V .
nT

(2.16)

The maximum likelihood estimate of the channel matrix H is given by
Ĥ M L

°2
°
r
°
°
ρ
°
HS °
= arg min °Y −
°
nT
H
r
nT
=
Y S H (SS H )−1 .
ρ

(2.17)

According to [91], the optimal training symbol sequence S that minimizes the
channel estimation error should satisfy
SS H = T · I nT .

(2.18)

One way to generate such optimal training sequences is to use the Hadamard matrices [61] (when they exist for specific values of nT ). As an example, consider a
system with nT = 4 and a training sequence of length T = 16 symbol intervals. We
first generate a (4 × 4) Hadamard matrix as


1
1
1
1


1 −1
1 −1 
1+i

.
A= √ 
2  1
1 −1 −1 

1 −1 −1
1

(2.19)

Then the optimal training sequence can be constructed by concatenating four A

matrices as
S=

h

A A A A

i

.

(2.20)

As an alternative to the ML channel estimator, the linear MMSE channel estimator is obtained as a linear transformation of the received signals Y that mini-
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mizes the estimation error and it is given by
r
´−1
³ ρ
ρ
.
Y SH
SS H + I
Ĥ M M SE =
nT
nT

(2.21)

BER of different lengths of the training sequence using the MMSE IC with ordering decoder .
Assume ρ = 10dB and nT = nR = 4 and QPSK modulation
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: MMSE Channel Estimate
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Figure 2.10: Effect of the training length T on the BER performance.
We next give a simulation example. Consider a BLAST system with nT =
nR = 4 antennas and QPSK modulation. We assume uncorrelated fading and a
signal-to-noise ratio ρ = 10dB. Figure 2.10 shows the BER for various channel
estimation algorithms for different lengths of the optimal training sequence. The
MMSE nulling and cancellation with ordering algorithm is employed as the decoder in all cases. It is seen that the MMSE and ML channel estimators have
similar performance which gradually approaches optimum performance as T is increased. Figure 2.11 compares the BER performance of the MMSE nulling and
cancellation with ordering decoder using the ML channel estimator with different
lengths of the optimal training sequence.
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BER with ML channel estimator and different length of the training sequence.
Assume n = n = 4 and MMSE IC + ordering decoder
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Figure 2.11: BER performance of the ML channel estimator with different lengths
of the optimal training sequence.

2.4 Space-Time Coding
In the previous section, we discussed the BLAST system which increases the
data rate by simultaneously transmitting symbols from multiple transmit antennas.
However, the BLAST approach suffers from two major drawbacks: (1) it requires
nR ≥ nT that is not always feasible when the receiver is a small or battery operated

device; and (2) the performance of the suboptimal BLAST decoding algorithms is
limited by error propagation. In this section, we discuss the space-time coding
approach that exploits the concept of diversity.

2.4.1

The Concept of Diversity

With space-time codes (STC) [3, 114, 115, 118], instead of transmitting independent data streams as in BLAST, the same information is transmitted in an appropriate manner simultaneously from different transmit antennas in order to obtain
transmit diversity. The underlying principle of transmit diversity is that if a message is lost in a channel with probability p and if we can transmit replicas of the
message over n independent such channels, the loss probability becomes pn . The
22
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use of diversity improves the reliability of detection which allows modulation employing higher order constellation to be used and so yielding a higher throughput ,
as is possible with the BLAST system. The main difference between BLAST and
STC can be summarized as: (1) BLAST transmits more symbols, i.e., nT symbols/channel used; and (2) STC transmits only (at most) 1 reliable symbol/channel
used by means of diversity.
As an example, consider a systems wishing to transmit 4 bit/s/Hz with 2 transmit antennas. BLAST would use QPSK symbols per antenna, i.e., 4 bit/s/Hz. STC
can only send 1 symbol/channel used, therefore 16-QAM symbols would need to
be employed. In this case, the same quantity of data is transmitted through the use
of higher order constellations. There are two main types of STCs, namely space
time trellis codes (STTC) [118] and space time block codes (STBC) [115].
The STTC is an extension of trellis coded modulation [15] to the case of multiple transmit and receive antennas. It provides both full diversity and coding gain.
However, it has the disadvantage of high decoding complexity which grows exponentially with the number of antennas. Specific space-time trellis codes designed
for two or four antennas perform very well in slow fading environments and come
within 2-3 dB of the outage capacity. STTC’s are designed to achieve full diversity
and then, among the codes that achieve full diversity, maximize the coding gain.
For further references on STTC refer to [11, 118].
In the hope of reducing the exponential decoding complexity of STTC, Alamouti proposed a simple space-time coding scheme using two transmit antennas
[3]. Later, the STBC introduced in [114], generalized the Alamouti transmission
scheme to an arbitrary number of transmit antennas. STBC achieves full diversity
as does the STTC although they do not provide any coding gain. This is not a
problem since they can be concatenated with an outer channel code [12]. Besides
achieving full diversity, the main property of STBC is that there is a very simple
ML decoding algorithm based only on linear processing. These codes are based
on some specific linear matrices and the reduced complexity receiver is due to the
orthogonal properties of these matrices.

2.4.2

Space-Time Block Codes

We assume a wireless communication system where the transmitter is equipped
with nT and the receiver with nR antennas. A space time block code matrix is
represented as
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←space→



c1,1 c1,2 . . . c1,nT


c
c2,2 . . . c2,nT
C p,nT = 
 2,1
.
..
..
 .
.
.
 .
cp,1 cp,2 . . . cp,nT



↑







(2.22)

time

↓

At each time slot t, signals ct,i , i=1,2,. . . ,nT , are transmitted simultaneously from
the nT transmit antennas as shown in Figure 2.12. Therefore, at time t, transmitter
antenna i will transmit ct ,i in the matrix (1 ≤ t ≤ p and 1 ≤ i ≤ nT , where p is the
length of the block code). Next, we describe the encoding and decoding operations
of the STBC for two transmit antennas, namely the Alamouti code.

Tx

Tx
Data
[s1 ...,s k]

STBC

Tx

h 2,1

c t,1

yt,1

c t,2

y t,2

Rx
Rx

C p,nT =
G (s1 ,...,s k )
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(linear
processing)
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c t,nT

Rx
Data

y t,nR Rx

Figure 2.12: Schematic representation of an STBC system.

STBC with nT = 2: Alamouti Code
The Alamouti code is an STBC using nT = 2 transmit antennas and any number of
receive antennas. The Alamouti code matrix O c,2 is defined as [3]
O c,2 =

"

x1 x2
−x∗2 x∗1

#

.

(2.23)

Consider transmitting symbols of a signal constellation A of size 2b . Every two

time slots, 2b bits arrive at the encoder and select constellation signals s1 and s2 .

Setting x1 = s1 and x2 = s2 in O c,2 , we arrive at the following transmission
matrix
C 2,2 =

"

s1 s2
−s∗2 s∗1

#

.

(2.24)

Then, in the first time slot, antenna 1 transmits s1 and antenna 2 transmits s2 . In
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the next time slot, antenna 1 transmits −s∗2 and antenna 2 transmits s∗1 . Since two
time slots are needed to transmit two symbols (s1 , s2 ), the rate of the code is R =
1 symbol/channel used.
At the receiver, the signal received by antenna i during two consecutive time
slots (t=1,2) is
#
"
y1,i
y2,i

r

ρ
C 2,2 hi + v i
2
#
# "
#"
r "
v1,i
hi,1
s1 s2
ρ
,
+
=
2 −s∗2 s∗1
v2,i
hi,2
=

i= 1, 2, (2.25)

which can be rewritten as
# "
#
#
"
#"
r "
s1
v1,i
y1,i
hi,2
ρ hi,1
,
=
+
∗
2 h∗i,2 −h∗i,1
s2
ṽ2,i
y2,i
{z
} | {z } | {z }
| {z }
|
yi

s

Hi

i= 1, 2. (2.26)

ṽi

We note that the³orthogonality of´the code O c,2 implies the orthogonality of H i ,
2
2
i.e., H H
I 2 . Assuming that the receiver has knowledge
i H i = |hi,1 | + |hi,2 |
of the channel coefficients hi,j , we form a decision statistic at each receive antenna
by left multiplying the received vector in (2.26) by H H
i which results in
#
"
r
z1,i
ρ H
H
= H i yi =
zi =
H i H is + H H
i ṽi .
2
z2,i

Hence, using the orthogonality property of H i yields
"
# r
"
# "
#
´ s
z1,i
w1,i
ρ³
1
2
2
zi =
=
|hi,1 | + |hi,2 |
+
.
2
z2,i
s2
w2,i

(2.27)

(2.28)

Adding all the decision statistics from all nR receive antennas we obtain

z =
=

"

r

z1
z2
ρ
2

#

=

nR ³
X
i=1

nR
X
i=1

"

z1,i
z2,i

#

2

|hi,1 | + |hi,2 |

2

´

"

s1
s2

#

+

nR
X
i=1

"

w1,i
w2,i

#

.

(2.29)

In (2.29), in the absence of noise, z1 will be just an scaled version of s1 and z2 will
be an scale version of s2 without any cross dependency. To estimate the symbols
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that were sent, we just scale and quantize the decisions statistics in (2.29) as
ŝ1 = Q(z1 ),
and ŝ2 = Q(z2 ).

(2.30)

We recall that the decoupling has been possible because of the orthogonality of the
Alamouti code matrix.
BER performance comparison: Alamouti vs BLAST
( n = n = 2, R = 2 bit/s/Hz and without antenna correlations)
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Figure 2.13: BER performance comparison between BLAST (BPSK modulation)
and Alamouti (QPSK modulation) with nT = nR = 2 (transmission rate R = 2
bit/s/Hz). Uncorrelated MIMO channel and perfect channel knowledge at the receiver are assumed.
We now compare the performance of the Alamouti scheme with that of the
BLAST system discussed in the previous section. For both systems, we consider
nT = nR = 2. We assume that both schemes have a transmission rate R = 2 bit/s/Hz.
This rate can be achieved using BLAST with BPSK or using the Alamouti code
with QPSK modulation. For a fair comparison, we compare the two systems in
terms of signal-to-noise ratio per bit, i.e., Eb /No . Assuming perfect channel estimation at the receiver and no antenna correlations, Figure 2.13 shows that Alamouti
performs better than BLAST and this improvement is greater at higher signal-to-
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BER performance comparison: Alamouti vs BLAST
( n = n = 2, R = 2 bit/s/Hz and with antenna correlations)
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Figure 2.14: BER Performance comparison between BLAST (BPSK modulation)
and Alamouti (QPSK modulation) with nT = nR = 2 (transmission rate R = 2
bit/s/Hz). Correlated MIMO channel (urban environment in Figure 2.5) and perfect
channel knowledge at the receiver are assumed.
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noise ratio. We next compare their performance in correlated MIMO channels. We
consider a medium level of correlation typical of urban environments as described
in Figure 2.5. It is seen from Figure 2.14 that Alamouti performs much better than
BLAST in such a scenario.
General STBC Based on Orthogonal Designs (nT ≥ 2)
The Alamouti scheme presented previously only works with two transmit antennas.
This scheme was later generalized in [114, 115] to an arbitrary number of transmit
antennas. In a similar manner to the Alamouti code in (2.23), the general STBC
is defined by a code matrix with orthogonal columns. Just like in the Alamouti
scheme, a simple linear receiver is also obtained owing to the orthogonality of
the columns of the code matrix. In general, an STBC is defined by a (p × nT )

matrix G. The entries of the matrix G are linear (possibly complex) combinations

of the variables x1 , x2 , ..., xk (representing symbols). The columns of the matrix
represent antennas and the rows time slots. Therefore, p time slots are needed to
transmit k symbols, resulting in a code rate R = k/p symbols/channel used. It is of
special interest code matrices achieving the maximum transmission rate permitted
by the STC theory, i.e, R = 1 symbol/channel used. For a fixed nT , among the
code matrices that achieve the maximum rate, we will be interested in those with
minimum values of p or equivalently, the minimum number of time slots needed
to transmit a block. These code matrices are referred as delay optimal and they are
interesting because they minimize the memory requirements at the transmitter and
at the receiver (i.e., encoding and decoding delay). We recall that p ≥ nT .
STBC for real constellations
For real signal constellations such as pulse amplitude modulation (PAM), the entries of the code matrices are only real linear combinations of x1 , x2 , ..., xk . General STBC based on real orthogonal designs achieving full diversity and full rate,
can be found for any number of transmit antennas nT [118]. Using nT = 2, 4 and 8
antennas, STBC code matrices can be found with p = nT (i.e., minimum possible
delay in STBC). As an example, an STBC suitable for real constellations with nT
= 4 is


x1

x2

x3

x4





 −x2
x1 −x4
x3 


G4 = 

−x
x
x
−x
3
4
1
2 

−x4 −x3
x2
x1
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for which it can be verified that

GT4 G4

=

µ

4
P

i=1

x2i

¶

· I 4 . The encoding process

at the transmitter is similar to that for the Alamouti code, as follows. Consider a
real constellation of size 2b . At time instant 1, 4b bits arrive at the encoder and
select symbols s1 , s2 , s3 , s4 . Let xi = si in matrix G4 in (2.31) to obtain the code
matrix C 4 . At time t = 1,2,3 and 4, the t-th row of C 4 is transmitted from the four
transmit antennas simultaneously. Therefore, with nT = 4 transmit antennas and
employing the code matrix C 4 , four symbols are transmitted during four symbol
intervals achieving R = 1 symbol/channel used, i.e., the maximum rate allowed by
the STC theory. At the receiver, the orthogonality of the matrix C 4 simplifies the
ML decoder by decoupling the detection of each of the transmitted symbols.
STBC for complex constellations
Complex STBC are analogous to the real ones except that the code matrices contain
√
entries ±x1 , ±x2 , ..., ±xk , their conjugates, and them multiplied by −1, making

them useful for complex constellations such as M-PSK or M-QAM. As an example,

an STBC with nT = 4 for complex constellations can be constructed using the real
orthogonal design in (2.31) as


Gc,4





# 
"


G4

=
=

G∗4







x1
−x2

x2

x3

x1 −x4

−x3

x4

x1

−x4 −x3

x2

x∗1
−x∗2
−x∗3
−x∗4

x∗2
x∗1
x∗4
−x∗3

x∗3
−x∗4
x∗1

x∗2

x4




x3 

−x2 


x1 
.
x∗4 


∗
x3 

−x∗2 

∗
x1

(2.32)

As before, the code C c,4 can be obtained substituting xi by the data symbols
si in Gc,4 . In this code, transmitting each row at a time, 8 symbols intervals are
needed to transmit 4 symbols, therefore giving a rate R = 1/2 symbol/channel used,
i.e., half of the maximum rate permitted by the STC theory. Complex STBC of R
= 1/2 achieving full diversity can"be built#for any number of transmit antennas nT
GnT
from real STBC using Gc,nT =
.
G∗nT
It has been shown that complex STBC having full symbol rate (i.e., R = 1)
only exist for nT = 2, i.e., the Alamouti code. In this sense, the Alamouti codes is
unique. Codes that achieve a rate R = 3/4 with complex constellations have been
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found with nT = 3 and nT = 4 [114].

2.5 MIMO systems in frequency selective channels
So far we have considered flat fading channels. In this section, in addition to
showing how to extend MIMO detectors to frequency selective channels, we also
introduce a new class of linear detectors, namely lattice-reduction-aided (LRA)
detectors.

2.5.1

MIMO Frequency Selective System Model

An apparent disadvantage of single-carrier based MIMO systems in frequency selective channels is the fact that the computational complexity of the receiver (either
a vector-MLSE or a multi-channel equalizer) will in general be very high. The use
of orthogonal frequency division multiplexing (OFDM) alleviates this problem by
turning the frequency-selective MIMO channel into a set of parallel narrowband
MIMO channels [17, 98], which greatly simplifies the equalization process.
For the equivalent narrowband detection process, although the performance of
the ML receiver is optimal, its complexity is very high. A number of other detectors, offer substantially lower complexity, but their performance is significantly
worse. This section shows that a class of lattice-reduction-aided (LRA) receivers
in MIMO-OFDM systems can achieve near maximum likelihood detector performance with low complexity. We extend the LRA receiver technique proposed in
[133], applicable for a 2 × 2 system, to a general nR × nT system, where nR ≥ nT .

It will be shown that particularly with higher order constellations and when the

channel is correlated, LRA significantly outperforms other suboptimal detectors in
terms of BER.
Consider the equivalent discrete time baseband model for the MIMO-OFDM
system shown in Figure 2.15 having Nc carriers, nT transmit antennas, and nR receive antennas. Assuming that xv [t] is the output of the parallel-to-serial converter
at the v-th transmit antenna at time t, the signal received at the m-th antenna can
be written as
rm [t] =

nT L−1
X
Xr ρ
hm,v [l]xv [t − l] + wm [t],
nT

(2.33)

v=1 l=0

where ρ is the received signal to noise ratio (SNR), wm [t] is the noise observed at
the m-th receive antenna, distributed as Nc (0, 1) and hm,v [l] represents the com30
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Figure 2.15: The block diagram of MIMO-OFDM transceiver.
plex channel gain between the v-th transmit antenna and the m-th receive antenna
2 ) with
for the l-th path, where l = 1, . . . , L − 1. We consider hm,v [l] ∼ Nc (0, σh,l
PL−1 2
l=0 σh,l = 1.

Denoting r[t] = [r1 [t], . . . , rnR [t]]T , x[t] = [x1 [t], . . . , xnT [t]]T , and w[t] =

[w1 [t], w2 [t], . . . , wnR [t]]T , we can rewrite (2.33) as
r[t] =

L−1
Xr
l=0

ρ
H l x[t − l] + w[t],
nT

(2.34)

where the elements of the (nR × nT ) matrix [H l ]m,v = hm,v [l].

The MIMO-OFDM structure is one way to avoid the complexity of time do-

main equalization to recover the transmitted signal in (2.34). MIMO-OFDM converts a frequency selective channel into a set of Nc parallel frequency flat channels
with Nc subcarriers [17, 98]. In MIMO-OFDM systems, the transmitted signal
at the v-th transmit antenna, xv [t], is generated by the IFFT of Nc data symbols
(1)

(Nc )

sv [i], . . . , sv

(k)

[i], where sv [i] is the input data on the v-th antenna on the k-th

subcarrier. A cyclic prefix (CP) is pre-appended at each block of the IFFT output
as shown in Figure 2.15. The receiver at each antenna discards the CP from rm [t]
and passes the remaining Nc samples to the FFT block. If the length of the CP,
B ≥ L − 1, then the system in (2.34) during the i-th MIMO-OFDM symbol can
be written as

y

(k)

[i] =

r

ρ
H (k) s(k) [i] + n(k) [i],
nT

(2.35)

where the equivalent flat fading matrix H (k) corresponding to the k-th subcarrier
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is denoted as
L−1
1 X
H (k) = H(ej2πk/Nc ) = √
H l e−j2πlk/Nc ,
Nc l=0

(2.36)

and s(k) [i] consists of the input data symbols of all the nT transmit antennas,
n(k) [i] is the noise at the k-th output of the FFT blocks at each of the nR receive antennas. Owing to the OFDM operations, ISI is avoided and for notational
convenience, we will drop the time index i in the remainder of this section, i.e.,
(k)

(k)

(k)

(k)

(k)

(k)

s(k) [i] = [s1 , . . . , snT ]T , n(k) = [n1 , . . . , nnR ]T , and y (k) = [y1 , . . . , ynR ]T .
The MIMO-OFDM symbol has a duration T equal to Nc + B samples of the time
domain signal xv [t].

2.5.2

Correlated Channel Model in Frequency Selective Channels

Consider that there is no line of sight between the transmit and receive antennas.
Also assume that all the signals reflected from one cluster of scattering objects
and arriving at the receiver can be considered as having undergone one path of
the multipath channel as shown in Figure 2.16. If the angular spread aRx
of the
l
arriving rays corresponding to one path/cluster is not large enough or if the distance
between the antennas, d is not sufficient, the signals arriving at different receive
antennas will be correlated. Similar arguments apply to the transmit antennas.
Consider the matrix H l whose entries hm,v [l] represent the complex channel
gains between the v-th transmit and m-th receive antenna for the l-th path. When
the channels are correlated at either the transmitter or the receiver sides, the elements of H l cannot be considered as independent and in a similar manner that
previously presented in section 2.2.2 the channel matrix response for the l-th transmission path can be modeled as [17]
1/2

1/2

H l = Rr,l H w,l Rt,l ,

(2.37)

where H w,l is an uncorrelated nR × nT matrix with i.i.d. entries, Rt,l is an nT ×
nT transmit covariance matrix for the l-th path corresponding to the correlation

between transmit antennas, and Rr,l is an nR ×nR receive covariance matrix for the

l-th path. Note that when the l-th path is uncorrelated at the transmitter(receiver),
Rt,l = I(Rr,l = I).
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Tx

cluster of
scatterers

a 0 Rx

a 0 Tx
f 0 Rx
Rx
d

Figure 2.16: Geometry of the scattering scenario with L = 3 paths.

2.5.3

Basic Linear Receivers

Consider the received signal vector on the k-th OFDM carrier in (2.35). For this
model, any of the BLAST detectors described in Section 2.3.1 can be applied.
However, let us describe more simple receivers, namely linear detectors.
In a linear receiver, the received signal vector y (k) in the k-th carrier is linearly
transformed by a matrix equalizer G(k) which basically undoes the effects of the
channel to obtain
r (k) = G(k) y (k) =

r

ρ (k) (k) (k)
G H s + G(k) w(k) ,
nT

(2.38)

which is later quantized to obtain an estimate of the transmitted symbol vector, i.e.,
ŝ(k) = Q(r (k) ). The whole process is shown in Figure 2.17. The matrix equalizer
G(k) can be computed according to different
q criteria. For the zero-forcing (ZF)
(k)
criterion, the equalizer is given by G = nρT H (k)† , where H (k)† denotes the
pseudo-inverse. The ZF criterion suffers from noise enhancement since it focuses
on cancelling the effects of the channel response at the expense of enhancing the
noise, possibly significantly. On the other hand, the minimum mean-square error
³ 2
´−1
q
(MMSE) linear equalizer, G(k) = σs2 nρT H H σnsTρ H (k) H (k)H + σn2 I MR
,
minimizes the error due to the noise and the interference combined. The nonlin-

ear BLAST receivers described in previous Section 2.3.1 offer better performance
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than linear receivers with a moderate increase in complexity. However, the performance of these receivers is far away from the much more complex ML receivers,
especially in correlated channel scenarios.

n(k)
s(k)
TX

y(k)

H(k)

r(k)

G(k)

+

slicer

Q(r(k))

ŝ(k)

Figure 2.17: Traditional linear receiver.

2.5.4

Lattice-Reduction-Aided Receivers

Constellation, Lattices, and Basis Change
Let us first consider a real-valued MIMO-OFDM system with nT =nR =2 antennas,
(k)

(k)

where the transmitted symbols s1 and s2 belong to a 2N +1-PAM constellation,
(k)

∈ {−N, −N + 1, . . . , 0, . . . , N − 1, N }. Assume
" that
# the channel matrix
2 3
(k)
(k)
. Then, the received
for the k-th OFDM carrier is H (k) = [h1 , h2 ] =
1 2
constellation will consist of a lattice of linear combinations of the columns of H (k) ,
i.e. si

(k)

(k)

i.e., H (k) s(k) = s1 [2, 1]T + s2 [3, 2]T . As shown in Figure 2.18, due to the
equalizing operation and the direction of the basis vectors, the decision regions can
be seen as parallelograms described by the columns of H (k) [133]. In this case,
(k)

(k)

it can be seen that when the angle between h1 and h2 is very narrow (i.e., the
vectors are correlated), a small amount of noise can make a received symbol fall
out of the decision region and cause the decoder to make a wrong decision [133].
The idea proposed in [133] is to change the original basis H (k) to a new basis
representing the same lattice in which its column vectors are less correlated, then
decode the symbols in the new basis, and finally transform the decoded symbols
into the original basis. All of these operations need to performed at the receiver.
′(k)

For example, as can be seen in Figure 2.19, the new basis, h1
to orthogonal as compared to

(k)
h1

and

(k)
h2 ,

′(k)

and h2

is closer

and yet still generate the same lattice

with better decision regions. Thus, with the new basis, the decision regions are
more robust against noise and interference. In this section, we propose an extension
of a reduction technique which first appeared in [133] for 2×2 systems, to a general
nR × nT system.
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h2(k)
h1(k)

Figure 2.18: Original basis and decision regions.

h 2(k)
h'2(k)
h1(k)
h'1(k)

Figure 2.19: Original and new bases.
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Theorem 1 [133]: If H is a basis of a lattice, H ′ = HP is also a basis of the
same lattice if P and P −1 have integer (possibly complex) entries.
For the problem in hand, the objective is to find a change of basis P (k) which
transforms H (k) into H ′(k) , for k = 0, . . . , Nc − 1 such that the decision regions

for a specific lattice and decoder are more robust against noise and interference.
LRA Receiver

For general nT complex vectors and QAM input symbols, an input symbol vector of the k-th carrier represented by s(k) in the original basis with elements in ZC ,
where ZC is the set of complex integers, can be represented by z (k) = (P (k) )−1 s(k)
in the new reduced basis. We can assume that the received vector y (k) in (2.35) is
already represented in the new reduced basis since
r
ρ
(k)
H ′(k) z (k) + n(k) .
y
=
nT
Now H ′(k) = H (k) P (k) , and so for the ZF receiver where G(k) =
(2.38) can be written as
r
ρ (k) (k) (k) (k)
(k)
r =
G H P z + G(k) n(k) .
nT

(2.39)
q

nT
ρ

(H (k) P (k) )† ,

(2.40)

The estimate of z (k) is ẑ (k) = Q(r (k) ). Since the lattice points consist of elements

in ZC , the quantization consist of a rounding operation whereby the real and imaginary parts are rounded separately. Finally, ẑ (k) is transformed to its original basis
by performing the operation ŝ(k) = P (k) ẑ (k) .
To use the lattice theory and the decoding operation in (2.40), the original
points in the constellation are required to consist of symbols in ZC . Note that
the origin [0, . . . , 0]T also belongs to the lattice. Since ordinary QAM constellations consist neither of contiguous integers nor contain the origin, it is necessary to scale and shift the original constellation. In this section, we consider
√
√
(k)
M -QAM constellations such that ℜ{sj } ∈ {− M + 1, . . . , M − 1} and
√
√
(k)
ℑ{sj } ∈ {− M + 1, . . . , M − 1}, thus, to convert the symbols into contigu′(k)

ous integers sj , we can shift the original constellation by d = [1 + i, . . . , 1 + i]T

and scale by 1/2. Since the transmitter might not know the type of receivers used,
the scaling and shifting operations have to be done at the receiver.
Assuming the shifted and scaled constellation s′(k) is transmitted, the received
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signal vector is
y

′(k)

=

r

ρ
H (k) s′(k) =
nT

r

i
ρ
1h
H (k) s(k) + d .
nT
2

(2.41)

In terms of the signal received when the data bits are transmitted using the original
constellation, y (k) , (2.41) can be rewritten as:
r
ρ
1
1
H (k) d.
y ′(k) = y (k) +
2
2 nT

(2.42)

To summarize, combining (2.40) and (2.42), the operations at the receiver consist
H(k)P(k)

= pseudo-inverse

(k)

n
s(k)
TX

(k)
1 z
P(k)

y(k)

H(k) ' H(k)P(k)

+

r(k)
shift &
scale

H(k) =H(k) ' P(k)-1

H(k)P(k)

P

slicer

(k)

undo
shift &
scale

ŝ(k)

LRA receiver operations

Figure 2.20: LRA linear receiver.
of two steps as shown in Figure 2.20: (a) scaling, shifting, and equalizing in the
new basis
r (k) =

r
r
i
nT ³ (k) (k) ´† 1 h
ρ
ρ
H P
H (k) s(k) + n
(H (k) d) , (2.43)
ρ
2
nT
nT
{z
}|
{z
}
{z
} |{z} |
|
r

equalize in new basis

scale

rx signal-y

shift

and (b) slicing, returning to the original basis, and undoing the scaling and shifting
as
ŝ = 2P (k) Q(r (k) ) − d.

(2.44)

Note that the slicing Q(·) is a rounding operation since the symbols in the lattice
belong to ZC . In general, LRA receivers are expected to have better performance
than traditional linear receivers, especially in realistic communication systems scenarios, where the channel and therefore the column vectors are correlated to some
degree. When the columns or rows of H (k) are correlated, the inversion of channel
matrix H (k) in the ZF equalizer may enhance the noise significantly.
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2.5.5

Basis Reduction Algorithm
(k)

(k)

Given the columns of H (k) , i.e., h1 , . . . , hnT are the basis of the lattice for the kth OFDM carrier, let us consider the problem of finding a good change of basis P
(k)
(k)
′(k)
′(k)
to transform h1 , . . . , h2 into h1 , . . . , hnT as illustrated in Figure 2.19 for the
case of 2 transmit antennas. This problem is known as the basis reduction problem
and borrows the ideas from Gram-Schmidt orthogonalization.
We first give an overview of the Gauss basis reduction algorithm limited to rank
nT = 2 which is used in [133]. The reduction algorithm uses a method similar to
(k)
(k)
the Gram-Schmidt orthogonalization. Assume that h1 and h2 are a basis of
(k)
(k)
(k)H (k)
the lattice. Define the Euclidean inner product as hh1 , h2 i = h1 h2 and
(k)
(k)
consider the Euclidean norm. Assuming that kh1 k < kh2 k, the basis reduction
algorithm does operations in the basis vectors of the form
(k)

(k)

(k)

h2 = h1 − µh2 ,

(2.45)

which yields a different basis for the same lattice if µ ∈ ZC . Since the purpose of
the lattice reduction is to make lattice basis vectors as close to orthogonal as possible, Gram-Schmidt orthogonalization can be used to find µ with the further con(k)
(k)
straint µ ∈ ZC . The ideal Gram-Schmidt orthogonalization, uses µ′ = hh1(k) ,h2(k) i
hh1 ,h2 i
but this operation would change the lattice since µ′ is not in ZC . The weakly
reduced Gram-Schmidt orthogonalization, uses an integer rounding of the ideal
Gram-Schmidt coefficient as µ = ⌊µ′ ⌉ where real and imaginary parts of complex numbers are rounded separately. Using a weak reduction, the lattice remains
(k)
(k)
(k)
(k)
the same. Once h2 has been reduced with respect to h1 , if h2 < h1
(k)
(k)
we have the possibility of reducing h1 with respect to the new h2 . We first
(k)
(k)
swap h1 and h2 . This second reduction will occur if such µ exists, i.e., if
(k)
(k)
(k)
(k)
(k)
(k)
|ℜ{hh1 , h2 i}| > 12 kh1 k2 or |ℑ{hh1 , h2 i}| > 21 kh1 k2 . The algorithm
repeats this process until no more reduction is possible. As an example, for the
basis given in Figure 2.21 we give the two steps performed in the algorithm.

h2

h1

h1
h2

h1
h2

Initial state

Step 1

Step 2

Figure 2.21: Lattice basis reduction using the Gauss reduction algorithm.

38

2.5 MIMO systems in frequency selective channels
(k)

(k)

A notion of lattice reduction for a lattice basis h1 , ..., hnT of arbitrary rank
nT was proposed by Lenstra, Lenstra and Lovasz (LLL) [87]. It uses similar ideas
to the Gauss reduction algorithm. For a given δ, 41 < δ < 1, the LLL reduction
(k)

(k)

algorithm modifies an input basis h1 , ..., hnT so the output basis satisfies the
following δ-reduction properties
1
2

µu,i ≤

1 ≤ i < u ≤ nT ,

for

(2.46)

which guarantees that the next reduced vector cannot be further reduced with respect to the previously reduced vectors, and
(k)

(k)

δ · kĥi−1 k2 > kĥi
(k)

(k)

(k)

+ µi,i−1 ĥi−1 k2 ,

(2.47)

(k)

where the vectors ĥ1 , ..., ĥnT denote the Gram-Schmidt orthogonalization of the
output basis that can be obtained by the following recursion
(k)

ĥ1

(k)

ĥi

(k)

= h1 ,
(k)

= hi

−

i−1
X

(k)

µi,j ĥj

for i = 2, ..., nT ,

(2.48)

j=1

and the Gram-Schmidt coefficients, are equal to

µi,j

E
D (k)
(k)
ĥj , hi
= D (k) (k) E .
ĥj , ĥj

(2.49)

A possible implementation of the LLL algorithm to obtain the reduced basis is
given in Algorithm 3.
During the algorithm we keep two sets of vectors, namely the lattice reduced
(k)

(k)

(k)

(k)

basis vectors {h1 , ..., hu } and the Gram-Schmidt vectors {ĥ1 , ..., ĥu } (with
(k)
the corresponding Gram-Schmidt coefficients µu,i ) which are continuously updated. Note that only adjacent vectors hu−1 and hu may be exchanged. When
the rank is nT = 2 and δ = 1, Algorithm 3 is identical to the Gauss reduction algorithm used in [133]. Reduced bases with better properties can be obtained when
the constant δ is closer to one although the number of iterations of Algorithm 3
would increase. More efficient implementations of the algorithm can be found in
[105] and [106].
Other types of reduced bases are the Korkin-Kolotarev (KZ) basis [10, 73, 79],
the Minkowski basis [1, 62], the Seysen basis [80, 109] and hybrids [104] which
have different reduction criteria. These bases have in general slightly better prop39
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Algorithm 3 LLL lattice-reduction algorithm
(k)

(k)

INPUT: Lattice basis h1 = H (k) [:, 1], ..., hnT = H (k) [:, nT ] ∈
CnR and 14 < δ < 1
FOR k = 0, ..., Nc − 1 DO for each carrier
u=2
WHILE u ≤ nT DO
FOR i = u − 1, ...,
j 1 DO
m
(k)
(k)
(k)
(k)
hu = hu − µu,i hi ;
round real and imag separately
END FOR
(k)
Compute ĥu as in (2.48)
(k)

(k)

(k)

(k)

IF δkĥu−1 k2 > kĥu + µu,u−1 ĥu−1 k2 THEN
(k)

(k)

hu−1 ↔ hu (exchange)
u = max(u − 1, 2)
ELSE u = u + 1
END WHILE
END FOR
′
OUTPUT: Reduced lattice basis H (k)
′
P (k) defined as H (k) = H (k) P (k)

=

(k)

(k)

[h1 , ..., hnT ] and

erties although the reduction is more time consuming.
The performance of the LRA receivers will be closer to that of the ML receiver
as the size of the QAM constellation increases. This occurs because LRA treats
finite constellations as infinite and therefore, constellation points on the boundary
of the constellation that originally had less constellation neighbors, end up having the same number of neighbors as the internal constellation points. Hence, this
loss in performance will be smaller if the ratio of boundary constellation points
and internal points becomes smaller which occurs in high order QAM constellations (e.g., 64-QAM or 256-QAM). Moreover, it is known that the computational
complexity of the ML decoder in MIMO systems with large constellations or large
number of transmit antennas becomes prohibitive. Therefore, LRA decoders are
a good alternative when large order constellations or large number of transmit antennas are used. Note that the complexity of the LRA receivers has two parts: i)
computing the reduced basis of the lattice, and ii) implement the linear equalizer.
In quasi-static channels, the lattice is fixed during a long period of time, so the
basis reduction is performed just once and then the resulting basis is stored for
subsequent use. Thus, the complexity of solving i) is not of major concern.
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2.5.6

Simulation Results

The simulations presented in this section were conducted with Nc =16 OFDM
sub-carriers, 1000 symbols transmitted per carrier, nT =3 transmit antennas, nR =3
receive antennas, δ = 1, and a multipath channel with L=3 resolvable paths.
2 ),
The distribution of the multipath complex channel gains is hm,v [l] ∼ Nc (0, σh,l
2
2
for m = 1, . . . , nR and v = 1, . . . , nT with σh,0 = 0.44, σh,1 = 0.34, and
2 = 0.22. Channel noise is complex Gaussian with symmetric density function
σh,2
Nc (0, 1). An uncoded system is considered and Gray coding is used for all cases
(QPSK and 16-QAM). For the correlated channel case, scattering scenarios similar
to the ones suggested in the COST-259 model [7, 112] is used. The mean angle
of arrivals (AOA) at the transmitters are f0T x = 30o , f1T x = 45o and f2T x = 60o ,
and at receiver side are f0Rx = 50o , f1Rx = 70o , f2Rx = 100o . The rms angular
spread at the transmitters are aT0 x = 20o , aT1 x = 22o and aT2 x = 17o , and at the
o Rx
o
Rx
o
receivers, aRx
0 = 20 , a1 = 18 and a2 = 23 , respectively. Fifty independent
realizations are simulated for each SNR and the BER results are averaged.
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Figure 2.22: BER performance of a 3 × 3 system with QPSK modulation in an
uncorrelated channel.
Comparing Figures 2.22 to 2.25, it can be seen that the performance of the
LRA receivers approaches the ML receiver as the size of the QAM constellation
is increased. This occurs because the LRA treats finite constellations as infinite
and therefore, data points at the constellation boundary that originally have fewer
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Figure 2.23: BER performance of a 3 × 3 system with QPSK modulation in a
correlated channel.
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Figure 2.24: BER performance of a 3 × 3 system with 16-QAM modulation in an
uncorrelated channel.
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Figure 2.25: BER performance of a 3 × 3 system with 16-QAM modulation in a
correlated channel.
neighbours end up having the same number of neighbours as the internal constellation points [133]. Due to the high computational complexity of the ML receiver,
the LRA receiver is a promising alternative, especially if a large number of transmit
antennas and large constellation are used. Recall that for 3 antennas transmitting
16-QAM symbols, the ML receiver performs 4096 comparisons to decode each
symbol vector.
From Figures 2.23 and 2.25, it is observed that only the ML and LRA receivers
are robust against correlated channels whereas the performance of traditional linear and V-BLAST receivers is very poor. Since LRA receivers use basis which
are closer to orthogonal, there is less correlation between the columns of H ′(k) ,
k = 0, . . . , Nc − 1, as compared to the original H (k) , therefore it performs much
better than the linear receiver in correlated channel. It can be seen that the LRA
is an attractive method to improve the bit error rate performance when channel
correlation is high. For all of the cases considered, it can be seen that the LRA
and ML receivers achieve the same diversity order, where diversity is defined as
BER(ρ)
γ = − limρ→∞ log log
.
ρ
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2.6 Further Topics and Conclusions
In this chapter, we have discussed the huge increase in capacity that can be obtained
in rich scattering environments by using multiple antennas at the transmitter and
the receiver; and we have given an overview of the main classes of space-time techniques recently developed in the literature. In conclusion, the area of space-time
coding and signal processing is new, active and full of challenges. The following
is a list of some other important topics related to MIMO systems and space-time
coding and signal processing:
• Space-time trellis codes (STTC): An STTC is basically a trellis-coded modulation (TCM) code, which can be defined in terms of a trellis tree. Rather
than transmitting the output code symbols serially from a single transmitter antenna as in the traditional TCM scheme, in STTC all the output code
symbols at each time are transmitted simultaneously from multiple transmitter antennas. The first STTC communication system was proposed in [118].
Some design criteria and performance analysis for STTC in the presence of
channel estimation error are given in [117]. Some improved STTC codes
found by exhaustive computer search are given in [11].
• Differential space-time codes: Previous sections have assumed that the receiver has knowledge of the channel matrix before starting the detection algorithms. In some situations, this is not possible since no training symbols
are available. In some other situations, the channel changes so rapidly that
channel estimation is difficult or requires training symbols to be sent very
often. That is the reason why it is interesting to consider differential techniques that do not require estimation of the channel response neither at the
receiver nor at the transmitter. Differential STBC based on orthogonal designs are proposed in [67, 113] and those based on unitary group codes were
proposed in [66]. Similarly to the SISO case, differential decoding incurs a
performance penalty of about 3dB compared with coherent detection.
• Space-time precoding: The space-time coding schemes presented in this
chapter only require channel knowledge at the receiver. In some cases, channel status can be fedback to the transmitter or directly estimated by the transmitter such as in a TDD system. In such scenarios, the performance can be
improved if the transmitter uses this channel information. Different precoding schemes have been proposed in [102].
• MIMO antenna selection: Usually, the RF chain (amplifier, digital-to-analog
converters, etc.) in wireless devices is one of the most significant costs. A
promising approach for reducing the cost and complexity while retaining a
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reasonably large fraction of the high potential data rate of a MIMO system is
to employ a reduced number of RF chains at the receiver (or transmitter) and
attempt to optimally allocate each chain to one of a larger number of receive
(transmit) antennas. In this way, only the best set of antennas is used, while
the remaining antennas are not employed, thus reducing the number of RF
chains required. Different approaches to selecting those antennas have been
recently proposed in the literature [51, 52, 59, 103].
• MIMO applications in OFDM and CDMA systems: Code design criteria for
the MIMO OFDM systems are given in [89, 90], and specific code designs
are given in [18]. Moreover, MIMO coding and signal processing techniques
for code-division multiple-access (CDMA) systems are developed in [64,
100].
• Turbo processing for MIMO systems: Iterative or turbo demodulation and
decoding for coded BLAST or coded STC systems have been investigated in
[30, 55, 88, 90, 107, 120].
• Other space-time coding schemes: Other classes of codes are being developed for MIMO systems. As an example, linear dispersion (LD) codes [58]
can be used with any configuration of transmit and receive antennas and they
are designed to optimize the mutual information between the transmitted and
received signals. The LD codes can be decoded using any BLAST detection
algorithm. Moreover, layered space-time coding schemes are proposed in
[44, 116] and LAttice Space-Time codes have been proposed in [43].
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Chapter 3

MIMO Antenna Selection
3.1 Introduction
Multiple-input multiple-output (MIMO) systems can offer significant capacity gains
over traditional single-input single-output (SISO) systems [40, 119]. However,
multiple antennas require multiple RF chains which consist of amplifiers, analog
to digital converters, mixers, etc., that are typically very expensive. An approach
for reducing the cost while maintaining the high potential data rate of a MIMO system is to employ a reduced number of RF chains at the receiver (or transmitter) and
attempt to optimally allocate each chain to one of a larger number of receive (transmit) antennas which are usually cheaper elements. In this way, only the best set
of antennas is used, while the remaining antennas are not employed, thus reducing
the number of RF chains required.
Originally, antenna selection was proposed for systems having a single transmit
antenna and multiple antennas at the receiver employed for standard diversity purposes at the receiver [72, 129]. Recently, for multiple transmit and multiple receive
antennas several algorithms have been developed for selecting the optimal antenna
subset given a particular channel realization. In [95] it is proposed to select the
subset of transmit or receive antennas based on the maximum mutual information
criterion and [93] gives an upper bound on the capacity of a system with antenna
selection. A suboptimal algorithm that does not need to perform an exhaustive
search over all possible subsets is proposed in [46] and [53]. Antenna selection
algorithms that minimize the bit error rate (BER) of linear receivers in spatial multiplexing systems are presented in [59]. In [51], antenna selection algorithms are
proposed to minimize the symbol error rate when orthogonal space-time block coding is used in MIMO systems. Selection algorithms that only assume knowledge
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of the second order statistics of the MIMO channels are also presented in [49, 59].
Theoretical studies in [9] and [53] show that the diversity order achieved through
antenna selection is the same as that of the system using the whole set of antennas
in spatial multiplexing and space-time coding systems, which motivates the use of
antenna selection.
All the algorithms appeared in the literature assume perfect channel knowledge
to find the optimal antenna configuration. Moreover, these algorithms cannot naturally cope with time-varying channels. This chapter presents discrete stochastic
approximation algorithms for selecting the optimal antenna subset based on advanced discrete stochastic optimization techniques that can be found in the recent
operations research literature [5, 6, 28]. These techniques optimize an objective
function (e.g., maximum mutual information or minimum error rate) over a set of
feasible parameters (e.g., antenna subsets to be used) when the objective function
cannot be evaluated analytically but can only be estimated. The methods are in
the same spirit as traditional adaptive filtering algorithms, for example the least
mean-squares (LMS) algorithm in which at each iteration, the algorithms make
computationally simple updates to move towards a better solution. Consequently
the performance is successively improved until converging to the optimal solution.
But in this case, the parameters to be optimized take discrete values (i.e., antenna
indices to be used). In a similar manner to the continuous parameter case, the discrete adaptive algorithms asymptotically converge to the optimum solution. The
algorithms also have an attractive property, in that it can be proved that they spend
more time at the optimum value than at any other parameter value. In the transient
phase, the algorithms converge geometrically fast toward the vicinity of the optimum point [6]. These techniques have recently been applied to solve several other
problems in wireless communications [8, 74].
When the MIMO channel is time-varying, the optimal antenna subset is no
longer fixed. To cope with this situation we extend our proposed algorithms to
be able to track the time-varying optimal antenna configurations. The first of the
proposed adaptive algorithms uses a fixed step size which acts as a forgetting factor
to be able to track the optimal antenna subset. The motivation is the same as in the
adaptive filtering applications with a continuous parameter space, such as LMS,
in non-stationary environments, where the computation is distributed over time
enabling slowly varying dynamics to be tracked. The choice of the step-size value
has important effects in the tracking performance in terms of convergence rate and
stability. However, its value is difficult to select when the dynamics of the channel
are unknown. Hence, we may optimize the tracking performance by superimposing
an adaptive algorithm for the purpose of tuning the step-size parameter. Thus,
we propose a second adaptive algorithm comprising two cross-coupled adaptive
algorithms: (1) a discrete algorithm to adaptively select the best antenna subset
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and (2) a continuous algorithm to adaptively optimize the step size. This second
combination is attractive when the details of the underlying physical model of the
MIMO channel and its variability are unknown. To the best of our knowledge, such
adaptive discrete stochastic approximation algorithms are new and have not been
used previously for antenna selection.
In the final part of this chapter we consider new antenna selection criteria for
different MIMO configurations. The motivation for considering these scenarios is
that they permit the introduction of suboptimal fast (i.e., low complexity) antenna
selection algorithms based on greedy selection as was recently proposed for other
selection criteria in [46, 53]. That is, in the incremental greedy selection algorithms
we begin with the full set of antennas available and then remove one antenna per
step. In each step, the antenna with lowest contribution to the optimization of the
objective function of the system is removed. Similarly, we consider incremental
greedy selection algorithms in which we start without selecting any antenna and
at each step of the algorithm, a new antenna is added until enough antennas have
been selected.
The remainder of this chapter is organized as follows. In Section 3.2, the
MIMO system model with antenna selection is presented. We also formulate the
antenna selection problem as a discrete stochastic optimization problem. In Section 3.3, two general discrete stochastic optimization algorithms are presented and
their convergence properties are summarized. In Section 3.4, several antenna selection criteria are presented, including maximum mutual information, minimum
bound on error rate, maximum signal-to-noise ratio, and minimum error rate. The
performance of the corresponding stochastic approximation algorithms is demonstrated through several numerical examples. In Section 3.5, antenna selection in
time-varying channels is addressed. In Section 3.6, new antenna selection criteria are developed for different MIMO system configurations and their fast antenna
selection algorithm counterparts are also presented. Section 3.7 presents the conclusions.

3.2 System Description
3.2.1

MIMO System with Antenna Selection

Consider a MIMO system as shown in Figure 3.1 with nT transmit and nR receive
RF chains and suppose that there are NT ≥ nT transmit and NR ≥ nR receive
antennas. The channel is represented by an (NR × NT ) matrix H whose element
hij represents the complex gain of the channel between the jth transmit antenna
and the ith receive antenna. We assume a flat fading channel remaining constant
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over several bursts. In this chapter we first concentrate on antenna selection implemented only at the receiver and therefore NT = nT . The subset of nR ≤ NR
receive antennas to be employed is determined by the selection algorithm operating
¡ R¢
at the receiver which selects the optimal subset ω of all possible N
nR subsets of
nR receive antennas. More generally, antenna selection can also be implemented at
the transmitter with similar selection algorithms although the channel information
needs to be known at the transmitter side. This is the case when there exists a full
feedback channel so the receiver can return channel state information to the transmitter. In the case of limited feedback between the transmitter and the receiver,
the selection algorithm can be implemented at the receiver and only information
about the antenna indices to be used is fedback to the transmitter. Another situation where the selection algorithm is implemented at the transmitter occurs, for
example, when the system employs time-division duplex (TDD) transmission so
that both the uplink and downlink channels are reciprocal. In the case of antenna
selection at both sides of the transmission, the same selection algorithms can be
¡ R ¢¡NT ¢
used although the amount of possible solutions, N
nR
nT , increases dramatically.
We note that loading is generally implemented when the transmitter has knowledge
of the channel [102]. Therefore, if antenna selection is implemented at the transmitter, different optimality criteria will be considered to select the best antenna
subset.
h2,1
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Figure 3.1: Schematic representation of a MIMO system with antenna selection.
Denote H[ω] as the (nR × nT ) channel submatrix corresponding to the receive
antenna subset ω, i.e., rows of H corresponding to the selected antennas. The
corresponding received signal is then
y=

r

ρ
H[ω]s + n
nT

(3.1)

where s = [s1 , s2 , ..., snT ]T is the (nT ×1) transmitted signal vector, y = [y1 , y2 , ..., ynR ]T
is the (nR × 1) received signal vector, n is the (nR × 1) received noise vector, and
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ρ is the total signal-to-noise ratio independent of the number of transmit antennas.
The entries of n are i.i.d. circularly symmetric complex Gaussian variables with
unit variance, i.e., n
ni ∼ N
o c (0, 1). It is assumed that the transmitted symbols have
2
unit power, i.e., E |si | = 1.
For the problems that we are looking at in this paper, the receiver is required to
estimate the channel. One way to perform channel estimation at the receiver is to
use a training preamble [91]. Suppose each block of symbols comprises of T ≥ nT
MIMO training symbols s(1), s(2), ..., s(T ) which are used to probe the channel.
In our numerical examples we use T = 2, T = 4 or T = 6. The received signals
corresponding to these training symbols are
y(i) =

r

ρ
H[ω]s(i) + n(i),
nT

i = 1, 2, ..., T.

(3.2)

Denote Y = [y(1), y(2), ..., y(T )], S = [s(1), s(2), ..., s(T )] and N = [n(1), n(2), ..., n(T )].
Then (3.2) can be written as
Y =

r

ρ
H[ω]S + N
nT

(3.3)

and the maximum likelihood estimate of the channel matrix H[ω] is given by

Ĥ[ω] = arg

min
H ∈CnR ×nT

°2 r
°
r
°
°
ρ
nT
°Y −
=
Y S H (SS H )−1 .
HS °
°
°
nT
ρ

According to [91], the optimal training symbol sequence S that minimizes the
channel estimation error should satisfy
SS H = T · I nT .

(3.4)

In an uncorrelated MIMO channel, the channel estimates ĥi,j [ω] computed using
(3.4) with orthogonal training symbols are statistically independent Gaussian variables with [91]
³
nT ´
ĥi,j [ω] ∼ Nc hi,j [ω],
.
(3.5)
Tρ

3.2.2

Problem Statement

We now formulate the antenna selection problem as a discrete stochastic optimization problem. Denote each of the antenna subsets as ω = {Ant(1), Ant(2), ..., Ant(nR )}
(e.g., selecting the first, second and sixth antennas is equivalent to ω = {1, 2, 6}).
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¡ R¢
Denote the set of all P = N
nR possible antenna subsets as Ω = {ω1 , ω2 , ..., ωP }.
Then, the receiver selects one of the antenna subsets in Ω to optimize a certain
objective function Φ(H[ω]) according to some specific criterion, e.g., maximum
mutual information between the transmitter and the receiver, maximum signal-tonoise ratio or minimum error rate. Thus, the discrete optimization problem becomes
ω ∗ = arg max Φ(H[ω]),
(3.6)
ω∈Ω

where we use ω ∗ to denote the global maximizer of the objective function. In
practice, however, the exact value of the channel H[ω] is not available. Instead,
we typically have a noisy estimate Ĥ[ω] of the channel.
Suppose that at time n the receiver obtains an estimate of the channel, Ĥ[n, ω],
and computes a noisy estimate of the objective function Φ(H[ω]) denoted as φ[n, ω].
Given a sequence of i.i.d. random variables {φ[n, ω], n = 1, 2, ...}, if each φ[n, ω]
is an unbiased estimate of the objective function Φ(H[ω]), then (3.6) can be reformulated as the following discrete stochastic optimization problem
ω ∗ = arg max Φ(H[ω]) = arg max E {φ[n, ω]} .
ω∈Ω

ω∈Ω

(3.7)

Note that existing works on antenna selection assume perfect channel knowledge
and therefore treat deterministic combinatorial optimization problems. On the
other hand, we assume that only noisy estimates of the channel are available and
hence the corresponding antenna selection problem becomes a discrete stochastic
optimization problem. In what follows we first discuss a general discrete stochastic approximation method to solve the discrete stochastic optimization problem in
(3.7) and then we treat different forms of the objective function under different
criteria, e.g., maximum mutual information, minimum error rate, etc.

3.3 Discrete Stochastic Approximation Algorithms
There are several methods that can be used to solve the discrete stochastic optimization problem in (3.7). An inefficient method to solve (3.7) is to compute N
estimates of the objective function for each of the antenna subsets ω ∈ Ω and
compute an empirical average which approximates the exact value of the objective
function. That is, for each ω ∈ Ω compute
N
1 X
φ̂N (ω) =
φ[n, ω]
N
n=1
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and then perform and exhaustive search to find ω ∗ = maxω∈Ω {φ̂N (ω)}. Since for
any fixed ω ∈ Ω, {φ[n, ω]} is an i.i.d. sequence of random variables, by the strong
law of large numbers, φ̂N (ω) → E {φ[n, ω]} almost surely as N → ∞. Using the
finite number of antenna combinations in Ω implies that as N → ∞
arg max φ̂N (ω) → arg max E {φ[n, ω]} = arg max Φ(H[ω]).
ω∈Ω

ω∈Ω

ω∈Ω

(3.9)

Although the method can in principle find the optimal solution, it is highly inefficient from the antenna selection problem point of view. For each antenna subset in
Ω, N estimates of the objective function would need to be computed and hence it
¡ R¢
would need to be estimated N N
nR times in total. These computations are mostly
wasted in the sense that only the estimate corresponding to the optimal set ω ∗ is
eventually useful. Moreover, when the channel is time-varying, this method cannot
naturally track the time-varying optimum solution.
More efficient methods to solve (3.7) have been proposed in the operations research literature (see [6] for a survey). The ranking and selection methods, and
multiple comparison methods [63] can be used to solve the problem. However,
when the number of feasible solutions P increases (usually P > 20 antenna subsets), the complexity becomes prohibitive. More recently, a number of discrete
stochastic approximation algorithms haven been proposed to solve the problem in
(3.7), including simulated annealing type procedures [4], stochastic ruler [132],
and nested partition methods [110]. In this section, we construct iterative algorithms that resemble a stochastic approximation algorithm in the sense that they
generate a sequence of estimates of the solution where each new estimate is obtained from the previous one by taking a small step in a good direction toward the
global optimizer. In particular we present two different discrete stochastic approximation algorithms based on ideas in the recent operations research literature. The
most important property of the proposed algorithms is their self-learning capability – most of the computational effort is spent at the global or local optimizer of
the objective function. As we will show, an attractive property of these methods
is that they can be modified to track the optimum antenna subset in time-varying
scenarios.

3.3.1

Aggressive Discrete Stochastic Approximation Algorithm

We now present an aggressive stochastic approximation algorithm based on [5].
¡ R¢
We use the P = N
nR unit vectors as labels for the P possible antenna subsets,
i.e., ξ = {e1 , e2 , ..., eP }, where ei denotes the (P × 1) vector with a one in
the ith position and zeros elsewhere. At each iteration, the algorithm updates the
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h
iT
(P × 1) probability vector π[n] = π[n, 1], ..., π[n, P ] representing the state
P
occupation probabilities with elements π[n, i] ∈ [0, 1] and i π[n, i] = 1. Let
ω (n) be the antenna subset chosen at the n-th iteration. For notational simplicity,
it is convenient to map the sequence of antenna subsets {ω (n) } to the sequence
{D[n]} ∈ ξ of unit vectors where D[n] = ei if ω (n) = ωi , i = 1, ..., P .
Algorithm 3.1 Aggressive discrete stochastic approximation algorithm
2 Initialization
n⇐0

select initial antenna subset ω (0) ∈ Ω

set π[0, ω (0) ] = 1

set π[0, ω] = 0 for all ω 6= ω (0)
for n = 0, 1, ... do
2 Sampling and evaluation
given ω (n) at time n, obtain φ[n, ω (n) ]
choose another ω̃ (n) ∈ Ω\ω (n) uniformly

obtain an independent observation φ[n, ω̃ (n) ]
2 Acceptance
if φ[n, ω̃ (n) ] > φ[n, ω (n) ] then
set ω (n+1) = ω̃ (n)
else
ω (n+1) = ω (n)
end if
2 Adaptive filter for updating state occupation
probabilities
π[n + 1] = π[n] + µ[n + 1](D[n + 1] − π[n])
with the decreasing step size µ[n] = 1/n
2 Computing the maximum
if π[n + 1, ω (n+1) ] > π[n + 1, ω̂ (n) ] then
ω̂ (n+1) = ω (n+1)
else
set ω̂ (n+1) = ω̂ (n)
end if
end for
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We assume that in a realistic communications scenario, each iteration of the
above algorithm operates on a block of symbols comprising of T > 0 training symbols (see description above (3.2). These T training symbols are used to obtain the
channel estimates Ĥ[n, ω (n) ] and hence the noisy estimate of the cost φ[n, ω (n) ].
In our numerical examples, we use T = 2, T = 4 or T = 6. At the end of each
iteration, antenna subset ω̂ (n) will be selected for the next iteration.
In the Sampling and Evaluation step in Algorithm 3.1, the candidate
antenna subset ω̃ (n) is chosen uniformly from Ω\ω (n) . There are several variations for selecting a candidate antenna subset ω̃ (n) . One possibility is to select
a new antenna subset ω̃ (n) by replacing only one antenna in ω (n) . Define the
distance d(ω̃ (n) , ω (n) ) as the number of different antennas between the two antenna subsets ω̃ (n) and ω (n) . Hence, we can select ω̃ (n) ∈ Ω\ω (n) such that
d(ω̃ (n) , ω (n) ) = 1. More generally we can select a new subset ω̃ (n) with arbitrary distance d(ω̃ (n) , ω (n) ) = D, where 1 ≤ D ≤ min(nR , NR − nR ). Note that
any variation for selecting a candidate need to be taken into account to prove global
convergence.
To obtain the independent observations in the Sampling and Evaluation
step in Algorithm 3.1 we proceed as follows. At time n, we collect training symbols
to estimate the channel and compute φ[n, ω]. Now, collect other training symbols
from another antenna subset and compute φ[n, ω̃]. Therefore, φ[n, ω] and φ[n, ω̃]
are independent observations.
Remark: Heuristic variations of Sampling and Evaluation step with correlated observations. The above procedure of using independent samples to evaluate the objective function allows us to rigorously prove convergence and efficiency of the algorithm. Here we briefly discuss three heuristic variations of the
Sampling and Evaluation step that use correlated observations of the objective function. In numerical simulations we observed that these variations also
yield excellent results – however, due to the statistically correlated observations of
the objective function, the proof of convergence is intractable. The first possibility is to reuse same channel observation multiple times (i.e., use the same channel
estimate to compute several observations of the objective function under different
antenna configurations). Another heuristic variation is to incorporate the greedy
antenna selection solutions (note that this is another form of correlation) or reduce the dimension of the possible transition states (i.e., possible solutions) in the
Markov chain. A third possibility is to devise hybrid solutions based on a combination of Algorithm 3.1 and batch processing (e.g., exhaustive search based on
noisy channel estimates or greedy selections).
The sequence {ω (n) } generated by Algorithm 3.1 is a Markov chain on the
state space Ω which is not expected to converge and may visit each element in Ω
infinitely often. On the other hand, under certain conditions the sequence {ω̂ (n) }
54

3.3 Discrete Stochastic Approximation Algorithms
converges almost surely to the global maximizer ω ∗ . Therefore, ω̂ (n) can be viewed
as an estimate at time n of the optimal antenna subset ω ∗ .
In the Adaptive filter for updating hstate occupation i
probabilities step in Algorithm 3.1, π[n] = π[n, 1], π[n, 2], ..., π[n, P ]
denotes the empirical state occupation probability at time n of the Markov chain
{ω (n) }. If we denote W (n) [ω] for each ω ∈ Ω as a counter of the number of times
the Markov chain has visited antenna subset ω (n) by time n, we can observe that
£
¤T
π[n] = n1 W (n) [ω1 ],...,W (n) [ωP ] . Hence, the algorithm chooses the antenna
subset which has been visited most often by the Markov chain {ω (n) } so far.
Global Convergence of Algorithm 3.1
A sufficient condition for Algorithm 3.1 to converge to the global maximizer of
the objective function Φ(H[ω]) is as follows [5]. For ω
e =
6 ω ∗ , ω 6= ω ∗ , and
independent observations φ[n, ω ∗ ], φ[n, ω
e ], φ[n, ω]
P r {φ[n, ω ∗ ] > φ[n, ω]} > P r {φ[n, ω] > φ[n, ω ∗ ]} ,

(3.10)

P r {φ[n, ω ∗ ] > φ[n, ω
e ]} > P r {φ[n, ω] > φ[n, ω
e ]} .

(3.11)

It is shown in [5] that if the conditions (3.10) and (3.11) are satisfied, the sequence
{ω (n) } is an homogeneous irreducible and aperiodic Markov chain with state space
Ω. Moreover, the sequence {ω̂ (n) } converges almost surely to ω ∗ in the sense
that the Markov chain {ω (n) } spends more time in ω ∗ than any other state. The
transition kernel for the Markov chain {ω (n) } is given by a transition probability
matrix K whose elements are given by
o
n
ki,j = P r ω (n+1) = ωj | ω (n) = ωi =
for all i, j ∈ {1, ..., P },
ki,i = 1 −

X

j∈{1,...,P },j6=i

1
P r {φ[n, ωj ] > φ[n, ωi ]}
|Ω| − 1
(3.12)

i 6= j, and
ki,j =

1
|Ω| − 1

X

j∈{1,...,P },j6=i

P r {φ[n, ωj ] ≤ φ[n, ωi ]}

(3.13)
for all i ∈ {1, ..., P } (assuming that the observations φ[n, ω] are independent for
all n and ω).
The two conditions in (3.10) and (3.11) basically state the conditions that the
Markov transition matrix defined in (3.12) and (3.13) need to satisfy. Condition
(3.10) states that kj,i > ki,j for ωi = ω ∗ and ωj 6= ω ∗ , i.e., it is more probable for
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the Markov chain to move into a state corresponding to ω ∗ from a state that does
not correspond to ω ∗ than in the other direction. And condition (3.11) states that
kj,i > kj,ℓ for ωi = ω ∗ and ωℓ 6= ω ∗ , ωj 6= ω ∗ , i.e., once the Markov chain is in
a state that does not correspond to ω ∗ , it is more probable to move into a state that
corresponds to ω ∗ than into any other state.
The major difficulty of Algorithm 3.1 is to choose estimators that can be proved
to satisfy properties (3.10) and (3.11). Next, we propose a conservative algorithm
that converges to the global optimizer of the objective function under less restrictive
conditions.

3.3.2

Conservative Discrete Stochastic Approximation Algorithm

Now, we present a conservative discrete stochastic approximation algorithm based
on ideas in [28] with less restrictive conditions for global convergence.
Algorithm 3.2 Conservative discrete stochastic approximation algorithm
2 Initialization
n⇐0

select initial antenna subset ω (0) ∈ Ω

Initialize P -dimensional vectors h[0], l[0] and k̄[0] to zero
for n = 0, 1, ... do
2 Sampling, evaluation and update
choose another ω̃ (n) ∈ Ω\ω (n) uniformly

obtain an independent observation φ[n, ω̃ (n) ] and update:
l[n + 1, ω̃ (n) ] = l[n, ω̃ (n) ] + φ[n, ω̃ (n) ]
k̄[n + 1, φ[n, ω̃ (n) ]] = k̄[n, φ[n, ω̃ (n) ]] + 1
h[n, φ[n, ω̃

(n)

]] = l[n+1, φ[n, ω̃

(n)

(Occupation time)

]]/k̄[n+1, φ[n, ω̃ (n) ]]

vector)
2 Acceptance
if h[n, ω̃ (n) ] > h[n, ω (n) ] then
set ω (n+1) = ω̃ (n)
else
ω (n+1) = ω (n)
end if
2 Update estimate of optimum subset
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(Accumulated cost)

(Average cost
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ω̂ (n+1) = ω (n+1)
end for

As in the Adaptive filter step of Algorithm 3.1, the Sampling, evaluation
and update step in Algorithm 3.2 can be rewritten as an adaptive algorithm
with a decreasing step size as: update the occupation time diagonal matrix K[·] as
K[n + 1] = K[n] + µ[n + 1](diag(D 1 [n], ..., D P ) − K[n]) and
³
´
h[n+1] = h[n]+µ[n+1]K −1 [n+1] φ[n, ω̃ (n) ]D[n] − diag(D 1 [n], ..., DP )h[n]
(3.14)
where as in Algorithm 3.1, µ[n] = 1/n, D[n] = ei if ω̃ (n) = ωi and D i [n] represents the ith component of D[n]. The (P × P )-dimensional matrix K[n] in (3.14)
is initialized to K[0] = I P . The conservative name refers to the convergence of
the Markov chain {ω (n) } in Algorithm 3.2 since the sequence {ω (n) } in Algorithm
3.1 is not expected to converge – in Algorithm 3.1 only {ω̂ (n) } converges. Note
that in Algorithm 3.2, we only require one estimate of the objective function per
iteration and in general, the complexity is similar to the one of Algorithm 3.1.
Global convergence of Algorithm 3.2
As proved in [28], a sufficient condition for Algorithm 3.2 to converge to the global
optimum is to use unbiased observations of the objective function.

3.4 Adaptive Antenna Selections Under Different Criteria
In this section we use the optimization algorithms to optimize four different objective functions Φ(H[ω]). These are (i) MIMO mutual information, (ii) bounds on
error rate, (iii) SNR, and (iv) error rate. Simulation results are provided in each
case to demonstrate the performance of the corresponding stochastic approximation algorithm.

3.4.1

Maximum MIMO Mutual Information

Assuming that the channel matrix H[ω] is known at the receiver, but not at the
transmitter, the mutual information between the transmitter and receiver is given
by [40, 119]
µ

I[ω] = log det I nT

¶
ρ
H
+
H [ω]H[ω] bit/s/Hz.
nT
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One criterion for selecting the antennas is to maximize the above mutual information, i.e., choosing the objective function Φ(H[ω]) = I[ω].
Aggressive Algorithm to optimize the mutual information
We now present an implementation of Algorithm 3.1 to find the maximum of the
mutual information in (3.15) using
µ

φ[n, ω] = log det I nT

¶
ρ
H
+
Ĥ[n, ω] Ĥ[n, ω] .
nT

(3.16)

Notes on convergence
To prove the convergence to the global optimum when we use (3.16) in Algorithm
3.1, we need to verify that conditions (3.10) and (3.11) are satisfied. We propose
the following result that will help us to verify these conditions.
Proposition 1 : The random variable in (3.16) can be accurately approximated by
the Gaussian distribution
¡
¢
φ[n, ω] ∼ N µIω , σI2ω ,

(3.17)

where
µIω

¶¾
½
µ
ρ
H
Ĥ[n, ω] Ĥ[n, ω]
= E ˆ log det I nT +
H
nT
s
X
etr(Λ[ω])
=
det(Ψ(k)),
ln(2)(Γ(t − s + 1)s det(V )

(3.18)

k=1

with det(Ψ(k)), k = 1, ..., s are (s × s) matrices with entries
( R
∞

y t−i ln(1 + αy)e−y 0 F1 (t − s + 1, yλj [ω])dy, j = k
Γ(t − i + 1)1 F1 (t − i + 1, t − s + 1, λj [ω]),
j 6= k
(3.19)
where t = max(nT , nR ) and s = min(nT , nR ), α = nρT · nρTT = T1 , 0 <
λ1 [ω] < λ2 [ω] < ... < λs [ω] < ∞ are the non-zero ordered eigenvalues of
nT
H
T ρ H H, Λ[ω] = diag(λ1 [ω], ..., λs [ω]), V is an (s × s) matrix with determinant
det(V ) = Π1≤i<j≤s (λi [ω] − λj [ω]), 0 F1 (·, ·) is the generalized hypergeometric
P
zk
function defined in [[54], Eqn. (9.14.1)] as 0 F1 (a, z) = ∞
k=0 (a)k k! , Γ(·) is the
gamma function [[54], Eqn. (8.31.1)], 1 F1 (·, ·, ·) is the confluent hypergeometric
{Ψ(k)}i,j =

0
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function [[54], Eqn. (9.210.1)] defined as

1 F1 (a; b; z) =

∞
X
(a)k z k
k=0

(b)k k!

,

(3.20)

and (a)k = a(a + 1)...(a + k − 1) is the Pochhammer symbol. The second moment
of the estimator is
E{Îω2 } =

s
s X
X
etr(Λ[ω])
det(Ψ(k, l)),
ln2 (2)(Γ(t − s + 1)s det(V ) k=1 l=1

(3.21)

where det(Ψ(k, l)), k, l = 1, ..., s are (s × s) matrices with entries
 R∞
t−i 2
−y

 R0 y ln (1 + αy)e 0 F1 (t − s + 1, yλj [ω])dy, j = k = l
∞ t−i
{Ψ(k)}i,j =
ln(1 + αy)e−y 0 F1 (t − s + 1, yλj [ω])dy, j = k, orj = l; k 6= l
0 y

 Γ(t − i + 1) F (t − i + 1, t − s + 1, λ [ω]),
j=
6 k; j 6= l
1 1
j
(3.22)
and the variance in (3.17) can be computed as
σI2ω = E{Îω2 } − µ2Iω .

(3.23)

Proof: The channel estimate in (3.16) with³orthogonal ´training symbols in (3.4)
contains independent elements ĥij[ω] = Nc hij [ω], nTTρ . Therefore, the channel

estimate can be written as Ĥ[n, ω] = H[ω]+∆H[n, ω] which contains a constant
term H[ω] and a random complex Gaussian matrix ∆H[n, ω] of zero mean. Then,
the estimate of the mutual information function can be written as
µ
¶
ρ
φ[n, ω] = log det I nT +
(H[ω] + ∆H[n, ω])H (H[ω] + ∆H[n, ω]) ,
nT
(3.24)
which is equivalent to the mutual information of a Rician flat fading MIMO channel
with a non-zero mean matrix H[ω]. The expressions of the mean and variance of
the capacity of a non-iid Rician are derived in [71] which correspond to (3.18) and
(3.23) respectively.
¥
In particular, under the maximum mutual information criterion, we note that
the estimator in (3.16) has a positive bias, i.e., µIω > I[ω] in (3.15). This fact can
be also understood with the results in [71] and the parallelism of the estimate of the
mutual information computed with noisy channel estimates and capacity results of
the Rician channel. Moreover, it has been observed that although the estimator is
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biased,
if

I[ωi ] > I[ωk ],

then µIωi > µIωk , ∀i, k ∈ {1, ..., P },

(3.25)

which again can be intuitively deduced with the parallelism with a Rician channel.
To prove the convergence to the global optimum using (3.16) in Algorithm 3.1,
we still need to verify that conditions (3.10) and (3.11) are satisfied. Consider three
different antenna subsets ωi = ω ∗ and ωl , ωj ∈ {Ω\ω ∗ }. From (3.16) and (3.17),
we have independent random variables φ[n, ωi ] ∼ N (µIωi , σI2ω ), φ[n, ωj ] ∼ N (µIωj , σI2ω )
j

i

and φ[n, ωl ] ∼ N (µIωl , σI2ω ). Condition (3.10) can be written as
l

P r (φ[n, ωi ] − φ[n, ωj ] > 0) > P r (φ[n, ωj ] − φ[n, ωi ] > 0) ,

(3.26)

and since samples of φ are independent and Gaussian distributed, (3.26) is equivalent to
³ ³
´
´
³ ³
´
´
P r N µIωi − µIωj , σI2ω + σI2ω > 0 > P r N µIωj − µIωi , σI2ω + σI2ω > 0 .
i
j
j
i
(3.27)
From (3.25) we have max{µIωi , µIωj , µIωl } = µIωi which implies (µIωi −µIωj ) >
(µIωj − µIωi ). Therefore (3.26) holds since both terms have the same variance.
Consider now condition (3.11). We can express it as
³ ³
´
´
³ ³
´
´
P r N µIωi − µIωj , σI2ω + σI2ω > 0 > P r N µIωl − µIωj , σI2ω + σI2ω > 0 ,
j

i

l

j

which can be rewritten as
P r (φ[n, ωi ] − φ[n, ωj ] > 0) > P r (φ[n, ωl ] − φ[n, ωj ] > 0) ,

(3.28)

that is equivalent to
µIω − µIωj
µIω − µIωj
q i
>q l
.
σI2ω + σI2ω
σI2ω + σI2ω
i

j

l

(3.29)

j

The inequality in (3.29) has been observed to hold after extensive simulations using
the expressions of the mean and the variance given in (3.18) and (3.23) respectively.
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Conservative algorithm to optimize the mutual information
We now present an implementation of the conservative algorithm and prove that it
converges to the global maximum of the mutual information in (3.15). Since the
logarithm is a monotonically increasing function, the antenna subset ω ∗ maximizing log det(·) is identical to that maximizing det(·).
In the Sampling, evaluation and update step of Algorithm 3.2 choose
µ
¶
ρ
H
φ[n, ω] = det I nT +
Ĥ [n, ω]Ĥ 2 [n, ω] ,
nT 1

(3.30)

where the channel estimates Ĥ 1 [n, ω] and Ĥ 2 [n, ω] are obtained from independent
training blocks. We consider the case in which Ĥ 1 [n, ω] and Ĥ 2 [n, ω] satisfy
(3.5).
Theorem 2 With φ[n, ω] computed according to (3.30), the sequence {ω̂ (n) } generated by Algorithm 3.2 converges to the antenna subset ω ∗ corresponding to the
global maximizer of the MIMO mutual information in (3.15).
Proof: To prove global convergence, we only need to show that φ[n, ω] of (3.30)
is unbiased, which is proved in Appendix A.
To reduce the training symbols needed to estimate the channel in Algorithm
3.2, in practical systems we can use a single sample of the channel Ĥ 1 [n, ω] and
choose
¶
µ
ρ
H
Ĥ 1 [n, ω] Ĥ 1 [n, ω] .
(3.31)
φ[n, ω] = det I nT +
nT
Although this sample is biased, numerical results can show that Algorithm 3.2 still
converges to the global optimum.
Simulation Results
We consider the performance of Algorithm 3.1 which selects the antenna subset
maximizing the MIMO mutual information using (3.31) as an estimate of the objective function. We consider nT = 2, NR = 8 and nR = 4 antennas. We use
the ML channel estimate in (3.4) with T = 4 orthogonal training symbols. We set
ρ = 10dB. The (NR × nT ) channel H is randomly generated and fixed during the
whole simulation. The initial antenna subset was randomly selected. From a practical point of view, there are several variations for selecting ω (0) . For instance, based
on a noisy channel estimate, select the antenna subset whose matrix Ĥ[0, ω (0) ] has
maximum Frobenius norm. Figure 3.2 shows one run of the algorithm. In the same
figure we show the mutual information of the best antenna subset and the worst
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¡¢
antenna subset, as well as the median mutual information among the 84 = 70 antenna configurations, found by exhaustive search. Next, in Figure 3.3 we consider
700 iterations per execution and we average the mutual information of the antenna
subset selected at all iterations over 1000 channel realizations. In the same figure
we also show the performance of Algorithm 3.2. It is seen that in the transient
phase, Algorithm 3.2 has slightly better convergence behavior than Algorithm 3.1
although in the long term, Algorithm 3.1 performs better. From both figures, it is
seen that the algorithms adaptively move to the best antenna subset. We observe
that although the algorithms take some time to converge to the optimal antenna
subset, they move very fast to an antenna subset inducing high MIMO mutual information.
Mutual Information value of chosen antenna set vs iteration number
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: mutual info of chosen antenna set
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: mean mutual info
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Figure 3.2: Single run of Algorithm 3.1: mutual information value of the chosen
antenna subset versus iteration number n.
From a practical point of view, instead of initializing the algorithm by choosing
a random antenna subset, there are several variations for selecting ω (0) to avoid the
initial transient phase (i.e., hot start initialization). For instance, based on a noisy
channel estimate, select the antenna subset whose matrix Ĥ[0, ω (0) ] has maximum
Frobenius norm (i.e., select the antennas that receive maximum power). Consider
a system with NR = 5, nT = nR = 2, T = 4, and SNR= 6dB. Figure 3.4
shows the average mutual information over 100 initial channel realizations versus
the iteration number with the hot start adaptive algorithm based on the maximum
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mutual info of chosen antenna set vs iteration number
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Figure 3.3: The average of the mutual information values of chosen antenna subsets
by Algorithm 3.1 and Algorithm 3.2 (over 3000 runs) versus iteration number n.
Frobenius norm initial selection. It is seen that from the very first iteration the
adaptive algorithm is close to the optimal solution. In the same figure we show the
mutual information of the antenna subset selected based on the maximum mutual
information criterion found by exhaustive search using noisy channel estimates.

3.4.2

Minimum Bounds on Error Rate

Consider the system in Figure 3.1 where the transmitted data s is multiplexed into
the nT transmit antennas. The input-output relationship is expressed in (3.1) where
in this case, the transmitted symbols si belong to a finite constellation A of size
|A|. The receive antennas see the superposition of all transmitted signals. The task
of the receiver is to recover the transmitted data s. The ML detection rule is given
by
°2
°
r
°
°
ρ
°
H[ω]s°
ŝ = arg min
(3.32)
y−
° .
°
n
s∈A T
nT
At high signal-to-noise ratio, we can upper bound the probability of error of the ML
detector using the union bound [59] which is a function of the squared minimum
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Mutual Information of chosen antenna set vs iteration number
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Figure 3.4: The average of the mutual information values of chosen antenna subsets
versus iteration number with a hot start adaptive algorithm.
distance d2min,r of the received constellation given by [60]
d2min,r [ω] =

min kH[ω] (si − sj )k2 .
si ,sj ∈AnT
si 6=sj

(3.33)

Therefore, minimizing the union bound on error probability is°equivalent to maxi°2
°
°
mizing d2min,r . In Algorithm 3.1, we use φ[n, ω] =
min n °Ĥ[n, ω] (si − sj )° .
T
si ,sj ∈A
si 6=sj
In Algorithm 3.2, we propose the following theorem.
Theorem 3 With
φ[n, ω] =

i
iH h
h
Ĥ 2 [n, ω] (si − sj )
min n Ĥ 1 [n, ω] (si − sj )
si ,sj ∈A T
si 6=sj

(3.34)

the sequence {ω̂ (n) } generated by Algorithm 3.2 converges to the global maximizer
ω ∗ of (3.33).
Proof: Applying similar arguments to the proof of Proposition 1 it follows that
the estimate of the objective function in (3.34) satisfies the requirements of global
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convergence specified by Algorithm 3.2.
To reduce the number of required training symbols in the implementation of
Algorithm 3.2, we can use a biased estimator of d2min,r [ω] using only one estimate
of the channel as in Algorithm 3.1.
Note that the computation of d2min,r [ω] is performed over |A|nT (|A|nT − 1)
possibilities for each antenna subset which can be prohibitive for large |A| or nT .
Let λmin [ω] be the smallest singular value of H[ω] and let the minimum squared
distance of the transmit constellation be d2min,t = min n k(si − sj )k2 . Then, it
si ,sj ∈A T
2
2
2
is shown in [60] that dmin,r [ω] ≥ λmin [ω]dmin,t . Therefore, a selection criterion
can be simplified to select the antenna subset ω ∈ Ω whose associated channel
matrix H[ω] has the largest minimum singular value. In our problem, based on an
estimate of the channel at time n we let φ[n, ω] = λ̂min [n, ω].
Simulation Results
We consider the performance of Algorithm 3.1 with NR = 10, nR = 2 (45 different antenna subsets) and nT = 2 with ML channel estimate and T = 2 orthogonal
training symbols. The channel H is assumed to be fixed during the whole run of
the algorithm and we set ρ = 10dB. We compare three antenna configuration: (a)
best antenna set: antenna set with maxωi (λmin [ωi ]); (b) worst antenna set: antenna
set with minωi (λmin [ωi ]); and (c) the antenna set chosen by the algorithm at iteration n, i.e., ω̂ (n) . Antenna sets (a) and (b) are found by an exhaustive search
assuming that the channel is perfectly known. We performed 90 iterations of the
algorithm. Figure 3.5 shows a single run of the algorithm. Figure 3.6 shows the
average of 100 runs of the algorithm over the same fixed channel H. It is observed
from the two figures that the algorithm converges and as in the maximum of the
mutual information case, it is seen that although it takes some time to converge, it
moves quite fast to an antenna subset whose channel has a high λmin .
It is important to point out that Algorithm 3.1 using the above cost functions
converges to the antenna subset which maximizes dmin,r or λmin . However, these
criteria do not necessarily minimize the bit error probability since they are based on
bounds. Actually, we can show situations in which both cases converge to different
antenna subsets and none of them correspond to the antenna subset minimizing the
bit error probability. The main reason for this is that the bound is tight only for
high signal-to-noise ratio. To observe this phenomenon we consider a system with
NR = 10, nR = 2, nT = 2, and ρ = 10dB. We average the BER of 30 different
channels realizations H and with each channel realization and each antenna subset
within the same channel we send 14000 QPSK symbols to compute the BER. Performing an exhaustive search (assuming perfect knowledge of the channel), we find
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λmin of the selected antenna subset matrix vs iteration number
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Figure 3.5: Single run of Algorithm 3.1: minimum singular value of the antenna
subset selected versus iteration number n.
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λmin of the selected antenna subset matrix vs iteration number
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Figure 3.6: The average (over 100 runs) of the minimum singular value of the
channel of the chosen antenna subsets versus iteration number n.
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the antenna subsets under each criterion. We observe that with the Imax criterion,
the antenna subset selected obtains a BER of 0.00054, with the λmin criterion the
BER is 0.00049, with the dmin,r criterion the BER is 0.00039, and the minimum
BER of all antenna subsets is 0.00035.

3.4.3

Maximum SNR

Linear receivers for the system in (3.1) are simpler receivers in which the received
vector y is linearly transformed to obtain
z = Gy =

r

ρ
GH[ω]s + Gn.
nT

(3.35)

For linear receivers, the symbol error probability is influenced by the post processing signal-to-noise ratio. For the minimum mean-square error (MMSE) receiver,
´−1
q ³
ρ
ρ
H
H H [ω]
after applying the equalizer matrix G = nT nT H [ω]H[ω] + I nT
the signal-to-noise ratio for each of the nT transmitted data streams can be expressed as [59]
(M M SE)

SNRi

[ω] = ³

1
ρ
nT

H H [ω]H[ω] + I nT

´−1 − 1

for i = 1, ..., nT .

ii

(3.36)

Correspondingly, in Algorithm 3.1 we set
´−1
³ ρ
H
.
Ĥ [n, ω]Ĥ[n, ω] + I nT
ii
i∈[1,nT ] nT

φ[n, ω] = max

(3.37)

q
nT
†
For the zero-forcing (ZF) receiver, G =
ρ H [ω], where † denotes the
pseudo-inverse. For each of the nT transmitted data streams, the signal-to-noise
ratio after applying the equalizer matrix G can be expressed as [59]
(ZF )

SNRi

[ω] =

ρ
¡ H
¢−1
nT H [ω]H[ω] ii

for

i = 1, ..., nT

(3.38)

and correspondingly, in Algorithm 3.1 we use
φ[n, ω] = max

i∈[1,nT ]

³

´−1
H
.
Ĥ [n, ω]Ĥ[n, ω]
ii

(3.39)

Another case of interest is when the orthogonal space-time block codes are
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employed. Using the coding and decoding algorithms in [3, 114], the receiver
signal-to-noise ratio of the data stream is given by [51]
SNR[ω] =

¡
¢
ρ
ρ
trace H H [ω]H[ω] =
kH[ω]k2F
nT
nT

(3.40)

where k·k2F indicates the Frobenius norm. Therefore, in Algorithm 3.1 we may use
°
°2
°
°
φ[n, ω] = °Ĥ[n, ω]° . With Algorithm 3.2, we propose the following theorem to
F
obtain an unbiased estimate of the objective function.
Theorem 4 With
i
h H
H
φ[n, ω] = trace Ĥ 1 [n, ω]Ĥ 2 [n, ω]

(3.41)

the sequence {ω̂ (n) } generated by Algorithm 3.2 converges to the global maximizer
of (3.40).
Proof: Applying similar arguments to the proof of Theorem 1 it follows that the
estimate of the objective function in (3.41) satisfies the requirements of global
convergence specified by Algorithm 3.2.

3.4.4

Minimum Error Rate

As shown in Section 4.2 for the ML receiver, the antenna subset chosen by the
different criteria based on bounds do not necessarily choose the antenna subset
minimizing the bit error rate (BER). In this section, we propose an antenna selection algorithm that directly minimizes the symbol or bit error rate of the system
under any type of receivers.
In the proposed method, a noisy estimate of the simulated error rate is used
as the cost function in the stochastic approximation algorithm instead of a noisy
estimate of a bound. The method proceeds as follows. Assume for example that
the ML decoding algorithm in (3.32) is used. At time n, estimate the channel
Ĥ[n, ω] with antenna subset ω. At the receiver, generate m fake random symbol
vectors S f = [sf (1), ..., sf (m)] with sf,k (i) ∈ A and perform a simulation of the
form
r
ρ
Ĥ[n, ω]S f + N
(3.42)
Yf =
nT
where the (nR × m) matrix N contains i.i.d. Nc (0, 1) samples. Perform the ML
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detection on (3.42) to obtain
°
°2
r
°
°
ρ
°
Ŝ f = arg min °Y f −
Ĥ[n, ω]S °
°
nT
S ∈AnT ×m

(3.43)

[ ω] by comparing Ŝ f and S f . In this way,
and estimate the bit error rate BER[n,
at time n, an estimate of the real BER[ω] has been obtained. Note that the noise
in the estimate of the BER is due to the error in the estimate of the channel and to
the limitation in the number of fake symbols used in the simulations. The number
of fake symbol vectors required to obtain a good estimate of the BER depends
on the signal-to-noise ratio ρ of the channel. For low signal-to-noise ratio, only
short fake sequences are needed. The estimated BER will become more accurate
as we increase the number m of the fake symbols although the complexity of the
algorithm will grow accordingly. Therefore, in Algorithm 3.1 we use φ[n, ω] =
[ ω] as an observation of the cost function.
−BER[n,
Note that the fake symbols sf are not actually sent through the channel. They
are merely generated at the receiver to estimate the BER. It is important to point
that this method uses an estimate of the BER and a closed-form BER expression is not needed, which makes it appealing for other receivers for which even
a tight bound is difficult to find. Among these receivers, we may cite the ordered
nulling and cancellation BLAST receivers [48]. Obviously, the same method can
be used in antenna selection for MIMO systems employing various space-time coding schemes. Moreover, it is straightforward to modify the algorithm to minimize
the symbol error rate or frame error rate as well.
The main disadvantage of this approach is that in the high SNR regime, the
BER can be very low and therefore, a large amount of fake symbols need to be
used if we want to obtain a good estimate of the BER. On the other hand, it has
been observed by simulations that the antenna subset having the minimum BER at
a SNR value ρ1 , corresponds to the antenna subset having the minimum BER for
a range of SNR values around ρ1 as long as there is not a large difference in the
SNR. Therefore, we can reduce the SNR of the simulation to find the best antenna
subset when the SNR is high. In this way, a smaller number of fake symbols will
be needed to obtain a good estimate of the error rate and the complexity can be
considerably reduced.
Simulation Results
To show the performance of this method in Algorithm 3.1 we consider first an
ML receiver. We use QPSK symbols and we consider NR = 6, nR = 2 (i.e.,
15 different antenna configurations) and nT = 2. The (NR × nT ) channel H
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is randomly generated and fixed during the whole simulation. We set ρ = 9dB
and we use T = 6 orthogonal training symbols to estimate the channel. Before
starting the algorithm, long simulations are performed assuming perfect channel
knowledge over all antenna configurations to find the BER associated with each
antenna subset (including the worst and best antenna subset). We run n = 60
iterations of the algorithm with m = 500 fake symbols per iteration. Figure 3.7
shows the BER of the antenna selected by the algorithm comparing it with the
median, the best and the worst BER. It is seen that the algorithm converges to
the optimal antenna subset. Moreover, it is observed that antenna selection at the
receiver can improve the BER by more than two orders of magnitude with respect
to the median BER even for such small values of the signal-to-noise ratio in the
channel.
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Figure 3.7: Single run of Algorithm 3.1: BER of the of the chosen antenna subset
versus iteration number n employing an ML receiver.
Now, we consider the performance of this method in a system employing the
ordered nulling and cancellation BLAST receiver. We consider the MMSE criterion for the nulling operation [48]. We use the same channel realization and system
parameters as in the ML case. Before starting the algorithm, long simulations are
performed assuming perfect channel knowledge over all antenna configurations to
find the BER associated with each antenna subset. We use 400 fake symbols per
iteration. Figure 3.8 shows the BER of the antenna selected by the algorithm and
we compare it with the median, the best and the worst BER. As in the ML case,
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Figure 3.8: Single run of Algorithm 3.1: BER of the of the chosen antenna subset
versus iteration number n in a system employing the ordered nulling (MMSE) and
cancellation BLAST receiver.
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Figure 3.9: The average of 2000 runs of the algorithm: Exact BER of the chosen
antenna subset versus iteration number n in a system employing the ordered nulling
(MMSE) and cancellation BLAST receiver.
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it is seen that the algorithm converges to the optimal antenna subset. Moreover, it
is observed that antenna selection at the receiver improves the BER by more than
two orders of magnitude with respect to the median BER.
We now consider the average of 2000 runs of the algorithm over a new channel realization employing the ordered nulling and cancellation BLAST receiver.
We set ρ = 9dB and we use T = 6 orthogonal training symbols to estimate the
channel. Before starting the algorithm, long simulations are performed assuming
perfect channel knowledge over all antenna configurations to find the exact BER
associated with each antenna subset. We consider four different implementations
of the algorithm depending on the length of the fake sequence m and the ρ used
in the simulations: (a) the simulation to estimate the BER at every iteration of the
algorithm is performed with the exact ρ of the channel and m = 500 fake symbols;
(b) to reduce the complexity, the simulation is performed with the exact SNR of the
channel ρ = 9dB but with only m = 20 fake symbols; (c) the SNR is reduced to
ρ = 5dB and m = 500 fake symbols are employed; and (d) the SNR is reduced to
ρ = 5dB and only m = 20 fake symbols are employed. In Figure 3.9, the average
of the exact BER selected by the algorithm at each iteration is plotted. In the same
figure we show the BER of the best antenna subset and worst antenna subset, as
well as the median BER among the 15 antenna configurations, found by exhaustive
search. It is seen that the algorithm moves towards the optimal antenna configuration in the four cases considered. Comparing the performance of cases (a) and
(b), we observe that (a) has a better convergence behavior because by using longer
fake sequences, the estimate of the BER is less noisy. Comparing the performance
of cases (a) and (d) we find that the behavior is very close although in (d) we have
reduced the complexity by more than one order of magnitude. Comparing the performance of (b) and (d), we observe that although (b) uses the real ρ of the channel
to estimate the BER, the behavior is worse. This result is due to the fact that at very
low values of the exact BER (i.e., high SNR) we cannot obtain a good estimate of
the BER with only m = 20 symbols. Moreover, we observe that case (c) has the
best performance since with m = 500 symbols we can have a better estimate of the
BER when the SNR is 5dB. However, although not plotted in the figure, if the number m of fake symbols became larger, the performance of (a) would become better
than the one of (c). In summary, we can reduce the complexity without incurring
in a convergence penalty by reducing the SNR of the simulations (assuming that
the SNR difference is not large) and using a shorter sequence of fake symbols m.
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3.5 Adaptive Algorithms for Antenna Selection in Timevarying Channels
In the previous section, we described discrete stochastic approximation algorithms
for antenna selection in static MIMO channels. Now we consider nonstationary
environments for which the optimum antenna subset takes on a time-varying form,
ω ∗ [n] ∈ Ω, since the MIMO channel is time-varying. Consequently, the MIMO
antenna selection algorithms should be able to track the best antenna subset if the
variation of the channel is slow for tracking to be feasible. The adaptive discrete
stochastic approximation algorithms proposed in this section are directly applicable
to any of the objective functions discussed in Section 4.

3.5.1

Fixed Step-size Discrete Stochastic Approximation Algorithm

In the static channel environment discussed in the previous section, in order for the
method to converge, it was necessary for the method to become progressively more
and more conservative as the number of iterations grew. Consequently, a decreasing step size, µ[n] = 1/n, was used, in order to avoid moving away from a promising point unless there was a strong evidence that the move will result in an improvement. In the time-varying case, we require a step size that permits moving away
from a state as the optimal antenna subset changes [74]. Therefore, to track the
optimal antenna subset, we replace the Adaptive filter for updating
state occupation probabilities step in Algorithm 3.1 by
π[n + 1] = π[n] + µ(D[n + 1] − π[n])

(3.44)

where 0 < µ ≤ 1. A fixed step size µ in (3.44) introduces an exponential forgetting
factor of the past occupation probabilities and allows to track slowly time-varying
optimal antenna subset ω ∗ [n]. The same arguments can be used to extend the
application of Algorithm 3.2 to time-varying channels by using a fixed step size µ
in (3.14).
For π[n] being a probability vector (i.e., the elements add 1 and are nonnegative) the step size must satisfy 0 < µ ≤ 1. Note that 1T (D[n + 1] + π[n]) = 0
implying that 1T π[n + 1] = 1T π[n] = 1. Expressing (3.44) as (1 − µ)π[n] +
µD[n+1] we observe that the elements of π[n+1] are non-negative, which proves
that π is a probability vector.
It has been observed that time-varying channels modify the optimal antenna
subset over the time although most of the antennas in the optimal antenna subset
remain the same. Hence, in time-varying channels, we can modify the Sampling
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and Evaluation step in Algorithm 3.1 to select a candidate solution ω̃ (n) uniformly from Θ\ω (n) where Θ is defined as the set of antenna subsets ω̃ (n) ∈ Ω such
that the distance d(ω̃ (n) , ω (n) ) = D, where we choose D < min(nR , NR − nR ).
Simulation Results
We demonstrate the tracking performance of this version of the algorithm under the
maximum mutual information criterion in time-varying channels. We use (3.31)
as an estimate of the objective function. We assume that each channel gain hi,j
between a transmit and receive antenna remains constant over τ frame intervals
(we assume that each frame interval corresponds to one iteration of the algorithm)
and follows a first order AR dynamics over τ written as
hi,j (t) = αhi,j (t − 1) + βυi,j (t)

i = 1, ..., NR

and j = 1, ..., NT

(3.45)

where α and β are the fixed parameters of the model related through β = (1 −
α2 )1/2 and υi,j ∼ Nc (0, 1). The parameter α can be related to the maximum
Doppler frequency fd as α = J0 (2πfd τ Tf ) where J0 (·) is the zeroth order Bessel
function of the first kind and Tf is the duration of one frame. In the simulations we
set α = 0.9, τ = 500 and the constant step size µ = 0.002. We consider NR = 12,
nR = 6 and nT = 2. We set ρ = 10dB and we use the ML channel estimate with
T = 6 orthogonal training symbols. It has also been observed that in most cases
d(ω ∗ [n], ω ∗ [n − τ ]) ≤ 2 and therefore we set D = 2. The tracking performance
of the algorithm is shown in Figure 3.10. The maximum, minimum and median
values of the mutual information as a function of time are also shown. It is seen
that the algorithm closely tracks the best antenna subset.

3.5.2

Adaptive Step-size Discrete Stochastic Approximation Algorithm

In the previous version of the algorithm, the choice of the fixed step size µ has
high influence in the performance of the algorithm. The faster the channel changes
or the further away of the current subset estimate of the optimal antenna subset,
the larger µ should be. On the other hand, the larger the effects of the observation
noise or the closer we are from the optimal antenna subset, the smaller µ should
be [76]. However, in practice, one does not know the dynamics of the channel in
advance.
In this section we present a method to adaptively adjust the step size µ[n] as the
algorithm evolves. In this way, at each iteration n, our stochastic approximation
algorithm has two estimation problems to contend with. The first is the estimation
of ω ∗ [n] and the second is the estimation of µ[n]. Since the µ[n] is a continuous
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variable, we can use an adaptive algorithm similar to the gradient descent algorithm
[14]. This underlying adaptive algorithm to adjust µ[n] would use estimates of the
derivative of the mean square error with respect to the step size µ. These ideas are
based on [14, 77] and have been further exploited in [74, 75].
Within this new framework, the estate occupation probability vector depends
on µ. Denote the mean-square derivative (∂/∂µ)π µ [n] by J µ [n], i.e.,

Define the error,

(¯
¯2 )
¯
¯ π µ+∆ [n] − π µ [n]
µ
= 0.
lim E ¯¯
− J [n]¯¯
∆→0
∆
eµ [n] = D[n + 1] − π µ [n]

(3.46)

(3.47)

and differentiate the square of the error with respect µ as
¢
∂ ¡ µ
e [n]eµ [n]T = −2 (D[n + 1] − π µ [n])T J µ [n].
∂µ

(3.48)

Next, differentiating π[n + 1] in (3.44) with respect to µ, yields
J µ [n + 1] = J µ [n] − µJ µ [n] + (D[n + 1] − π µ [n]) .

(3.49)

The proposed scheme aims to minimize the expectation of (3.47) by scaling µ[n]
depending on the error in (3.47). The following adaptive step-size discrete stochastic approximation algorithm is adopted as a modification of Algorithm 3.1.
Algorithm 3.3 Adaptive step-size discrete stochastic approximation algorithm
2 Initialization, Sampling, and Acceptance:

the same as Algorithm

3.1
2 Substitute the update of the state occupation probabilities
by
e[n]
π[n + 1]
µ[n + 1]
J [n + 1]

= D[n + 1] − π[n],
= π[n + 1] + µ[n]e[n],
©
ªµ+
=
µ[n] + ηeT [n]J [n] µ− ,

=

(1 − µ[n]) J [n] + e[n],

2 Compute the maximum:

J [0] = 0.

the same as Algorithm 3.1
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(3.50)

3.6 Fast Antenna Selection Algorithms
In the algorithm η denotes the learning rate. As η decreases, the rate of adaptation decreases. If the learning rate η = 0, then the algorithm reduces to the
denotes the projection of X onto the interval
fixed step-size algorithm. {X}µµ+
−
[µ− , µ+ ] with 0 < µ− ≤ µ+ . For fast speed of tracking and good transient behavior, one seeks µ+ as large as possible but not greater than the instability value. We
note that the sequence µ[n] will not go to zero unless the optimal antenna subset
remains constant.
We point out that Algorithm 3.3 is composed of three parts: (1) A random
search of a next candidate ω (n) over Ω; (2) a continuous adaptive LMS algorithm
which updates the step size µ[n]; and (3) a discrete adaptive algorithm that updates
the state probability vector π[n], where the last two adaptive algorithms are crosscoupled. Assuming that there is a unique local minimum µ∗ of E{keµ [n]k2 }, it can
be proved that µ[n] converges weakly to µ∗ , where we consider weak convergence
as a generalization of convergence in distribution [74].
An interesting feature of the algorithm is that it does not assume anything about
the dynamics of the problem. It self adapts to track the dynamics of the channel
and consequently, the best antenna subset ω ∗ [n].
Simulations Results
To demonstrate the performance of this version of the algorithm, we consider the
same system parameters as in Section 5.1. The bounds for the step size are chosen
as µ− = 0 and µ+ = 0.003 and the learning rate is set to ν = 0.0005. We
restrict the candidate solution to antenna subsets with D = 2. Figure 3.11 shows
the performance of the algorithm. The maximum, minimum and median values of
the mutual information as a function of time are also shown for comparison. It is
seen that the adaptive step-size algorithm has a better tracking performance than
the constant step-size algorithm.

3.6 Fast Antenna Selection Algorithms
3.6.1

Transmit antenna selection in linear receivers: geometrical approach

Next we consider transmit antenna subset selection in spatial multiplexing systems
and perfect CSI at the receiver. In particular, we propose selection algorithms
aiming to minimize the error rate when linear detectors are used at the receiver.
In [50], selection criteria have been proposed which attempt to minimize the error
rate when linear receivers are used. In that work, the signal-to-noise ratio prior to
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Figure 3.10: The mutual information values of the chosen antenna subsets versus
iteration number n (fixed step-size).
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Figure 3.11: The mutual information values of the chosen antenna subsets versus
iteration number n (adaptive step-size).
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the slicing operation is considered as the objective function to be optimized. In this
section, we propose a selection metric based upon the geometrical interpretation
of the decoding process in a linear receiver. This interpretation also permits us
to develop a suboptimal algorithm that yields a considerable complexity reduction
with only a small loss in performance.
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Figure 3.12: MIMO system with antenna selection at the transmitter.
Consider the system shown in Figure 3.12 with nT transmit and nR receive
RF chains. We assume that the receiver is equipped with equal number of antennas and RF chains whereas the transmitter is equipped with NT antenna elements.
Thus, the selection algorithm consists of selecting the best nT transmit antennas
¡ T¢
out of the N
nT different combinations according to certain optimization criterion.
The wireless channel is assumed to be quasi-static and flat fading and can be represented by a (nR × NT ) matrix H whose element hij represents the complex
gain of the channel between the j-th transmit antenna and the i-th receive antenna.
Denote each of the transmit antenna subsets as ωi = {Ant1 , ..., AntnT }. Define
¡ T¢
the set of all P = N
nT antenna subsets as Ω = {ω1 , ..., ωP } and denote H[ω] as
the (nR × nT ) submatrix corresponding to the columns of H selected by ω. We
assume that the channel state information is available at the receiver but not at the
transmitter. Thus, the selection algorithms are implemented at the receiver and the
antennas indices to be used are fedback to the transmitter assuming that there exists
a low rate link between the receiver and the transmitter.
In spatial multiplexing systems, different data streams are transmitted from different antennas. Assume that s = [s1 , ..., snT ]T is the transmitted symbol vector
with E{s∗i si } = 1. Then, the received
q signal when the transmit antenna subset
selected is ω can be expressed as y =

ρ
nT

H[ω]s + n, where y = [y1 , ..., ynR ] is

the received signal vector, n is the received noise vector distributed as Nc (0, I nR )
¯
and ρ is the total signal-to-noise ratio independent of the number of transmit an-
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tennas. In linear receivers, a spatial linear equalizer G[ω] is applied to recover the
transmitted symbolqvector. The equalizer can be optimized according to the ZF
criterion, G[ω] = nρT H[ω]† , where † denotes the pseudo-inverse, or the MMSE
q
criterion, G[ω] = nρT H[ω]H ( nρT H[ω]H[ω]H + I nR )−1 . Since at high signalto-noise ratio with antenna selection the MMSE solution tends to the ZF solution,
we will focus on the ZF solution. As has been shown in [133] and Chapter 2,
the decision regions in linear receivers consist of nT -dimensional complex parallelepipeds formed by the column vectors of H[ω]. Therefore, from a geometrical
perspective, we propose a simple transmit antenna selection criterion consisting of
selecting the columns of H such that the decision region minimizes the error rate.
At a high signal-to-noise ratio, the error rate performance will be limited by the
minimum error vector that makes a symbol fall out of the decision region. Denote h1 [ω], ..., hnT [ω] as the nT columns of H selected by ω. Then, considering
that the symbol is located in the center of the nT -dimensional parallelepiped, the
minimum length of a vector to make an error is
d[ω] = min

1≤i≤nT

1 ⊥
kπ (hi [ω])k2 ,
2

(3.51)

where π ⊥ (hi [ω]) denotes the projection of hi [ω] on span({h1 [ω], ..., hnT [ω]}\hi [ω])⊥
and (·)⊥ denotes the orthogonal complement. Then, the selection criterion becomes
n
o
1
min kπ ⊥ (hi [ω])k2 .
ω ∗ = arg max
(3.52)
1≤i≤nT 2
ω∈Ω
a) Low Complexity Algorithms: The selection process in (3.52) could be highly
complex when the number of antenna combinations is large. One solution to reduce the complexity consists of employing sub-optimal incremental or decremental greedy algorithms similar to that proposed in [53] for the capacity case. In the
decremental approach, we start considering the whole NT columns and at every
step, we remove the column that has the minimum projection onto the orthogonal
complement of the span of the remaining NT − 1 columns. The process is repeated
with the remaining columns until only nT columns are left. The inconvenience
of this approach is that the system requires not only nR ≥ nT but nR ≥ NT
which is not always true. In the incremental approach, we start by selecting one
column that has the maximum 2-norm. Then, at every step of the algorithm, we
add the column with the largest projection onto the orthogonal complement of the
subspace spanned by the columns already selected. This approach greatly reduces
the complexity in the situation where nT is small in comparison to NT . A very
low complexity implementation of incremental selection is given in Algorithm 4.
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H

In the algorithm, µp,j denotes the Gram-Schmidt coefficient µp,j = ĥp hj and Θi
represents the subset of antennas selected up to the i-th step.
Algorithm 4 Reduced complexity incremental selection
INPUT: all column vectors h1 , ..., hNT in H
k1 = arg maxi≤NT {hH
i hi };
ĥ1 = hk1 /khki k; Θ1 = {k1 };
FOR i = 2 : nT
FOR EVERY P
j ∈ {{1, ..., NT }\Θi−1 }
bj = hj − i−1
p=1 µp,j ĥp ;
END FOR
ki = arg maxj {bH
j bj };
ĥi = bki /kbki k; Θi = {Θi−1 } ∪ {ki };
END FOR
OUTPUT: selected antenna indices: ΘnT
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Figure 3.13: Selection criteria comparison.

Simulations Results
In Figure 3.13 we show the performance of the antenna selection algorithms in a
system with nR = 4 receive antennas and NT = 8 antennas where only nT = 4
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are actually used. We average the results over several channel realizations. In
the same figure we also show the error rate of a system employing a selection
criterion that maximizes the minimum eigenmode [50] and also the error rate of a
system without antenna selection. It is seen that the geometrical approach obtains
the best performance although its complexity is very high (although similar to the
complexity of the eigenmode criterion). On the other hand, the much less complex
incremental algorithm only shows a small loss of performance.

3.6.2

Antenna selection in the downlink of linearly precoded MISO
systems

We consider the downlink of multiuser multiple-input single-output (MISO) wireless systems, where the base station is equipped with multiple antennas and each
mobile user is constrained to a single antenna. In particular, we consider linear
precoded systems such that the single antenna receivers do not have to estimate the
channel, but only scale and quantize the received data. In this scenario, we propose
low complexity antenna selection algorithms. The highly complex optimal antenna
selection algorithm is first derived, and then, a low complexity greedy optimization
algorithm is proposed. It will be shown that the proposed algorithm obtains nearly
optimal performance.
System Model
We consider a multiuser MISO wireless system consisting of a single base station and K mobile units scattered over the service area. We assume that the base
station is equipped with multiple antennas and each receiver is constrained to a
single antenna. Precoding schemes for broadcast channels effectively transfer the
signal processing for interference suppression from the mobile receiver to the base
station transmitter. This approach is feasible if the base station can estimate the
downlink channels of all users (e.g., in systems employing time division duplexing
(TDD) where the uplink and downlink channels are reciprocal). Different practical
techniques (linear [70] and non-linear [130]) have been proposed to approach the
downlink capacity. We consider the case in which the transmit signal is precompensated such that the single antenna receivers do not have to estimate the channel,
but only quantize the received data. Linear precoding is the simplest method to
perform precoding. In this case, the receiver simply quantizes the received signal to the original symbol constellation, which translates to a reduction in power
consumption and decrease in the cost of the terminals.
In the downlink of multiuser MISO systems, different data streams are trans-
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Figure 3.14: Downlink multiuser MISO system with antenna selection.
mitted for each of the users. Consider first a system with K users and nT antennas (nT ≥ K). Assume that b = [b1 , ..., bK ]T is the transmitted symbol vector
with E{|bi |2 } = 1, i = 1, ..., K. The base station computes the precoding matrix
M ∈ CnT ×K with the knowledge of the CSI of every user with the constraint of
the total power budget available at the transmitter PT , where PT is independent
of the number of transmit antennas. Then, the nT × 1 precoded signal ready to
be transmitted is given by x = M b. By stacking the received signal from all the
mobile units in a single vector y = [y1 , ..., yK ]T we can write
y = HM b + n,

(3.53)

where H ∈ CK×nT corresponds to the flat fading channel whose element hij
represents the complex gain of the channel between the j-th transmit antenna and
2 ).
the i-th mobile unit, and ni is the noise at the i-th receiver distributed as N (0, σn,i
The spatial linear precoder M optimized according to the MMSE criterion
is given by M (u) = H † , where (·)† denotes the pseudo-inverse [70]. Notice
that the precoding matrix M (u) = H † places no explicit constraint on average
transmit power and a power normalization factor is required. Assuming that the
total available power at the transmitter is PT , the scaling factor is given by β 2 =
PT /tr(H † H †H ) and the precoding matrix becomes M = βM (u) = βH † . Then
the k-th receiver makes a decision based on yk = βbk + nk . With the precoding
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matrix M , the received SNR is equal across the users and is given by
SNRk =

β2
PT
.
=
†
2
σn
tr(H H †H )σn2

(3.54)

Antenna Selection
Although nT = K is sufficient to implement linear precoding, it has been shown
in [97] that there is an optimum ratio of antennas-to-users (nT /K > 1) such that
linear precoding can achieve around 80% of the sum capacity of the downlink
channel computed at the same ratio. At other ratios the difference between the
capacity with linear precoding and the downlink capacity can become much more
pronounced. In particular, when K = nT , the sum rate capacity of the linearly precoded system does not increase linearly with nT (or K), while the capacity of the
downlink channel does. Similarly, when nT = K, linear precoding exhibits a poor
BER performance. The optimal ratio implies that the number of transmit antennas
nT needs to be not equal but larger than the number of mobile units K. However,
when multiple users K want to communicate concurrently with the base station,
one major concern to implement nT > K antenna systems is the high cost due to
the expense of the RF chains required for each antenna. A technique to reduce the
cost of the multiple antenna system while maintaining part of the capacity is the use
of antenna selection [92] (see Fig. 3.14). In this section, we choose to select the nT
antennas (i.e., nT columns in H) that maximize the signal to noise ratio across the
¡ T¢
users in (3.54). Although a combinatorial exhaustive search of the N
nT antenna
subsets can find the optimal solution, the selection would become highly complex
since for every new antenna subset, a nT × nT matrix pseudo-inverse needs to be
computed. In this section, motivated by the greedy algorithms in [53] we propose
sub-optimal low complexity antenna selection algorithms that only show a minimum loss of performance. In particular, we consider a solution using decremental
selection.
This solution begins by considering that all available antennas can be used
in the transmission, and at every step, an antenna is de-activated such that SNRk
decreases as low as possible. The process is repeated with the remaining antennas
until only nT antennas are left. Recall that removing one antenna is equivalent to
removing one column in H while the rest of the columns remain unchanged.
Consider first the full matrix H ∈ CK×NT , and let hi and H i denote the ith
column in H, and the submatrix of H after removing the ith column, respectively.
Therefore, in the decremental algorithm we remove the i-th column in H such that
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the submatrix left H i minimizes the denominator in (3.54), i.e.,
i∗ = arg

min

i=1,...,NT

tr

³¡

H iH H
i

¢−1 ´

.

(3.55)

Notice that (3.55) requires the inversion of NT matrices of size K × K. Here we
make use of the following equality
H
H
H iH H
i = HH − hi hi ,

(3.56)

and (3.55) becomes
i∗ = arg

min

i=1,...,NT

tr

³¡

HH H − hH
i hi

¢−1 ´

.

(3.57)

Denote A = HH H . Using the matrix inversion lemma we can write
¢ H −1
¡
¢−1
¡
−1
= A−1 + A−1 hi 1 − hH
A − hH
i A hi hi A .
i hi

(3.58)

Then, applying tr(U + V ) = tr(U ) + tr(V ) we can express (3.57) as
¢ H −1 ¢ª
¡
© ¡
−1
.
i∗ = min tr A−1 hi 1 − hH
i A hi hi A
i

(3.59)

Notice that now, for the NT possible antennas that can be removed, only one matrix
inverse has to be computed, (HH H )−1 . Next assume that after removing one
antenna, the number of antennas is still excessive. Then, a second antenna needs
to be removed from the remaining NT − 1 columns in H i∗ , and the inverse of
−1 is required. However, this inverse has already been computed using
(H i∗ H H
i∗ )
the matrix inversion lemma when we removed the i∗ -th column in (3.58) (i.e.,
we do not need to explicitly compute a new matrix inverse at each step of the
algorithm). Hence, we iteratively remove one column until only nT antennas are
left. The algorithm is shown in Algorithm 5 below. It is straightforward to prove
that with NT = nT + 1, the algorithm is optimal. Note that the algorithm also
provides us with the unconstrained precoding matrix M (u) = H[ω]† . Also note
that the operations in the “update inverse” step are computed in the previous step.
Simulation Results
In the simulations we compare the BER obtained by the different antenna selection
criteria with a system without antenna selection, i.e., NT = nT and a system that
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Algorithm 5 Decremental antenna subset selection algorithm
INPUT: H; NT ≥ nT ≥ K;
ω = {1, ..., K} % start with all antennas selected ;
A−1 = (H H H)−1 %this is the only inverse computed;
FOR i = 1 : NT − nT DO
H −1
−1
find i∗ = arg mini∈ω tr(A−1 hi (1 − hH
i A hi )hi A );
H −1 ∗
H −1
−1
−1
−1 ∗
A = A + A hi (1 − hi∗ A hi )hi∗ A ; %update inverse
%remove the column
H = H\hi∗ ;
ω
=
ω \ i∗ ;
%remove that antenna index from the
selected subset

END FOR
−1
OUTPUT: ω, H[ω] = H and M (u) = H H
ωA .
employs the NT available transmit antennas. The BER is approximated by BER =
p
Q( (SNRk )), which is constant across the users because of the precoding operation. Fig. 3.15 illustrates the BER when NT = 6, nT = 4, K = 4 and σn2 = 1,
where the BER is averaged over 1000 different channel realizations. It is seen that
antenna selection in MISO systems can bring an important performance improvement over systems without antenna selection. Note that the maximus Frobenius
norm antenna selection criterion (i.e., select the antennas that see the best propagation channel in terms of power) is not a good approach in multiuser MISO systems. On the other hand, the suboptimal decremental selection algorithm achieves
approximately the same performance as the optimal antenna selection (the curves
overlap). It is also seen that antenna selection achieves the same diversity as the
T)
and the
full system, where diversity is defined as γ = − limPT →∞ log BER(P
log PT
power loss is around 1.5dB. Therefore, antenna selection can be seen as a good
alternative to boost the performance of this systems. Fig. 3.16 shows similar results for NT = 12, nT = 6 and K = 6; and Fig. 3.17 for NT = 6, nT = 5 and
K = 5. Even with only one extra antenna element, the performance improvement
is considerably.

3.7 Conclusions
We have developed MIMO antenna selection algorithms based on various performance criteria in situations where only noisy estimates of the channels are available. The proposed techniques are based on the discrete stochastic approximation
algorithms found in the recent operations research literature, which generate a sequence of antenna subsets where each new subset is obtained from the previous
one by taking a small step in a good direction towards the global optimizer. One
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Figure 3.15: bit error rate for different transmit antenna selection algorithms
(NT = 6, nT = 4, K = 4).
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Figure 3.16: bit error rate for different transmit antenna selection algorithms
(NT = 12, nT = 6, K = 6).
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Figure 3.17: bit error rate for different transmit antenna selection algorithms
(NT = 6, nT = 5, K = 5).
salient feature of the proposed approach is that no closed-form expression for the
objective function is needed and only an estimate of it is sufficient. Therefore, the
algorithm is able to choose the antenna subset that minimize the bit, symbol or
frame error rate, under any MIMO techniques (e.g., BLAST, space-time coding)
and any receiver detection methods.
We have also developed antenna selection algorithms for time-varying scenarios where the optimal antenna subset is slowly varying. By employing the constant or adaptive step-size discrete stochastic approximation algorithms, the timevarying optimal antenna configuration can be closely tracked. We have provided
extensive simulation results to demonstrate the performance of these new MIMO
antenna selection algorithms under various selection criteria.
Finally, we have presented very low complexity greedy antenna selection algorithms that can achieve nearly optimum performance in various MIMO configurations.
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Chapter 4

Design of minimum error rate
LAttice Space-Time (LAST)
codes
4.1 Introduction
Wireless communications using multiple transmit and receive antennas can increase the multiplexing gain (i.e., throughput) and diversity gain (i.e., robustness)
in fading channels [136]. It has been shown in [136] that for any given number of
antennas there is a fundamental tradeoff between these two gains. That work establishes a framework to compare existing space-time systems against the optimal
multiplexing-diversity tradeoff curve. Pioneering works on space-time architectures have focused on maximizing either the diversity gain [114, 115, 118] or the
multiplexing gain [42]. More recent contributions have proposed space-time architectures that achieve simultaneously good diversity and multiplexing performance
[58, 116] and other space-time architectures have been shown to achieve the optimal diversity-multiplexing tradeoff curve for some specific number of antennas
and code length [13, 27, 32, 43, 108, 134]. In particular, in [43] the authors propose
lattice space-time (LAST) codes that achieve the optimum diversity-multiplexing
tradeoff in delay-limited MIMO channels with the use of low complexity lattice
decoders in combination with a minimum mean square error generalized decision feedback equalizer (MMSE-GDFE) front-end. Unfortunately, the diversitymultiplexing tradeoff framework does not quantify the coding gain or error rate at
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the signal-to-noise (SNR) ratio of interest (notice that the tradeoff gives asymptotic
results). That is, for two LAST code designs with the same tradeoff, different error
rate performance can be obtained at the SNR of interest.
Minimum-error rate high dimensional lattice codes have been extensively studied for AWGN single-input single-output (SISO) channels when maximum likelihood (ML) decoding or lattice decoding are used [22]. In general, these lattice
codes have been obtained using algebraic number theoretic tools and assuming the
optimal ML (or lattice) decoder. However, these lattice codes are not necessarily optimal in the sense of minimum error rate for MIMO fading channels or for
other receiver structures. In this chapter, we propose to design spherical LAST
codes under a minimum error-rate criterion by employing a stochastic approximation technique based on the well known Robbins-Monro algorithm [101] together
with unbiased gradient estimation. Stochastic optimization techniques focus on
problems where the objective function, in this case the error rate, is sufficiently
complex so that it is not possible to obtain a closed-form analytical solution. In our
problem, we minimize the error rate function over a set of possible vector parameters (i.e., possible generators of the LAST codebook) satisfying some constraints,
in this case the average power at the transmitter. An iterative algorithm is used (a
step-by-step procedure) for moving from an initial guess to a final value that is expected to be closer to the true optimum. This is in contrast to classical deterministic
search and optimization, where it is assumed that one has perfect information about
the objective function and derivatives and that this information is used to determine
the search direction in a deterministic manner at every step of the algorithm. Our
designs can be tailored to optimize the spherical LAST codes given a particular
SNR, channel statistics, and receiver scheme. We show that the design procedure
is universal in the sense that it permits the design of LAST codes for a wide range
of channel statistics, receiver structures or even for cooperative relying environments. Loosely speaking, the problem of finding a good LAST code for MIMO
transmission can be seen as finding a n-dimensional constellation belonging to a
n-dimensional lattice such that the error rate is minimized given a specific receiver
structure and channel statistics, subject to a maximum transmission power constraint. Numerical results show that our codes generally outperform lattice codes
that are designed for AWGN channels with optimal ML decoding when they are
employed in MIMO fading channels.
The rest of the chapter is organized as follows. Section 4.2 introduces the
system model for LAST codes, codebook construction, and various LAST detectors. In Section 4.3 we discuss the LAST code design procedure and the proposed
stochastic optimization algorithm. In Section 4.4 some simulation results are provided. Section 4.5 extends the LAST design to a space-time cooperative scenario,
while Section 4.6 concludes the chapter.
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4.2 System Model and LAST Codes
In this section we review the MIMO communication system used in LAST code
transmission [43]. Consider the nT -transmit nR -receive multiple-input multipleoutput (MIMO) channel with no channel state information (CSI) at the transmitter
and perfect CSI at the receiver. The wireless channel is assumed to be quasistatic
and flat fading and can be represented by a nR × nT matrix H c whose element
hcij represents the complex gain of the channel between the jth transmit antenna
and the ith receive antenna and is assumed to remain fixed for t = 1, ..., T . The
received signal can be expressed as
y ct =

r

ρ
H c xct + wct ,
nT

(4.1)

where {xct ∈ CnT : t = 1, ..., T } is the transmitted signal, {y ct ∈ CnR : t =
1, ..., T } is the received signal, {wct ∈ CnR : t = 1, ..., T } denotes the channel
P
Gaussian noise, and with the power constraint E{ T1 Tt=1 |xct |2 } ≤ nT , the parameter ρ is the average SNR per receive antenna independent of the number of
transmit antennas. The entries of wt are independent and identically distributed
(i.i.d) circularly symmetric complex Gaussian variables with unit variance, i.e.,
wt,i ∼ Nc (0, 1). The equivalent real channel model corresponding to T symbol
intervals can be written as
y = Hx + w,
(4.2)
where x = [xT1 , ..., xTT ]T ∈ C2nT T is a codeword belonging to a codebook C with
xTt = [ℜ{xct }T , ℑ{xct }T ]T ,

(4.3)

w = [wT1 , ..., wTT ]T ∈ C2nR T with
wTt = [ℜ{wct }T , ℑ{wct }T ]T
and
H=

r

ρ
I⊗
nT

"

ℜ{H c } −ℑ{H c }
ℑ{H c } ℜ{H c }

(4.4)
#

.

(4.5)

The goal of this chapter is the design of the codebook C j R2nT T with the constraint that the codewords x ∈ C belong to a lattice and satisfy the average power
constraint
1 X 2
|x| ≤ T nT .
(4.6)
|C|
x∈C
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Note that the rate of the code is R = T1 log2 |C| bit/s/Hz. Next we review some
lattice properties.
Basic Lattice Definitions : An n-dimensional lattice Λ is defined by a set of n
basis (column) vectors g 1 , ..., g n in Rn [22]. The lattice is composed of all integral
combinations of the basis vectors, i.e.,
Λ = {x = Gz : z ∈ Zn }

(4.7)

where Z = {0, ±1, ±2, ...}, and the n × n generator matrix G is given by G =
[g 1 , g 2 , · · · , g n ]. Note that the zero vector is always a lattice point and G is not
unique for a given Λ. In the Euclidean space, the closest lattice point quantizer
Q(·) associated with Λ is defined by
Q(r) = x ∈ Λ,

if

kr − xk ≤ kr − x′ k,

∀x′ ∈ Λ.

(4.8)

The Voronoi cell of Λ is the set of points in Rn closest to the zero codeword, i.e.,
V0 = {r ∈ Rn : Q(r) = 0}

(4.9)

The Voronoi cell associated with eachqx ∈ Λ is a shift of V0 by x. The volume of

the Voronoi cell is given by V (Λ) = det(GT G).
LAST codebook construction : Consider the dimension of the lattice generated
by G to be n = 2nT T . A finite set of points in the n-dimensional lattice can be
used as codewords of a codebook C. Given a bit rate R bit/s/Hz, the codebook will
contain |C| = 2T ·R lattice points. In particular, the codewords consist of all lattice
points inside a shaping region S. In spherical LAST codes, the shaping region
is a sphere, having in general the lowest possible energy. To find the code with
smallest total average power, we consider the codebook obtained using a sphere
centered at −u ∈ Rn and the codeword coordinates are given by the Euclidean
difference between the center of the sphere and the lattice points. That is, the code
is specified by the generator matrix G, the translation vector u, and the radius of
the sphere, i.e.,
C = (Λ + u) ∩ S
(4.10)
where the cardinality of the codebook (i.e., the rate) is a function of the radius of the
sphere. If we form the intersection of the sphere of volume V (S) with the lattice
of Voronoi volume V (Λ) we could expect to obtain a code with about V (S)/V (Λ)
codewords. In fact, the value V (S)/V (Λ) is correct on average although it is clear
that there are some codes that have more and some that have less. It is easily proven
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[86] that at least one value of u ∈ Rn exists, such that |(Λ+u)∩S| ≥ V (S)/V (Λ).
Among all the possible choices for u, we are interested in the one that leads to a
1 P
2
code of the smallest average energy |C|
x∈C |x| . Using the centroid, an iterative algorithm is shown in [23] to find the translation vector u which generates a
codebook with minimum energy. Hence, given a translation vector, the codewords

Figure 4.1: A 2-dimensional lattice (two basis vectors g 1 and g 2 ), translation vector, and spherical shaping region.
are obtained by taking |C| lattice points in the shifted lattice Λ + u that are closer
to u as shown in Figure 4.1 for the hypothetical 2-dimensional case 1 . A method to
enumerate all the lattice points in a sphere is given in Appendix B. To speed up the
enumeration of all the lattice points inside the sphere centered at u, the radius of
the sphere or the lattice generator should be scaled such that V (S)/V (Λ) ≃ |C| 2 .
Once the codewords have been found, a second scaling factor β should be applied
to guarantee the energy constraint at the transmitter T nT , i.e.,
β=

µ

M T |C|
P
2
x∈C |x|

¶1/2

(4.11)

and the translation vector and the generator are scaled as βG and βu, respectively.

4.2.1

LAST detectors

Given the input-output relation in (4.2) the task of a LAST detector is to recover
the transmitted codeword x (or its corresponding integer coordinates z) from the
1
In this chapter we use either x or its integer coordinates z to refer to each codeword, since for
any codeword x there is a univocal relation x = Gz + u.
2
The volume of a n-dimensional sphere (hypersphere) of radius ρ and n even is computed as
(1)
(1)
(1)
π n/2
Vn = Vn ρn where Vn is the volume of a sphere of radius 1 and is given by Vn = (n/2)!
.
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received signal y. Next we overview some LAST detectors, which are also outlined
in Fig. 4.2.
zˆ

arg min y  Hu  HGz

2

NAIVE : zˆ

arg min
y  Hu  HGz
2n T

2

ML :

Gz uC
zZ

T

arg min
Fy  Bu  BGz
2 nT T

MMSE GDFE : zˆ

2

zZ

PQ ( BGP ) 1 ( Fy  FHu)

MMSE-GDFE LRA linear : zˆ
select codeword

z

tranlated
lattice points
inside sphere

x

y

x

H

+

closest
point in
lattice

ẑ

Gz  u

w
All vectors have dimension 2nTT

Figure 4.2: Spherical LAST codes and different detectors.
Maximum likelihood decoding: The maximum likelihood detector (ML) is the
optimal receiver in terms of error rate. The ML detection rule is given by
ẑ = arg

min ky − Hu − HGzk .
Gz +u∈C

(4.12)

The minimization is performed over all possible codewords in the codebook C.
Note that the decoding regions are not identical due to the boundary of the codebook and in fact some are not bounded. This breaks the symmetry of the lattice
structure in the decoding process, making the decoding process too complex.
MMSE-GDFE lattice decoder: In lattice decoding, the receiver is not aware of
the boundary of the codebook (e.g., the spherical shaping region S employed in
spherical LAST codes) and assumes that any point in the infinite lattice may be
transmitted, corresponding to infinite power and transmission rate. For a given
lattice, the lattice decoder will search for the lattice point that is nearest to the
received vector, whether or not this point lies in S. This decoder is known as the
naive closest point in the lattice
ẑ = arg

min ky − Hu − HGzk .
z ∈Z2T nT

(4.13)

Note that this receiver should be distinguished from the nearest-codeword decoder,
which decodes to the nearest lattice point inside S. The attractive symmetry and
periodic properties commonly associated with lattices allows low complexity algo94
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rithms to solve the closest point in the lattice problem expressed in (4.13) (see [2]
for an overview).
More recently, based on initial results presented in [35] it has been shown in
[43] that a MMSE-GDFE front-end can further improve the performance of the lattice decoding algorithms in MIMO systems. Given uncorrelated inputs and noise,
with mean zero and covariance I, the feedforward (FF) and feedback (FB) MMSEGDFE matrices are denoted by F and B respectively. In particular, B is obtained
from the Cholesky factorization B T B = I 2T nT + H T H and is upper triangular
with positive diagonal elements and F T = HB −1 . In this case, the MMSE-GDFE
closest point lattice decoder returns
ẑ = arg

min kF y − Bu − BGzk ,
z ∈Z2T nT

(4.14)

which essentially finds the point in the lattice generated by BG that is closer to
the point F y − Bu.
MMSE-GDFE lattice-reduction-aided linear receiver: A combination of the MMSEGDFE front-end and the lattice-reduction-aided (LRA) linear receiver described in
Section 2.5.4 can be used to simplify the detector. The LRA receiver makes a
change of basis such that the decision regions of the detectors are improved and
more robust to noise. The change of basis is obtained via lattice reduction. Consider the MMSE-GDFE matrices F and B. Applying the MMSE-GDFE front-end
and removing the translation vector gives
y ′ = F y − F Hu = BGz + F w − [B − F H]Gz = BGz + n.
{z
}
|
n

(4.15)

Consider the lattice with generator matrix BG. If BG is a basis of the lattice,
BGP also is a basis of the same lattice if P and P −1 have integer entries. The
aim of the LRA receiver is to find a change of basis P that transforms the generator
into BGP to optimize the decision regions of the detector [133]. This problem is
known as the lattice reduction problem. The goal of lattice basis reduction is, given
an arbitrary lattice basis, to obtain a basis of the shortest possible vectors; that is,
vectors as close as possible to being mutually orthogonal. The simplest way to
reduce the basis is the LLL reduction algorithm [87]. Other types of reduced bases
are the Korkin-Zolotarev (KZ) basis [10, 73], the Minkowski basis [1], the Seysen
basis [109], and hybrids [104], which have different reduction criteria. These bases
have, in general, slightly better properties, although the reduction is more time
consuming. The idea behind LRA linear receivers is to assume that the signal was
transmitted in the reduced basis, i.e., y ′ = BGP (P −1 z) + n, to equalize in the
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new basis, which is more robust against noise enhancement, and then return the
decoded symbol to the original basis. That is,
¡
¢
ẑ = P Q (BGP )−1 y ′

(4.16)

where the quantizer Q(·) rounds to the nearest integer.
Other receivers: Other receivers can be used to decode LAST codes for example
standard linear receivers (based either on MMSE of ZF) or nulling and cancellation
in combination with lattice reduction and the MMSE-GDFE front-end.

4.3 Spherical LAST codes optimization
In this section we describe a systematic procedure for designing the minimum error
rate spherical LAST codes.

4.3.1

Lattice design in AWGN SISO channels and ML decoding

In an n-dimensional Euclidean space and for AWGN channels the lattice code design asks for the best arrangement of points in the space such that for a given
number of codewords, transmit power constraint, and noise statistics, the probability of error of the maximum likelihood decoder is minimized. In this situation,
there are a number of desirable properties that a code should satisfy: a) the number
of code vectors should be large; b) the average energy (or alternatively the peak
energy) should be small, that is, the regions of space defining the code should be as
nearly spherical as possible; c) the minimum distance between codewords should
be large; mapping and demapping should be easily implemented; d) given an arbitrary point in the space, it should be easy to find the closest codeword. The lattice
design problem has been extensively studied in the literature and good lattice codes
have been found for different dimensions [22, 33, 86]. However, wireless MIMO
communications do not signal over AWGN channels but over fading channels, with
some known statistics. Moreover, the receiver is not necessarily the complex ML
decoder. It turns out that good lattice codes for AWGN SISO channels and ML
decoder are not necessarily good for MIMO fading channels. In the following sections we propose a procedure to design error efficient lattices that are tailored for
the specific receiver structure and MIMO channel statistics (i.e., when these are
known a priori).
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4.3.2

Preliminaries concerning stochastic optimization and problem
formulation

Note that the analytical expression for the error rate performance in any of the
detectors presented previously is intractable. Simulation-based optimization turns
out to be powerful for this scenario [111]. In particular, we consider simulationbased algorithms where only noisy information about the objective function and
gradient can be obtained via the simulation.
Our goal is to compute the optimal lattice generator matrix G so as to minimize
the average block error rate probability denoted as Υ(G) (i.e., objective function)
with the following power constraint
min Υ(G),
G∈Θ

with Θ = {G :

X

Gz +u∈C

|Gz + u|2 ≤ M T }

(4.17)

where Θ represents the set of lattice generators that satisfy the energy constraint at
the transmitter. The constraint is achieved through the scaling factor β in (4.11).
Notice that we use either x or Gz+u to refer to the codewords. Denote γ(y, z, H, G)
as the empirical (i.e., noisy) block error rate for a given generator matrix G, transmitted coordinates z, received signal y, and channel matrix H, i.e., γ(y, z, H, G) =
1, if ẑ = z (i.e., the decoded vector is equivalent to the transmitted vector) and 0
otherwise. Then the average block error rate is obtained by Υ(G) = E{γ(y, z, H, G)}.
Since in general there is no closed form expression for the average block error
rate Υ(G) we propose to use a stochastic gradient algorithm to optimize it. The
aim of gradient estimation is to compute an unbiased estimate of the true gradient. Let ĝ(G) denote an estimate of ∇G Υ(G). We consider the case in which
E{ĝ(G)} = ∇G Υ(G). The constrained Robbins-Monro (R-M) simulation-based
algorithm [101] is of the form
Gk+1 = ΠΘ (Gk − ak ĝ(Gk ))

(4.18)

where Gk is the solution after the kth iteration, ĝ(Gk ) is an estimate of ∇G Υ(G)|G=Gk ,
P
{ak } is a decreasing step size sequence of positive real numbers such that ∞
k=1 ak =
P∞ 2
∞ and k=1 ak < ∞, and the function ΠΘ projects each matrix Gk into the nearest point in Θ. For the R-M algorithm to converge, the gradient estimate should
be unbiased. The step-size sequence {ak } is usually chosen as the harmonic series
ak = c/k, where c is a positive scalar. The R-M algorithm will converge with
probability one to a local stationary point of Υ(G) [78].
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4.3.3

Lattice Design via Stochastic Approximation based on Gradient
Estimation

Consider again the LAST system model
y = H(Gz + u) + w.

(4.19)

The average block error rate is obtained by Υ(G) = E{γ(y, z, H, G)}, where
γ(y, z, H, G) is the empirical block error-rate given H, G, and z. We can write,
Υ(G) = E(γ(y, z, H, G))
Z Z Z
=
γ(y, z, H, G)p(y, z, H|G)dydzdH,

(4.20)

where p(y, z, H|G) is the joint probability density function (pdf) of (y, z, H) for
a given G. Note that the empirical block error rate γ(·) cannot usually be given in
closed form and it also depends on the structure of the receiver. Therefore, (4.20)
cannot be evaluated analytically. The design goal is to solve the minimization
problem min ΥG∈Θ (G), where the constraint Θ guarantees the average power of
the codewords. Note that
Υ(G) = Ez EH Ey|z,H,G {γ(y, z, H, G)},

(4.21)

where
Ey|z,H,G {γ(y, x, H, G)} =

Z

γ(y, x, H, G)p(y|z, H, G)dy.

(4.22)

For a given channel realization H, codeword z, and lattice generator H, y in
(4.19) is Gaussian with mean HGz + Hu and covariance matrix 12 I 2M T , specifically
p(y|z, H, G) = π

−T M

h

i
exp −(y−HGz−Hu ) (y−HGz−Hu ) . (4.23)
∗ T

∗

On the other hand, ∇G Υ(G) cannot be computed analytically, and therefore the
constrained R-M iterative optimization algorithm in (4.18) is not straightforward
to apply. Fortunately, the parameters Υ(G) and ∇G Υ(G) can be estimated. The
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gradient of Υ(G) with respect to G for a given G is given as
h
i
∇G Υ(G) = Ez EH ∇G Ey|z,H,G {γ(y, z, H, G)}
Z
n
o
= Ez EH ∇G γ(y, z, H, G)p(y|z, H, G) dy
Z n³
´
= Ez EH
∇G γ(y, z, H, G) p(y|z, H, G)
{z
}
|
0
³
´o
+ γ(y, z, H, G) ∇G p(y|z, H, G) dy
Z
= Ez EH γ(y, z, H, G)∇G p(y|z, H, G)dy

(4.24)

where in (4.24), due to the discrete nature of z ∈ Zn and the definition of γ(·), we
have applied that with probability one we have [127]
[∇G γ(y, z, H, G)] = 0.

(4.25)

Property (4.25) follows using that for z ∈ Zn and sufficiently small δ we have
γ(y, z, H, G + δG) = γ(y, z, H, G), see [127]. Then, we can rewrite (4.24) as
Z

∇G p(y|z, H, G)
p(y|z, H, G)dy
p(y|z, H, G)
|
{z
}
∇ log p(y |z ,H ,G)
h
i
= Ez EH Ey|z,H,G γ(y, z, H, G)∇G log p(y|z, H, G) . (4.26)

∇G Υ(G) = Ez EH

γ(y, z, H, G)

We need to compute ∇G log p(y|z, H, G), when y = H(Gz + u) + w and
p(y|z, H, G) is given in (4.23). Notice that computing ∇G log p(y|z, H, G) is
equivalent to computing the gradient of f (·) with respect to G, where we define
f (·) as the exponent of (4.23) given by
f (G) = −(y − HGz − Hu∗ )T (y − HGz − Hu∗ )

= −y T y + 2y T HGz + 2y T Hu∗ − 2u∗T H T HGz
T T
T
−u∗T H T Hu∗ − z
{z HGz} .
| G H
v(G)
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The (n, l)th entry of the gradient of v(G) defined in (4.27) can be computed as
·

∂v(G)
∂G

¸

v(G + δen eTl ) − v(G)
δ→0
δ

= lim

n,l

2z T el eTn H T HGzδ + z T el eTn δH T Hen eTl δz
δ→0
δ
T
T
= 2z T el en H HGz
(4.28)

= lim

where en is the 2M T vector with a one in the n-th position and zeros elsewhere.
Therefore,
·

∂f (G)
∂G

4.3.4

¸

n,l

= 2y T Hen eTl z −2uT H T Hen eTl z −2z T el eTn H T HGz. (4.29)

The algorithm

Assume that at the kth iteration the current lattice generator is Gk . Perform the
following steps during the next iteration to generate Gk+1 .
Step 1 - Composition method to generate mixture sample:
1. Draw L coordinate vectors z 1 , ..., z L uniformly from the set of possible coordinates that generate the codebook.
2. Simulate L observations y 1 , ..., y L where each y i is generated according to
the system model y i = H i (Gk z i + uk ) + wi , i = 1, ..., L.
3. Using the given decoding algorithm, decode z i based on the observations y i
and the channel value H i , i = 1, ..., L. Compute the empirical block error
rate γ(y i , z i , H i , Gk ).
Step 2 - Score function method for gradient estimation: Use (4.26), generate
L
h
i
1X
ĝ(Gk ) =
γ(y i , z i , H i , Gk ) ∇G log p(y i |z i , H i , G)|G=Gk ,
L

(4.30)

i=1

where the gradient is given in (4.29)
Step 3 - Update new lattice generator matrix Gk+1 : Generate
Gk+1 = ΠΘ (Gk − ak ĝ(Gk )),

(4.31)

where ak = c/k for some positive constant c. For a given lattice generator matrix
Gk , the projection function ΠΘ is defined as a scaling factor β and translation
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vector (uk+1 ) so the power constraint in (4.17) is satisfied with equality. Note that
the gradient estimator is unbiased for any integer L, but the variance decreases for
larger values of L.
Implementation aspects of the algorithm
There are some practical issues about the algorithm which are worth mentioning.
1. At each iteration of the algorithm the projection ΠΘ (·) proceeds as follows:
(1) Enumerate the |C| lattice points closer to −u (e.g., using the procedure
given in Appendix B); (2) scale the generator matrix G using β in (4.11)
to satisfy (4.17). In our implementation we have assumed u = 0 and the
translation vector has been updated after the last iteration.
2. The speed of convergence of the algorithm is highly dependent upon the
choice of the step-size ak = c/k. The value of c needs to be large enough
so the step-size does not decrease too fast before moving to the vicinity of
the optimal generator matrix. On the other hand, it should be small to make
the solutions stable as soon as possible. A good vale of c can be obtained
heuristically comparing the initial Frobenius norm of G and the Frobenius
norm of the estimated gradient.
3. It can be proved that the gradient estimator is unbiased and its variance decays with the number of samples L in Step 1 of the algorithm. Hence, a larger
number of samples L can provide a better estimator of the gradient although
it will slow the simulation. Instead of increasing the number of samples L,
a different possibility is to use the same step-size value over multiple iterations, i.e., ak = c/⌈(k/p)⌉, where p is the number of iterations for which the
step-size remains constant.

4.4 Simulation results
In this section, we provide multiple examples to show the performance of the new
LAST codes obtained by the design procedure described in the previous section.
We will see that the codes optimized for a particular SNR work acceptably over a
wide range of SNR values of interest.
LAST code design with MMSE-GDFE lattice decoder: Consider first nT = nR =
T = 2 and R = 4 bit/s/Hz (i.e., a codebook with 256 codewords, and dimension
n = 8). In the first iteration of the algorithm we use a random initial guess G0
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properly scaled to satisfy Θ. The code is designed for ρ = 16dB. We assume
MMSE-GDFE lattice decoding. The code optimized for this scenario is given by 3
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0.2114 −0.0767
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−0.4119

The block error rate convergence of the algorithm is shown in Fig. 4.3 averaged
over 88 random initial lattice generators. The number of samples in the algorithm
was set to L = 17000. It is seen that during the first iterations the algorithm rapidly
moves towards a lattice generator with low block error rate. Next, for comparison
purposes we report the block error rate performance using the LAST codebook
obtained with the 8-dimensional generator matrix given in El Gamal et. al [43]
that we denote as GCD, and also for the LAST codebook obtained from the Gosset
lattice E8 given in [23], which is known to be good for most purposes in AWGN
SISO channels. In Fig. 4.4 it is seen that in excess of a SNR of 12dB our optimized
code obtains better performance than the other LAST codes.
Now consider nT = nR = 2 and T = 3. We select the rate as R = 4 bit/s/Hz
(i.e., a codebook with 4096 codewords, and dimension n = 12). Fig. 4.5 illustrates
the block error rate performance. For comparison purposes we report the results
of a LAST code obtained using construction A 4 [22, 43] and we also show the
outage error probability. It is seen that the new LAST code have slightly better
performance than the code obtained via construction A.
LAST code design with MMSE-GDFE lattice-reduction-aided linear receiver:
We consider the MMSE-GDFE lattice-reduction-aided linear receiver with nT =
T = 2 and nR = 3 . Fig. 4.6 shows the performance results of different LAST
codes with MMSE-GDFE LRA linear receivers. It is seen that the new code
slightly outperforms the other implemented codes.
LAST code design with MMSE-GDFE lattice decoder in spatially correlated
3
Notice that multiple generator matrices G can obtain the same codebook or same error rate
results, e.g., unitary transformations on G, or equivalent lattices through lattice reduction, mirroring,
etc.
4
The author would like to thank M.O. Damen for providing the lattice generator of Construction
A.
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Figure 4.3: Convergence of the algorithm: average of the block error rate at different iteration indices.
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channel: We consider a 2 × 2 MIMO channel with equal spatial correlation at
both the transmitter and the receiver. We consider a urban scenario with medium
correlated spatial channel represented by the covariance matrix
"

1
0.88 − 0.3i
Rr = Rt =
0.88 + 0.3i
1
1/2

#

(4.33)

T /2

and H ct = Rr H cw,t Rt , with H cw,t being a 2 × 2 uncorrelated matrix with
i.i.d. Nc (0, 1) entries. Note that the new codes are optimized specifically for this
correlation scenario (this is achieved using the correlated MIMO channel in Step
1.2 of the algorithm). The convergence of the algorithm is shown in Fig 4.7. The
block error rate performance is shown in Fig. 4.8. It is seen that the new code
outperform the lattice codes obtained with either of the other generator matrices
considered.
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Figure 4.7: Convergence of the algorithm: average of the block error rate at different iteration indices with correlated channels.
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Figure 4.8: Block error rates of LAST codes with nT = nR = T = 2, rate R =
4bit/s/Hz with MMSE-GDFE lattice decoder and spatial correlation (code designed
for SNR=20dB) .

4.5 LAST codes with cooperative relays
Next we consider LAST codes with cooperative relaying [81] where idle nodes
assist the active node in the communication of the LAST codewords x = Gz + u.
For the purpose of demonstrating the flexibility of our method and its application in
this scenario we only consider a simple cooperative strategy. In particular, we only
consider the design of the LAST code for a predetermined cooperative strategy and
power allocation, and we claim that for this particular fixed cooperative strategy,
the LAST codes obtained are block error optimal.
We consider a 2-hop relay network using amplify and forward relay nodes.
This relaying technique allows a lower power consumption at the relaying nodes
because there is no need to consume power for decoding [56]. All terminals are
equipped with single antenna transmitters and receivers. Without loss of generality
we only consider the amplify and forward relaying protocol in which the source terminal S communicates simultaneously with one relay R and destination terminal
D over the first time slot. In the second time slot, R and S simultaneously communicate with D [96]. We consider perfect synchronization and perfect channel state
information at the receivers. The channel between S and R is also known by the
destination D. Two consecutive time slots are shown in Fig. 4.9. For simplicity
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we assign equivalent power to S and R. We remark that a joint optimization of the
assigned powers and code design can be formulated, complicating the derivation
of the gradient required in the algorithm described in Section 4.3.4.
PHASE I

PHASE II

R

R
hRD

hSR
hSD

hSD

S

D

S

D

Figure 4.9: Cooperative scenario.
Consider T intervals in the original MIMO case with nT co-located antennas,
which translates in Tc = T nT time intervals in the cooperative case. For example,
to mimic the performance of a nT = T = 2 LAST code, cooperative relaying
requires Tc = 4 symbol intervals. Notice that due to the symmetry and periodicity
of the lattice in the n-dimensional space and the spherical carving region S, it can
be observed that the LAST codeword coordinates are uniformly distributed around
the sphere S (spherical uniform random vector). The power of each coordinate
can be determined from this marginal density. The components of a spherically
uniform vector are clearly identically distributed and the variance on one component is r2 /(n + 2), where r is the radius of the n-dimensional sphere [82, p.665].
Using a discrete uniform distribution instead of a continuous uniform distribution
and considering the total available power, the marginal density of each codeword
component satisfies E{|xi |2 } ∼
= 1/2, i = 1, ..., n.
We consider cheap relays, which in a particular time slot can only operate as
receivers or transmitters. Among the Tc channel uses, we assign Tc /2 channel
uses to the relay to operate as a transmitter and Tc /2 channel uses to operate as a
receiver. During the first time slot the complex signals received at the destination
and the relay are given by
c
yD,1
=
c
yR,1
=

√

√

ρhcSD (x1 + jx2 ) + ncD,1
ρhcSR (x1 + jx2 ) + ncR,1 ,

(4.34)

where the random variables hcSD and hcSR are the unit-power complex gains between source and destination, and source and relay, respectively. We consider that
the noise at the destination and the relay is distributed as {ncD,t , ncR,t } ∼ Nc (0, 1).
The
at the relay is normalized to have unit average power, i.e.,
q received signal
√
c
2
E{|yR,1 | } = ρ + 1. The relay forwards it to the destination during the sec107
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ond time slot – notice that in the second time slot, the source also transmits. The
received signal at D during the second interval is given by
c
yD,2

=

√

ρhcSD (x3

=

√

ρhcSD (x3

+ jx4 ) +

√

c
yR,1
c
ρhRD √

ρ+1

+ ncD,2

r
√
ρρ c
ρ
c
hRD hSR (x1 + jx2 ) +
+ jx4 ) + √
hRD ncR,1 + ncD,2
ρ+1
ρ+1
{z
}
|
ñcD,2

2

RD |
). To keep the variance of the noise
where it follows that ñcD,2 ∼ Nc (0, 1 + ρ|hρ+1
equal in the first and second
time slot we normalize the received signal during the
q
2

RD |
second slot by ω =
1 + ρ|hρ+1
). The equivalent Real input-output relation
during the first two time slots (phase I and II) can be written as

y (1) = Hx(1) + n(1)

(4.35)

c }, ℑ{y c }, ℜ{ 1 y c }, ℑ{ 1 y c }]T , x(1) = [x , x , x , x ]T ,
where y (1) = [ℜ{yD,1
1 2 3 4
D,1
ω D,2
ω D,2

and
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√
ρ
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(4.36)

To mimic a LAST code of length T (i.e., Tc = 2T ), we write the same model
for x(i) , i = 2, ..., T (i.e., time intervals 3, ..., 2Tc ) and we can finally write the
equivalent MIMO system
y = Hx + n
(4.37)
where x = [x(1)T , ..., x(T )T ]T = [x1 , ..., xn ]T = Gz+u, y = [y (1)T , ..., y (T )T ]T ,
H = I T ⊗ H is the equivalent n × n MIMO channel, and n conditioned on the
channel H is circularly symmetric complex Gaussian noise with E{n|H} = 0
and E{nnH |H} = 12 I. Note that multiplexing gain is absent, since time is expanded to create a virtual MIMO channel thereby negating any multiplexing gain.
Here the purpose is to obtain diversity gain.
With this system model, we still have
h
i
p(y|z, H, G) = π −T M exp −(y−HGz−Hu∗ )T (y−HGz−Hu∗ ) (4.38)
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and thus the algorithm described in Section 4.4.3 to design the generator G of
LAST codes is applicable.

4.5.1

Simulation results

We consider rate R =4bit/s/Hz and the length of the code T = 2, i.e., Tc = 4
time intervals are required to transmit each LAST codeword. The LAST code is
designed for ρ = 22dB. Fig. 4.10 illustrates the block error rate for the new LAST
codes and we also present the performance of the LAST codes obtained with the
GCD lattice and the Gosset lattice. It is seen that our LAST code gives the best
performance.
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Figure 4.10: Cooperative results (T = 2, R = 4bit/s/Hz).

4.6 Conclusions
In this chapter we have proposed a systematic method for designing minimum
block error rate spherical lattice space-time codes taking into account the detector
architecture and the channel statistics. The design method has been shown to be
universal in the sense that can be applied to optimize the LAST codes for a wide
range of receivers schemes, channel statistics, or even cooperative relying.
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Chapter 5

MIMO Precoding
5.1 Introduction
Multiuser detection techniques are considered powerful for interference suppression in CDMA systems, especially in uplinks, where the base-station receiver has
the knowledge of all users’ spreading sequences and channel states, and so has the
opportunity to perform sophisticated signal processing [123]. In the downlinks,
however, the mobile receiver typically only has the knowledge of its own spreading
sequence and channel state. Although adaptive linear multiuser detection (either
training-based or blind) can be employed for such scenario, the performance can
be limited due to the limited power available at the detector for signal processing.
On the other hand, precoding schemes for downlink CDMA effectively transfer
the signal processing for interference suppression from the mobile receiver to the
base-station transmitter. This approach is feasible if the base-station can estimate
the downlink channels of all users (e.g., in time-division duplex (TDD) systems, the
base station can exploit channel reciprocity if the time difference between uplink
and downlink transmission is shorter than the channel coherence time, or alternatively the use of channel prediction techniques [31]). In [37] a precoding method
has been proposed which is essentially an implementation of the RAKE receiver
at the transmitter. Hence this approach does not attempt to mitigate the multipleaccess interference (MAI). Recently, different linear precoding techniques have
been proposed to combat MAI and inter-chip interference but without considering inter-symbol interference (ISI) [126]. If ISI is present then the complexity of
these techniques becomes prohibitive since the dimension of the matrix filter is
proportional to the data frame length multiplied by the number of users (i.e., block
processing) [126]. More recently, bit-wise linear precoding methods have been
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proposed to reduce the precoding complexity in the presence of ISI [45].
Downlink CDMA is a special case of a broadcast channels. There has been
significant recent interest in characterizing the capacity of broadcast channels. In
particular, it has been shown that when the interference is non-causally known
to the transmitter and unknown to the receiver, the capacity is the same as if the
interference were not present – a result known as “dirty paper coding”. These
results were originally proved for Gaussian channels [24], and have been generalized to other types of causal interference [19, 21, 34]. Several practical suboptimal
implementations of dirty paper coding have been proposed, e.g., for digital subscriber line (DSL) systems [47] and for multi-antenna systems [130]. These implementations use successive interference cancellation combined with TomlinsonHarashima (TH) precoding [57, 121].
In this chapter, we first obtain the capacity regions of a downlink CDMA system employing either multiuser detection (i.e., receiver processing) or precoding
(transmitter processing). It is seen that these two approaches provide similar capacity regions, suggesting that precoding can potentially achieve similar performance
to that offered by multiuser detection. This motivates the development of practical
precoding solutions for downlink TDD-CDMA systems.
Then we consider linear precoders with very simple receivers, i.e., only a fixed
matched-filter to the own spreading sequence is required and therefore CSI is not
required. We propose several bit-wise and chip-wise linear precoders and corresponding power control algorithms to meet certain performance criteria at the
receiver. We also consider the performance comparisons between linear precoding
and linear MUD. The comparison metric is the total required power at the transmitter to achieve a minimum QoS requirement at each of the receivers. Our results show that linear precoding offers similar performance to linear MUD in most
cases; but in some specific cases, linear precoding is more effective. Moreover, the
proposed linear precoding techniques with only a matched-filter (to the spreading
sequence) at the receiver can outperform the linear precoder with a RAKE receiver
(i.e., with CSI at the receiver) proposed in [126]. These results motivate the use of
linear precoding techniques in the downlink of TDD-CDMA systems. Among the
advantages of using precoding we have:
• Receiver terminals are simply a fixed matched-filter corresponding to the
own spreading sequence. This translates into a power consumption reduction and a decrease in price of the terminals since they do not have to perform
sophisticated signal processing for channel estimation and interference mitigation. Note that variations in channel conditions and the number of active
users in the network do not affect the receiver operations.
• A reduced amount of control data is required in the precoding solution. The
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reason is that in MUD, every user requires to know the own channel response
plus the spreading sequences and the CSI of all other active users in the
network. Moreover, mobile units do not need to be informed when users are
added to (or removed from) the network.
• Power control is easy to implement with precoding since the transmitter has
information about the quality of each link and it does not require extra feedback information. Note that MUD requires a feedback link to find the power
loading value assigned to each user.
• User scheduling based on the knowledge of CSI can be implemented jointly
with linear precoding to increase the system throughput.
In the final part of the chapter we consider nonlinear precoding techniques
based on TH-precoding, which offer superior performance compared to linear
precoding. We extend the precoding method in [39] to systems with ISI. We
also propose a new chip-wise precoding scheme that combines spreading and THprecoding operations. The main difference between our solution and the TH solution in [39, 130] is that our non-linear precoder does not require CSI at the mobile
receiver and yet the performance is similar (note that in the TH precoding solution
in [39, 130] each user implements a RAKE receiver and therefore CSI is required).
Furthermore, efficient algorithms for multiuser power loading and cancelation ordering are developed. Implementation of the proposed TH-precoding schemes in
time-varying channels based on channel prediction is also addressed.
The remainder of this chapter is organized as follows. In Section 5.2, we obtain and compare the capacity regions of multiuser detection and precoding in the
downlink of CDMA systems. In Section 5.3 we briefly summarize two well-known
linear MUD methods and we propose several forms of linear precoding techniques.
We also present simulation comparisons between linear MUD and linear precoding. In Section 5.4, we develop new TH-precoding schemes for downlink TDDCDMA systems over multipath channels. Power loading and cancellation ordering
are also addressed. Simulation results under both perfectly known channels and
predicted channels are also presented. In Section 5.5 we discuss low-complexity
user scheduling algorithms based on our precoding schemes. Finally, Section 5.6
concludes the chapter.
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5.2 Downlink Capacity Regions of Multiuser Detection and
Precoding
In time-division duplexing (TDD) systems, the uplink channel and the downlink
channel for each individual user is the same. Hence the base station can use the
uplink channel information to perform preprocessing for the downlink and thereby
transfer sophisticated signal processing from the receiver end to the transmitter
end, i.e., to replace multiuser detection (receiver processing) by precoding (transmitter processing). In this section, we present and compare the capacity results of
precoding and multiuser detection in the downlink of a CDMA system. These two
approaches for downlink CDMA are illustrated schematically in Fig. 5.1. Note that
this is a special case of the MIMO broadcast channel for which recent progressive
developments [19, 16, 124, 125, 135] have lead to the final solution to the capacity
region for the general broadcast channel [128]. Consider a synchronous CDMA
system with K users signalling over a real-valued AWGN channel. Let fk and sk
be the channel gain and the spreading signature of the k-th user, respectively. Denote S = [s1 , · · · , sK ]. Then R = S T S is the K × K cross-correlation matrix of
the spreading waveforms of all users.
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Figure 5.1: Schematic illustration of MUD and Precoding in downlink CDMA
systems.
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5.2.1

Multiuser Detection

Assume that the users are ordered according to their path gains so that f1 ≥ f2 ≥
· · · ≥ fK . The received signal at the k-th mobile receiver is given by r k =
P
fk K
ℓ=1 xℓ sℓ + nk , where nk ∼ N (0, I). Note that in this case symbols from different users x1 , · · · , xK are independently encoded. Denote x = [x1 , · · · , xK ]T .
A sufficient statistic for x is the output of a bank of matched-filters [123],
¤
△ £
y k = sT1 r k , sT2 r k , · · · , sTK r k = fk Rx + v k ,

(5.1)

with E{v k v Tk } = R. The k-th user then makes a decision on its own data xk based
on y k . Denote ρk as the k-th column of R and
△

Qk = R + fk2

k−1
X

Pℓ ρℓ ρTℓ ,

(5.2)

ℓ=1

△
△ P
where Pk = E{x2k }. Denote PT = K
k=1 Pk as the total transmit power. We have
the following result regarding an outer bound on the rate region.

Proposition 2 Consider the channel model (5.1) and suppose that each user’s data
is encoded independently. Then the multiuser rate tuple (R1 , . . . , RK ) must satisfy
Rk ≤

¡
¢
1
log 1 + Pk fk2 ρTk Q−1
ρk , k = 1, · · · , K,
k
2

for some Pk , k = 1, . . . , K, satisfying Pk ≥ 0 and

PK

k=1 Pk

(5.3)

= PT .

Proof: Define y ′k = y k /fk . Then we can rewrite the following equivalent model
to (5.1):
y ′1 = Rx + v ′1 , and y ′k = y ′k−1 + v ′k ,

k = 2, . . . , K,

(5.4)

where the v ′1 , · · · , v ′K are independent, zero-mean Gaussian vectors, and E{v ′k v ′k T } =
¡ −2
¢
−2
fk − fk−1
R. The model (5.4) is the same as the aligned degraded broadcast
channel (ADBC) model in [128]. The difference is that here each xk is encoded
independently. This corresponds to the model in [128] with B i zero except for the
i-th diagonal element and S a diagonal matrix. It can be checked that the proof
still applies with these restrictions, and we therefore get a rate given by Eq.(2)-(3)
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in [128], which here becomes

Rk ≤
=

´
′ v′ T }
E{v
ℓ=1
ℓ ℓ
1
³P
´
log 
Pk
k−1
2
T
′ v′ T }
P
ρ
ρ
+
det
E{v
ℓ=1 ℓ ℓ ℓ
ℓ=1
ℓ ℓ
!
Ã
¢
¡
det Qk + fk2 Pk ρk ρTk
1
.
log
2
det Qk


det

³P

k
T
ℓ=1 Pℓ ρℓ ρℓ

+

Pk

(5.5)

Let F k be a Cholesky factor of Qk , i.e., F k F Tk = Qk . Then
· µ
¸
³p
´ ³p
´T ¶
¢
¡
−1
−1
2
T
T
= det F k I +
det Qk + Pk fk ρk ρk
Pk fk F k ρk
Pk fk F k ρk
Fk
¡
¢
= 1 + Pk fk2 ρTk Q−1
(5.6)
k ρk det Qk ,

where in (5.6) we used the following identity det(AB) = det(BA) = det(A) det(B),
¡
¢
and det I + aaT = aT a + 1 where a is a vector. Substituting (5.6) into (5.5)
we obtain (5.3).
The rate in Proposition 2 is achievable with a multiuser detector that performs
serial interference cancellation on weak users and linear MMSE interference suppression on strong users. In particular, user k can decode the data intended for
users k + 1, . . . , K as user k receives the same signal but with higher SNR. Suppose that user k has decoded users k + 1, . . . , K. It then subtracts the signals of
these users from y k in (5.1) to obtain
ỹ k = y k − fk
= fk

k
X

K
X

ρℓ xℓ

ℓ=k+1

ρℓ xℓ + v k

ℓ=1

= fk ρk xk + fk

k−1
X

ρℓ xℓ + v k .

(5.7)

ℓ=1

It now applies a linear MMSE filter on ỹ k . Note that the covariance matrix of the
noise and interference is given by Qk in (5.2). The linear MMSE filter output is
given by
x̂k =Tk ỹ k , with

k

= fk Q−1
k ρk .
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This gives a rate

Rk =
=

!
Ã
¡ T −1 ¢2
ρk Qk ρk Pk fk2
1
log 1 +
2
ρTk Q−1
k ρk
¡
¢
1
log 1 + Pk fk2 ρTk Q−1
ρ
.
k
k
2

(5.9)

△

When K = 2, denote ρ = ρ1,2 = ρ2,1 . The above rate region can be easily
evaluated as
R1 =
R2 =
=

5.2.2

1
log(1 + P1 f12 ),
2
¶
µ
1
1 + P1 f22 (1 − ρ2 )
2
P2 f2
log 1 +
2
1 + P1 f22
µ
µ
¶
¶
2
1
2 P1 f2
2
log 1 + 1 − ρ
P2 f2 .
2
1 + P1 f22

(5.10)

(5.11)

Precoding

In systems employing precoding, each downlink user simply applies a filter matched
to its own spreading sequence. The output of this matched-filter is given by yk =
fk ρTk x + vk , where x is the precoded vector. Stacking the output of the matchedfilters of all users in a single vector, we then obtain the downlink precoding signal
model: y = ARx + v, where A = diag(f1 , ..., fK ) and E{vv T } = I. This is
similar to a multiple-antenna broadcast channel [19]. However, note that here the
©
ª
power of the transmitted signal is E xT Rx . Therefore the power constraint is
© T
ª
E x Rx ≤ PT , which is different than [19]. This is easily fixed: let F be the
Cholesky factor of R, i.e., F F T = R. Define u = F T x. Then u should satisfy
©
ª
the power constraint E uT u ≤ PT , and we can write the received signal as
y = ARF −T u + v = AF u + v.

(5.12)

This is the same as the model in [19] for a broadcast channel with K antennas at
△
the base station and one antenna at each terminal, with H = AF . In [19] Costa’s
“dirty-paper coding” was suggested, and very recently in [128] it was shown that
this scheme actually gives the capacity region. Hence the results in [19] apply to
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the current problem and the following rate is achievable [124]

Rk =

³
³
´ ´
T PK
det
I
+
h
Σ
hk
ℓ
k
ℓ=k
1
³
³P
´ ´,
log
K
2
det I + hTk
ℓ=k+1 Σ ℓ hk

where Σ 1 , . . . , Σ K are positive semidefinite matrices satisfying tr
hTk

(5.13)
³P

K
k=1 Σ k

´

≤

PT and
is the k-th row of H. The capacity region, as proven in [128], is
the convex union over all matrices Σ 1 , . . . , Σ K and all orderings of the users.
Unfortunately, except for the two-user case solved in [19] no closed-form solution
for the capacity region has been found. For the case of K = 2, we can obtain
explicit expressions for the capacity region. In [19] it was proven that the capacity
region is given by
R1
R2
△

µ
¶
αc1 PT
≤ log 1 +
,
1 + q(1 − α)c1 PT
´
³
0 ≤ q ≤ 1, 0 ≤ α ≤ 1.
≤ log 1 + p(1 − α)c1 PT ,
△

(5.14)
(5.15)

△

where c1 = hT1 h1 , c2 = | det(H)|2 /c1 , c3 = |hT1 h2 |2 /c21 , and
p=

µ
√

c3 q +

r

c2
(1 − q)
c1

¶2

.

(5.16)

We can obtain a more explicit expression as follows. First set equality in (5.14)
and solve for q, to obtain
q =

2R1 − 1 − αc1 PT
.
(1 − α)c1 PT (1 − 2R1 )

(5.17)

Then substitute (5.17) into (5.16) and in (5.15) with equality, and solve for α from
dR2
dα = 0, to obtain the unique solution
α =

−c21 PT + 2R1 c21 c3 PT − 22R1 c2 − c1 c3 + 23R1 c2 + 2R1 c1 c3
. (5.18)
(c1 c3 + 2R1 c2 )2R1 c1 PT
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Substituting (5.18) into (5.14) and (5.15) we obtain
R1 ≤ log (1 + c1 PT ) ,
(5.19)
µ
¶
R
2
R
1
1
c c3 PT + c1 c3 + 2 (c1 c2 PT + c2 − c1 c3 − c2 2 )
R2 ≤ log 1 + 1
(5.20)
.
c1 2R1
Now substituting (5.19) with equality into (5.20), and using the definitions of ci
△

and H = AF , after some straightforward but tedious simplifications, we obtain
R1 ≤
R2 ≤

¢
¡
1
log 1 + P1 f12 ,
2
µ
µ
¶
¶
2
1
2 P1 f1
2
log 1 + 1 − ρ
P2 f2 .
2
1 + P1 f12

(5.21)
(5.22)

If we swap the order of the users we get another region, and the total region is the
convex closure of these two regions.

5.2.3

Comparisons

We next provide some numerical results comparing the downlink CDMA capacity
regions for multiuser detection (MUD) and precoding with K = 2. First we notice
that the two capacity expressions (5.10)-(5.11) and (5.21)-(5.22) are very similar.
Figure 5.2 shows typical rate regions, one for high SNR and one for low SNR.
There are two curves for the precoding case because of the dependency on user
ordering (the capacity region is the convex union) and one curve for the MUD
case. It is seen that the regions are quite similar. The maximum sum rate is slightly
larger for MUD; whereas the maximum equal rate (i.e., R1 = R2 ) is slightly larger
for precoding. This turns out to be general, as the following numerical results show.
Figure 5.3 shows the sum rate as a function of f2 /f1 and ρ ∈ [0, 1] with f1 fixed. It
is seen that the sum rate for MUD is consistently better, but only slightly. Similar
observation can be made for maximum equal rate in Fig. 5.4. In summary it is seen
that precoding can potentially provide similar capacity as MUD, which motivates
the development of practical transmitter precoding techniques as an alternative to
MUD to reduce the complexity of the mobile receiver. In the following sections, we
propose suboptimal approaches to “dirty-paper coding” based on linear precoding
and the Tomlinson-Harashima (TH) precoding technique in multipath channels.
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Figure 5.2: Comparisons of rate regions for MUD and precoders with K = 2.
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sum rates for precoding and MUD (Rprecoding − RMUD ). The SNR is 20dB for
user 1.
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5.3.1

Linear MUD Methods
Transmitter
loading
Downlink bit streams
b = [ b 1,…, b K ] T

A =
diag[ A 1,…, A K ]

r 1 = D 1SAb

P/S

Joint Detection
(MUD)
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CSI f 1 + spreading
sequences
s1,…, sK

.
.
.

.
.
.
Mobile Unit K
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Spreading
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[s1,…,s K ]

r K = D K SAb

Joint Detection
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bK

CSI f K + spreading
sequences
s1,…, sK

Figure 5.5: Downlink MUD.
We consider a K-user discrete-time synchronous multipath CDMA system.
Define bk [i] from a constellation A as the symbol of the k-th user transmitted during the i-th symbol interval with E{|b[i]|2 } = 1 and b[i] = [b1 [i], ..., bK [i]]T .
Denote N as the spreading factor and sk = [sk,1 , ..., sk,N ]T as the normalized
spreading waveform of the k-th user. Then, the signal transmitted from the base
station during the i-th symbol interval can be written as p[i] = SAb[i], where S =
122
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[s1 , s2 , ..., sK ] is the matrix of spreading waveforms; and A = diag(A1 , ..., AK )
contains the user signal amplitudes. The vector p[i] is passed through a parallelto-serial converter and transmitted over the multipath channel. The path delays are
assumed to be an integral number of chip periods. Denote the multipath channel
seen by the k-th user as f k = [fk,1 , fk,2 , ..., fk,L ]T , where L is the number of resolvable paths and fk,l is the complex fading gain corresponding to the l-th path
of the k-th user. We assume that L < N . At the k-th user’s receiver, the N × 1
received signal during N consecutive chip intervals corresponding to b[i] is given
by


fk,1 0
 ..
..
 .
.


.
..
r k [i] = D k S Ab[i] + nk [i] with D k =  fk,L
| {z }


..
Hk
 0
.
0
···

···
..
.
fk,1

···
..
..

fk,L

.

.
···


0
.. 
. 





0 

fk,1

,

N ×N

(5.23)
¢
¡
where r k [i] = [rk,1 [i], ..., rk,N [i]] is the received signal, nk [i] ∼ Nc 0, σ 2 I N
is the complex white Gaussian noise vector at the k-th receiver, and H k = D k S.
Notice that we have assumed that ISI can be ignored either by being truncated or
by inserting a guard interval. At the k-th receiver, a linear detector to recuperate
the signal bk [i] can be represented by an N -dimensional vector wk ∈ CN , which
is correlated with the received signal r k [i] in (5.23) to obtain zk [i] = wH
k r k [i],
and the k-th mobile unit makes a decision b̂k [i] = Q(zk [i]), where Q rounds to the
closest point in the constellation.
T

Linear Decorrelating Detector: The decorrelating detector completely eliminates
the multiuser interference (MUI) and interchip interference (ICI), at the expense of
enhancing the noise. The linear decorrelating detector for user k is given by [123]
H
−1
wk = H †H
k ek = H k (H k H k ) ek ,

(5.24)

where ek denotes a K-dimensional vector with all entries zeros, except for the k-th
entry, which is 1. The output of this detector is given by
H
zk [i] = wH
k r k [i] = Ak bk [i] + w k nk [i] =⇒ SINRk =

A2k
,
σ 2 kwk k2

(5.25)

where SINRk is the signal-to-interference-plus-noise ratio for the k-th user. Suppose that the QoS requirement for user k is such that SINRk ≥ γk , where γk is the
123
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minimum acceptable SINR value for user k. Hence we have A2k = σ 2 γk kwk k2 .
And the total required transmit power is given by

PT =

K
X
k=1

A2k

=

K
X

H H
−H
σ 2 γk eH
ek .
k (S D k D k S)

(5.26)

k=1

Linear MMSE Detector: The linear MMSE detector for user k is given by [123]
©
ª
2
2
−1
wk = arg min E |bk [i] − wH
= Ak (H k A2 H H
k r k [i]|
k + σ I N ) H k ek .
N
wk ∈C
(5.27)
The SINR for this detector is given by
2
A2k kwH
k H k ek k
.
2
H
2
2
2
j6=k Aj kw k H k ej k + σ kw k k

SINRk = P

(5.28)

We seek to minimize the total power PT such that SINRk ≥ γk . The iterative
power control algorithm for linear MMSE MUD proposed in [122] can be extended
to the downlink scenario. At the (n + 1)-th iteration, the MMSE filter wk (n + 1) is
constructed using the current power matrix A(n). Then, the power matrix A(n+1)
is updated using the new filter coefficients wk (n + 1).
Algorithm 6 Power control algorithm for linear MMSE MUD in the downlink
INPUT: H k , γk , σ 2 .
FOR n = 0, 1, 2, ... DO
FOR k = 1, 2, ..., K DO
2 −1
wk (n + 1) = (H k A2 (n)H H
k + σ I) Ak (n)H k ek
PK
2
H
2
2
H
j=1,j6=k Aj (n)kw k (n + 1)H k ej k + σ (w k (n + 1)w k (n + 1))
A2k (n + 1) = γk
2
kwH
k (n + 1)H k ek k

END FOR;
END FOR;
OUTPUT: assigned powers Ak and linear MMSE filters
wk , k = 1, ..., K.

5.3.2

Linear Precoding Schemes

In this section we consider different approaches to implement linear precoding
assuming that the transmitter has perfect CSI.
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Figure 5.6: Downlink linear precoding.
We assume that each mobile unit employs only a filter matched to its own
spreading sequence, and it does not need to know other users’ spreading sequences
or to estimate the channel. Denote the symbol by symbol bit-wise precoding
operation as x[i] = M b Ab[i], where x[i] is the precoded symbol vector and
M b ∈ CK×K is the bit-wise linear precoding matrix. Then, after spreading the
precoded data, the signal transmitted from the base station during the i-th symbol
interval can be written as p[i] = Sx[i] = SM b Ab[i]. The vector p[i] is passed
through a parallel-to-serial converter and transmitted through the channel. The
signal received by the k-th user is then given by
r k [i] = D k SM b Ab[i] + nk [i],
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where D k is given in (5.23). Then the corresponding matched filter sk is applied
to r k [i]. Stacking the outputs of the K matched-filters we obtain
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(5.30)

sH
K nK [i]
{z
}
v [i]

The k-th receiver makes a decision b̂k [i] = Q(yk [i]). Therefore the precoder design
problem involves designing the precoding matrix M b such that y[i] is as close to
b[i] as possible.
Bit-wise Linear MMSE Precoder: Assuming that the spreading sequences are normalized, the linear MMSE precoder chooses the precoding matrix
r M b to minimize
PT
−1
2
³
´.
E{kb−yk }, and is given by [126] M b = βH b , with β =
2
−H
tr SH −1
SH
b A Hb
Note that such a linear MMSE precoder also zero-forces the interference. If the
constraint is the minimum SINR at each receiver γk , we obtain the unconstrained
A2k
precoding solution M b = H −1
b . Thus we have SINRk = σ 2 ; and the power assigned to the k-th user becomes A2k = σ 2 γk . Then the total power required at the
H
transmitter becomes PT = E{kSM b Ab[i]k2 } = tr(SM b A2 M H
b S ).
Bit-wise Wiener Precoder: The bit-wise Wiener precoder is proposed in [69, 70]
©
ª
as the matrix M b and constant β that minimize E kb[i] − β −1 y[i]k2 , subject to
E{kM b Ab[i]k2 } = PT . Given the total transmit power PT , the Wiener precoder
is given by
M b = βJ −1 H H
b ,

(5.31)

with
β=

s

Kσ 2
PT
H
¢
and
J
=
H
H
+
IN .
b
b
2
PT
tr J −2 H H
b A Hb
¡

(5.32)

Optimal Transmit Spreading Sequences: Besides optimizing the precoding matrix
M b for a given channel realization, we can also optimize the transmit spreading
sequences. Denote s1 , ..., sK as the fixed spreading sequences used at the mobile
units (i.e., the matched -filters) and s̃1 , ..., s̃K as the optimized spreading sequences
used at the transmitter. Denote S̃ = [s̃1 , ..., s̃K ]. Similarly to (5.30), the received
126
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signal can be written as







|





sH
K r K [i]
{z
}
y [i]

|

sH
1 r 1 [i]
sH
2 r 2 [i]
..
.

 
 
=
 
 





sH
K DK
{z
}
Hc

|

sH
1 D1
sH
1 D2
..
.





 S̃M b Ab[i] + 





sH
1 n1 [i]
sH
2 n2 [i]
..
.





.



(5.33)

sH
K nK [i]
{z
}
v [i]

Following [99], it can be easily shown that the linear MMSE precoding matrix is
given by M b = (H c S̃)−1 (for details see Appendix C), and A2k = σ 2 γk , k =
1, . . . , K. Next we show that for any given propagation channel D 1 , ..., D K , original spreading sequences S, and minimum SINR requirements, we can explicitly
∗
find the optimal spreading matrix S̃ ∈ CN ×K such that the total transmit power
PT is minimized. Assume that the K × N matrix H c has rank K, where N ≥ K.
H
Define the SVD H c = U c Σc V H
c , where U c is a K × K unitary matrix, V c is
an N × N unitary matrix and Σc is a K × N diagonal matrix with [Σc ]i,i = λc,i
being the positive square root of the i-th eigenvalue of H c H H
c .
Proposition 3 Given the channels D 1 , . . . , D K , the receiver matched-filters s1 , . . . , sK ,
and the target SINR γ1 , . . . , γK of all users, by optimizing the transmit spreading
matrix S̃ used in the bit-wise linear MMSE precoder, the minimum achievable
transmit power is given by
PT∗ =

˜

S

min
∈CN ×K

H

tr(S̃M b A2 M H
b S̃ ) =

K
X

A2k λ−2
c,k ,

(5.34)

k=1

where A2k = σ 2 γk , k = 1, ..., K are the assigned powers. One solution to the
optimization problem in (5.34) (i.e., the optimal transmit spreading matrix) is given
∗
by the N × K matrix S̃ = H H
c .
Proof: Note that M b = (H c S̃)−1 and therefore the transmitted vector is given
by p[i] = S̃M b Ab[i] = S̃(H c S̃)−1 Ab[i]. Denote the SVDs of H c and S̃ by
H
H̃ c = U c Σc V H
c and S̃ = U s̃ Σs̃ V s̃ , respectively. Then the total transmit power
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is
PT

H

= E{pH [i]p[i]} = tr(S̃(H c S̃)−1 A2 (H c S̃)−H S̃ )
H −1 2
H
H −H
H
V s̃ ΣH
= tr(U s̃ Σs̃ V s̃H (U c Σc V H
s̃ U s̃ )
c U s̃ Σs̃ V s ) A (U c Σc V c U s̃ Σs̃ V s̃ )
{z
}
|
T
H
−1 H 2
= tr(Σs̃ V s̃ V s̃ T U c A U c T −H V s̃H V s̃ Σs̃H )

= tr(Σs̃ T −1 A2 T −H Σs̃H ) = tr(A2 Σs̃2 T −1 T −H ),

(5.35)

2
H
where T = Σc V H
c U s̃ Σs̃ is a K × K matrix; Σs̃ = Σs̃ Σs̃ is a K × K diagonal
matrix; and we used the fact that U s̃ , U c , V c and V s̃ are unitary.
Consider T expressed in terms of the matrices obtained with the thin SVD [65],
(t)
(t)
(t)
(t)
T = Σc CΣs̃ , where Σc and Σs̃ are the K-th leading submatrix of Σc and
(t)H (t)
(t)
(t)
Σs̃ , respectively; and C = V c U s is a K × K matrix (where V c and U s
denote the matrices consisting of the first K columns of U s̃ and V c , respectively).
Denoting {v c,1 , ..., v c,K } and {us̃,1 , ..., us̃,K } as the first K columns of V c and
U s̃ , respectively, we have [C]ij = hv c,i , us̃,j i, i, j = 1, ..., K. Next we show that
the eigenvalues of C denoted as φi , i = 1, .., K, always satisfy |φi | ≤ 1.
Denote {e1 , ..., eK } as the orthogonal basis of the K-dimensional space. Then
the l-th component of the C transform of the j-th basis is given by [e′j ]l = [Cej ]l =
[C]l,j = hv c,l , us̃,j i, where h·, ·i denotes the inner product. Hence ke′j k2 =
PK
2
l=1 |hv c,l , us̃,j i| . Notice that since V c and U s̃ ∈ SU(N ) (i.e., special unitary
group), then V H
c U s̃ also belongs to the SU(N ); and therefore the L2 norm of each
PN
2
column vector of the N ×N matrix V H
c U s̃ equals to one, i.e.,
l=1 |hv c,l , us̃,j i| =
P
K
2
′
2
1, j = 1, ..., N. Since N ≥ K, we have kej k = l=1 |hv c,l , us̃,j i| ≤ 1, j =
1, ..., K. This is, the L2 norm of the transformation by C of every basis vector is
always less or equal to 1. Every vector in the K-dimensional space can be written
as a linear combination of the basis and therefore, the C transform applied to any
vector reduces the norm. In particular, it reduces the norm of the eigenvectors of
C. Therefore, we conclude that the eigenvalues of C satisfy |φi | ≤ 1, ∀i.
(t)
(t)
Substituting T −1 = [Σs̃ ]−1 C −1 [Σc ]−1 and the eigenvalue decomposition
of C = W ΦW −1 (where Φ = diag(φ1 , . . . , φK )) in (5.35) we obtain

PT

2 −1 −H −2
= tr(A2 Σs̃2 T −1 T −H ) = tr(A2 C −1 C −H Σ−2
Σc )
c ) = tr(A Φ Φ

=

K
X
i=1

−2
A2i λ−2
≥
c,i |φi |

K
X

A2i λ−2
c,i .

(5.36)

i=1

(t)

(t)

(t)

∗

Denote the thin SVD of S̃ = U s̃ Σs̃ V s̃ . Finally, with S̃ = H H
c , the thin
∗
(t) (t) (t)H H
(t) (t)H (t)H
SVD decomposition becomes S̃ = (U c Σc V c ) = V c Σc U c , i.e.,
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(t)

(t)

(t)H

(t)

U s̃ = V c . Therefore C = V c U s̃ = I K , and C has unit eigenvalues.
∗
Hence we have equality in (5.36) and S̃ = H H
c is an optimal spreading matrix
for linear MMSE precoding.
¥
∗

Remark: There are many other forms of the optimal spreading matrix S̃ such
(t)H (t)
that C = V c U s̃ has unit eigenvalues. Specifically, we need to construct an
N × N matrix U s̃ that rotates the first K columns vectors of V c in the same Kdimensional subspace and keep invariant the N −K-dimensional subspace spanned
by the N − K remaining vectors. Consider first the real case. The constraints on
P
2
the K first columns of U s̃ are: (a) K
l=1 |hv c,l , us̃,j i| = 1, j = 1, ..., K. [K
equations.] (b) hus̃,i , v c,m i = 0, i = 1, ..., K; m = K + 1, ..., N. [K · (N − K)
equations.] (c) hus̃,i , u,̃j i = δij , i, j = 1, ..., K. [(K − 1) + (K − 2) + ... +
(K − K + 1) + (K − K) = K 2 − 12 K(K + 1) equations.] To construct U s̃ , there
are N K variables in the K first columns of U s̃ . After subtracting the number of
constraints, we have (K 2 − K)/2 degrees of freedom, which is nothing more than
the dimension of the O(K) (i.e., orthogonal group) as expected. In the complex
case, there are 2N K variables in the first K columns of U s̃ and it can be shown
that the solution generalizes to (K 2 − 1) degrees of freedom that is the number of
free parameters of the SU(K). To summarize, to construct the optimal spreading
matrix with SVD decomposition S̃ = U s̃ Σs̃ V s̃H , we only have to find the unitary
matrix U s̃ satisfying the above constraints on its K first column vectors (i.e., range
of S̃). Moreover, there are (K 2 − 1) degrees of freedom to select it.
Chip-wise Linear Precoding
loading
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Figure 5.7: Downlink chipwise linear precoding.
In chip-wise precoding, we do not explicitly use any spreading matrix at the
transmitter. This is, the precoder takes K symbols and outputs the spread vector of
length N . Hence the spreading and precoding operations are effectively combined.
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The received signal at the kth receiver is given by
r k [i] = D k AM c b[i] + nk [i],

(5.37)

where M c ∈ CN ×K is the chip-wise precoding matrix. At each receiver k, the
matched-filter sk is applied to r k [i]. By stacking the outputs of all K matchedfilters we obtain







sH
1 r 1 [i]
H
s2 r 2 [i]
..
.





 
 
=
 
 

sH
K r K [i]
{z
}
|
y [i]

sH
1 D1
sH
2 D2
..
.









 M c Ab[i] + 





sH
K DK
{z
}
|
Hc

sH
1 n1 [i]
sH
2 n2 [i]
..
.





.



(5.38)

sH
K nK [i]
{z
}
|
v [i]

Differently from the bit-wise system model, here the channel matrix H c is not a
square matrix but has dimension K × N with N ≥ K.
Chip-wise MMSE Precoding: Using an argument similar to [99] and given in
Appendix C, the linear MMSE chip-wise precoder is given by
H −1
M c = H †c = H H
c (H c H c ) .

(5.39)

It is easily seen that the SINR for each user is given by
SINRk =

A2k
, k = 1, ..., K.
σ2

(5.40)

As before, if we assume that the required SINR for user k is γk , the required power
assigned to the k-th user becomes A2k = σ 2 γk . Due to the precoding matrix, the
required total transmit power becomes
2
H −1
PT = tr(H †c A2 H †H
c ) = tr(A (H c H c ) ).

(5.41)

Remark: Note that under a fixed transmit q
power budget PT , the linear MMSE pre-

coder is given by M c = βH †c with β =

−1
PT /tr(A2 (H c H H
c ) ) and SINRk =

(βAk )2
.
σ2

Proposition 4 The above chip-wise linear MMSE precoding method is equivalent
to the bit-wise linear MMSE precoding method with the optimal spreading matrix
∗
at the transmitter S̃ .
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Proof: Using the SVD of H c = U c Σc V H
c , the total transmit power required in
the linear MMSE chip-wise precoder is given by
PT

−1 H 2
−1 H
= tr(H †c A2 H †H
c ) = tr(V c Σc U c A U s Σc V c )
K
X
¡
¢
A2i λ−2
= tr A2 Σ−2
=
c
c,i .

(5.42)

i=1

Hence the transmit power with the chip-wise linear MMSE precoder is equal to the
minimum transmit power in the bit-wise solution given in (5.34).
¥
Remark: The above result shows that it is not necessary to optimize the spreading
operation at the transmitter. That is, by applying the simple chip-wise precoding
operation we can obtain the optimal performance.
Chip-wise Wiener Precoding: The Wiener precoder given in (5.31) can be used
in our chip-wise scheme by subsituting H b by H c , resulting in the precoding
matrix M c ∈ CN ×K . Next we propose a power loading algorithm that can be
applied to both the bit-wise and chip-wise Wiener precoders. Consider the signal
model (5.38). Define G = H c M c . Then we can write yk [i] = Ak Gkk bk [i] +
PK
i=1,i6=k Ai Gki bi [i] + vk [i], k = 1, ..., K. In the Wiener precoder M c is not the
pseudo-inverse of H c and therefore G is not a diagonal matrix. Hence, for a fixed
loading matrix A, the received SINR is given by
SINRk =

A2k kGkk k2
.
P
2
2
σ2 + K
i=1,i6=k Ai kGki k

(5.43)

To achieve the target SINR γk for each user k, we need to find the optimal powers
A2k , k = 1, ..., K. Now, different from the linear MMSE precoding, the power
allocation problem is coupled with the problem of finding the optimal precoding
matrix. Following the ideas of [122] we propose the following iterative algorithm
to solve the joint problem. In the algorithm we first fix the power loading values
A(n) to find the precoding matrix and then, based on the precoding matrix, the
power loading values are updated. Simulations show that the algorithm converges
in about two or three iterations.

5.3.3

Simulation Results

Chip-wise precoding vs. bit-wise precoding: We first compare the bit-wise linear
MMSE precoding (without optimizing the spreading sequences at the transmitter)
with the chip-wise linear MMSE precoding. We assume that the target SINR per

131

5.3 Linear Precoding versus Linear Multiuser Detection
Algorithm 7 Power control algorithm for Wiener precoder
INPUT: H c , σ 2 and γk , k = 1, ..., K;
FOR n = 1, 2, ... DO
2
IN
D(n + 1) = H H
H c + PKσ
T (n)
r c
PT (n)
β(n + 1) =
2
tr(J −2 (n+1)H H
c A (n)H c )
M c (n + 1) = β(n + 1)J −1 (n + 1)H H
c ;
G(n + 1) = H c M c (n + 1);
FOR k = 1 : K DO
PK
A2i (n)kGki (n+1)k2 +σ 2
;
A2k (n + 1) = γk i=1,i6=k kG
2
kk (n+1)k
END;
PT (n + 1) = E{kM c (n + 1)A(n + 1)bk2 } = tr(M c (n + 1)A2 (n +
1)M H
c (n + 1));
END FOR;
OUTPUT: precoding matrix M c (n
+
1), and assigned
powers A(n + 1)
user is constant for all users, γk = 10dB, k = 1, . . . , K. We consider random
codes and Gold codes with spreading gain N = 31 and the total number of users
K = 15. We assume that each mobile user experiences an independent multipath
channel f k = [fk,1 , ..., fk,L ]T with L = 3 resolvable paths, and the transmitter has
perfect CSI of all users. The path gains are generated according to fk,i ∼ Nc (0, L1 ).
The results are averaged over 1000 different channel realizations. The cumulative
distribution function (CDF) of the required power at the transmitter to achieve the
minimum SINR at the receivers is shown in Fig. 5.8. It is seen that under this severe
multipath, the suboptimal bit-wise solution incurs a large performance degradation.
Chip-wise precoding with matched-filter vs. bit-wise precoding with RAKE receiver: The bit-wise linear MMSE precoding with a RAKE receiver was proposed
in [126]. The difference with the linear MMSE precoder considered in the Section
3.1 is that the receiver must also estimate the channel and apply a RAKE receiver,
consequently, increasing the number of pilot symbols and the complexity of the
receiver. We discuss this method only for comparison since we seek precoding
solutions with simple receivers with no receiver CSI. The RAKE receiver can be
implemented with a matched filter using the effective spreading sequence (i.e., the
k-th effective spreading sequence is s̄k = f k ⋆sk ) instead of the original spreading
sequence. With our notation, the k-th effective spreading sequence is given by the
convolution s̄k = D k Sek = D k sk , where we have limited the convolution to N
chip samples. Then, with the RAKE receiver the system model can be written as
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Figure 5.8: Chip-wise precoding vs. bit-wise precoding: CDF of the required
power PT at the transmitter to achieve γk = 10dB, ∀k. Spreading gain N = 31,
K = 15 users.
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Gold/random sequences − K = 22, N = 31
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Figure 5.9: Chip-wise precoding with matched-filter vs. bit-wise precoding with
RAKE receiver: CDF of the required power PT at the transmitter to achieve γk =
13dB, ∀k. Spreading gain N = 31, K = 22 users.

134

5.3 Linear Precoding versus Linear Multiuser Detection
Gold/random sequences − K = 15, N = 31
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Figure 5.10: Linear precoding vs. linear MUD: CDF of the required power PT at
the transmitter to achieve γk = 13dB, ∀k. Spreading gain N = 31, K = 15 users.
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It is easily seen that the linear MMSE precoding solution still yields M b = H −1
b ,
where H b is defined in (5.44). The signal to noise ratio for user k is
SINRk =

A2k
, k = 1, . . . , K,
σ 2 kD k sk k2

(5.45)

H
and the required power to achieve an SINR value γk becomes A2k = σ 2 γk sH
k D k F k sk .
Therefore, the total transmitted power is given by
−1 2
−H H
2
PT = E{kSH −1
b Ab[i]k } = tr(SH b A H b S ).
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Notice that the Wiener precoding solution can also be applied to the system in
(5.44).
Next we compare the chip-wise linear MMSE precoder given in Section 5.3.2
(which is equivalent to the optimal bit-wise linear MMSE precoder) with the above
bit-wise precoder with a RAKE receiver. The results are shown in Fig. 5.9. With
Gold sequences the RAKE receiver brings less than 0.5dB gain on average compared with the simple chip-wise precoder with matched-filter receiver. Note that
the performance of a communication system is dominated by the outage events.
Given an outage probability pout , we define the corresponding outage power Pout
as pout = P r{PT ≥ Pout }. It is seen that although on average the RAKE receiver is slightly better, it is more prone to outage. For instance, consider in the
plot the 5% outage probability for which the chip-wise precoder requires around
34.5 dB whereas the RAKE receiver requires around 35.5dB. When considering
the 1% outage probability, this effect is more pronounced and the RAKE receiver
requires 5 dB more than the chip-wise precoder to achieve the same performance.
This effect will be more clear in the BER simulation results [cf. Fig. 12 and Fig.
13]. Interestingly, the performance of the precoder with RAKE receiver decays
considerably when random sequences are used. Therefore, the chip-wise precoder
is not only simpler (and it makes the receiver simpler since no CSI is required at the
receiver) but it also has excellent performance. From the above simulation results
we can conclude that: (a) The original bit-wise precoder with the matched filter at
the receiver is far from optimal in multipath channels; (b) The bit-wise precoder
with RAKE receiver makes the mobile units more complex and does not bring
much improvements with Gold sequences and it can be very detrimental with random spreading sequences; (c) Therefore the proposed chip-wise precoding method
offers both low complexity and high performance.
Linear precoding vs. linear MUD – total transmit power: Next we compare linear
MUD with linear precoding assuming the same simulations parameters. We compare the CDF of the required total power PT at the transmitter to achieve a target
SINR γk = 13dB, ∀k, in each of the four following schemes: (a) linear decorrelating MUD [cf. Eq.(5.26)]; (b) linear MMSE MUD [cf. Alg. 6]; (c) chip-wise
linear MMSE precoder, [cf. Eq.(5.41)]; and (d) chip-wise Wiener precoder [cf.
Alg. 7]. Simulations are performed for spreading gain N = 31, with Gold and random spreading sequences. Fig. 5.10 shows the results with K = 15 users and Fig.
5.11 shows the results with K = 27 users. It is seen that with Gold codes, MUD
is slightly better (although only 0.5dB of difference with linear precoding when
15 users are considered), whereas with random codes linear precoding largely outperforms MUD. Notice that the Wiener precoder is slightly better than the MMSE
precoder. It is also seen that the total power required in the precoding solutions
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Figure 5.11: Linear precoding vs. linear MUD: CDF of the required power PT at
the transmitter to achieve γk = 10dB, ∀k. Spreading gain N = 31, K = 27 users.
is almost independent of the chosen spreading sequences and therefore, an outage
event is less likely to occur. Although the linear MMSE MUD solution seems to be
quite effective with Gold codes, we recall that it is unlikely to be implemented in
the downlinks of most wireless systems due to the amount of required feedback information to implement perfect power control and other issues discussed in Section
1. Also notice that the linear decorrelator offers very poor performance in heavily
loaded systems, which does not occur to the linear MMSE linear precoder.
Linear precoding vs. linear MUD – BER performance: Fig. 5.12 and Fig. 5.13
show the BER performance of the various linear MUD and linear precoding methods. The results are averaged over 100 channel realization and QPSK modulation
is employed. Recall that the linear MMSE precoder is equivalent to the transmitter
counterpart of the decorrelator. For the decorrelating MUD we consider perfect
power loading to achieve the same SNR across the users. It is seen that the linear
MMSE precoder with RAKE only performs slightly better with Gold sequences
in the very low SNR region. In all the other cases, the chip-wise linear MMSE
precoder obtains much better results. On the other hand, the chip-wise MMSE
precoder obtains much better results than the decorrelating MUD, especially in
heavily loaded systems. These results are due to the outage events of the decor137
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Figure 5.12: Linear precoding vs. linear MUD: BER performance with random
spreading sequences. Spreading gain N = 31, K = 15 and K = 27 users.
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Figure 5.13: Linear precoding vs. linear MUD: BER performance with Gold
spreading sequences. Spreading gain N = 31, K = 15 and K = 27 users.
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relating MUD observed in Fig. 5.10 and Fig. 5.11. Again, it is seen that the
BER performance of the chip-wise precoding solution is almost independent of the
chosen spreading sequence.

5.4 TH Precoding in Downlink CDMA
In this section we consider nonlinear precoding solutions based on TH precoding
that outperform linear precoding.

5.4.1

Downlink CDMA System Model with ISI

We consider a K-user discrete-time downlink CDMA system signaling over multipath channels. Denote bk [i] ∈ A as the information symbol of the k-th user
transmitted during the i-th symbol interval, where A is a finite constellation set;
and b[i] = [b1 [i], ..., bK [i]]T . Denote the symbol by symbol precoding operation
as x[i] = Ψ(b[i], ..., b[i − ν + 1]), where x[i] is the K × 1 precoded symbol vector based on ν information symbol vectors. Denote N as the spreading factor and
sk = [sk,1 , ..., sk,N ]T as the spreading waveform of the k-th user. Then the signal
transmitted from the base station during the i-th symbol interval can be written
as p[i] = Sx[i], where S = [s1 , s2 , ..., sK ] . The vector p[i] is passed through
a parallel-to-serial converter and transmitted over the wireless channel. The path
delays are assumed to be integral multiples of the chip interval. Denote the multipath channel seen by the k-th user as f k = [fk,1 , fk,2 , ..., fk,L ]T , where L is the
number of resolvable paths and fk,l is the complex fading gain corresponding to
the l-th path of the k-th user. We assume that L ≤ N so that the delay spread is at
most one symbol interval.
Different from the previous section, here we also consider intersymbol interference (ISI). Denote r k [i] as the N × 1 received signal vector by the k-th user
during the i-th symbol interval (i.e., N consecutive chip intervals). Then
r k [i] = D k Sx[i] + D̄ k Sx[i − 1] + nk [i],

(5.47)

¢
¡
where nk [i] ∼ Nc 0, σn2 I N is the complex white Gaussian noise vector at the
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At the k-th mobile receiver, a matched-filter is applied to the received signal r k [i]
with this user’s signature waveform, i.e., yk [i] = sH
k r k [i]. By stacking the matchedfilter output from all users into a single vector we have





 
sH
sH
sH
sH
1 D̄ 1 S
1 D1 S
1 n1 [i]
1 r 1 [i]



 H
 H
 
 H
D2 S 
 s2 D̄ 2 S 
 s2 n2 [i] 
 s2 r 2 [i]   sH
2
 x[i − 1] + 
 x[i] + 
 . (5.49)
=

..
..
..
..





 

.
.
.
.





 



|

sH
K r K [i]
{z
}
y [i]

|

sH
K DK S
{z
}
H

|

sH
K D̄ K S
{z
}
¯
H

|

sH
K nK [i]
{z
}
v [i]

A different situation is when instead of applying a fixed matched filter, the receiver
implements a RAKE receiver as proposed in [39]. The main difference is that each
receiver must also estimate the channel to apply the RAKE receiver, consequently,
increasing the number of pilot symbols and the complexity of the receiver. We
discuss this method only for comparison since we seek precoding solutions with
simple receivers without receiver CSI. The RAKE receiver can be implemented
with a matched filter using the normalized effective spreading sequence (i.e., the
k-th effective spreading sequence is s̄k = f k ⋆sk ) instead of the original spreading
sequence. With our notation, the normalized k-th effective spreading sequence is
given by the convolution s̄k = kD 1s k D k sk , where we have limited the convoluk k
tion to N chip samples.
The problem of the precoder design is to choose an appropriate precoding function Ψ(·) so that the output vector y[i] of the matched-filters is as close as possible
to the transmitted data vector b[i].

5.4.2

Bit-wise Multiuser TH Precoding

If the ISI term H̄x[i − 1] were not present in (5.49) (this is the case when a guard
interval is inserted between consecutive symbols as considered in section 5.3), then
the TH precoding scheme in [130] for multiple-input multiple-output (MIMO) systems can be directly applied here. In such a case the TH precoder consists of a
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Figure 5.14: Bit-wise TH-precoded downlink CDMA system over multipath channels.
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feedforward (FF) filter matrix F and a feedback (FB) filter matrix (C − I), which
are obtained in the following way. Denote the LQ factorization of the matrix H as
H = W F H , where F is unitary and W is lower triangular. The purpose of the
FF matrix F is to convert the interference into a causal form without increasing the
transmit power. This permits the cancellation of the causal interference using the
FB filter matrix (C − I). For the interference cancellation to be possible, C needs
to be monic lower triangular. To obtain C, decompose W = G−1 C where G is
−1
−1
, ..., wK,K
) where
the diagonal matrix that makes C monic, i.e., G = diag(w1,1
wi,i denotes the i-th diagonal element in W . Denote x̃[i] as the output of the FB
filter. Then we have x̃[i] = b[i] − (C − I)x̃[i], and consequently, the equivalent
FB operation is x̃[i] = C −1 b[i]. Thus, the input data symbols b[i] are first passed
through the FB filter C −1 and then through the FF filter F , i.e., x[i] = F C −1 b[i],
followed by spreading (cf. Fig. 5.14).
Feedback and Modulo Operations: Due to the lower triangular structure of the
matrix C, the output of the FB filter x̃k , k = 1, ..., K, is successively generated
from the input data symbols bk [i] ∈ A, and the previous output of the FB filter,
P
x̃ℓ [i], ℓ = 1, ..., k − 1, as x̃k [i] = bk [i] − k−1
ℓ=1 ck,ℓ x̃ℓ [i], k = 1, ..., K. To prevent
an increase in transmit power, a modulo operation with respect to A is applied. For
example, for M -QAM constellations, the modulo operation corresponds to adding
√
integer multiples of 2 M to the real and the imaginary parts of bk [i], so that the
resulting output signal falls in the range of A. Then the output of the FB filter
becomes
k−1
X
ck,ℓ x̃ℓ [i], k = 1, ..., K,
(5.50)
x̃k [i] = bk [i] + dk [i] −
ℓ=1

√

where dk [i] ∈ {2 M (dI + jdQ )|dI , dQ ∈ Z}. That is, instead of feeding back
bk [i], the symbols vk [i] = bk [i] + dk [i] are passed through C −1 . If the receiver
applies the same modulo operation, then the effect is cancelled.
Cascade of Operations: At the k-th user’s receiver, a matched-filter sk , a scalar
−1
operation gk = G[k, k] = wk,k
and the same modulo operation as applied at the
transmitter are applied to the received signal r k [i]. Therefore, without considering
the modulo operation, the end-to-end operation for all K users is given by
¡
¢
z[i] = G HF C −1 b[i] + v[i] = b[i] + Gv[i].

(5.51)

and the k-th user makes a decision on bk [i] based on the decision statistic zk [i].
Note that the scalar gains gk , k = 1, ..., K, can be either estimated at the mobile
receiver (automatic gain control) or broadcast by the base station.
TH-Precoding with ISI: Consider now (5.49) without dropping the ISI term. In
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Figure 5.15: Chip-wise TH-precoded downlink CDMA system over multipath
channels.
addition to the FF and FB filters discussed above based on the decomposition
H = G−1 CF H , another FB filter is employed to cancel the ISI term H̄x[i − 1].
Suppose that the previously precoded symbol x[i − 1] is first filtered by a filter V
and then substracted from the current data symbol b[i], as shown in Fig. 5.14. To
find the matrix V that minimizes the mean-square error (MSE) consider the error
signal at the decision device
³
´
e[i] = GHF C −1 (b[i] − V x[i − 1]) + Gv[i] + GH̄x[i − 1] −b[i]. (5.52)
{z
}
|
z [i]

By the orthogonality principle, E{ez H } = 0, which leads to (GH̄−GHF C −1 V ) =
0, i.e., V = GH̄. Hence the end-to-end cascade of operations is given by
³
³
´´
´
³
−1
−1
H
+
H̄x[i
−
1]
+v[i]
F
b[i]
−
G
H̄x[i
−
1]
C
z[i] = |{z}
G G
CF
| {z } |{z} |{z}
{z
}
|
| {z }
rx

channel

FF cancel,FB

cancel ISI

ISI channel

= b[i] + Gv[i],

(5.53)

where the modulo operation is not included for clarity. The transmitter and receiver
diagram for the bit-wise TH-precoded downlink CDMA system is shown in Fig.
5.14.
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5.4.3

Chip-wise Multiuser TH Precoding

In a similar manner to the chip-wise linear precoder scheme in Section 5.3.2, we
next propose a chip-wise TH precoding scheme that effectively combines precoding and spreading. The diagram for this scheme is shown in Fig. 5.15. It is seen
that the precoder takes as input the K × 1 symbol vectors b[i] and produces as
output the N × 1 chip vector p[i] that is transmitted through the channel. At the
k-th user’s receiver, the N × 1 received signal vector corresponding to p[i] is given
by
r k [i] = D k p[i] + D̄ k p[i − 1] + nk [i].
(5.54)
At each receiver k, the matched-filter sk is applied to r k [i]. By stacking the outputs
of all K matched-filters we obtain
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(5.55)
.


sH
K nK [i]
{z
}
v [i]

Note that different to Section 5.4.2, here H is not a square matrix but has dimension K × N with N ≥ K. Similarly as before, to apply TH-precoding we perform
the LQ decomposition on H = W F H = G−1 CF . The decomposition is easily
obtained applying the Gram-Schmidt orthogonalization procedure on the rows of
H, where the resulting orthonormal vectors form the columns of F of dimension
N × K with F H F = I K . The Gram-Schmidt coefficients define the K × K lower
−1
−1
triangular matrix W . The diagonal matrix G = diag(w1,1
, ..., wK,K
) converts
W into the monic lower triangular matrix C. In this way, F and C − I are the
FF and FB filter matrices respectively, and the FB matrix V = GH̄ cancels the
inter-symbol interference, as shown in Fig. 5.15. The k-th diagonal element in G
corresponds to the scalar gain applied at the k-th user’s receiver.

5.4.4

Power Loading and Ordering

Power Loading
It is seen from (5.51) that the noise at each user’s receiver is amplified by the cor−1
−1
responding diagonal element of G = diag(w1,1
, ..., wK,K
) resulting in different
SNR (hence BER) performance among users. Power loading can be employed
to enforce the same performance across users. That is, the symbol vector b[i] is
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first multiplied by a diagonal matrix A = diag(A1 , · · · , AK ) with A2k denoting
the power assigned to user k. The modulo operation for each user then needs to
take the loading value into account since the distance between the constellation
points is scaled by it. Given the total transmit power PT , we then need to solve for
P
2
2 2
A1 , · · · , AK such that K
k=1 Ak = PT , and Ak wk,k = η, ∀k. The solution is
−2
wk,k
P ,
A2k = PK
−2 T
k=1 wk,k

PT
k = 1, ..., K, and η = PK
.
−2
k=1 wk,k

(5.56)

The base station can broadcast the common constant value η to all mobile receivers
and then the receivers can adjust their respective wk,k to obtain the required Ak
value in the modulo operator. Therefore, the loading operation only requires the
transmission of a constant value η common to all mobile users.
Assuming that E{|bk [i]|2 } = 1,³then the ´bit error probability of each user can
p
be well approximated by Pe = αQ
η/σn2 , where α accounts for the increase
in number of nearest neighbors due to the modulo operation (e.g., in QPSK α = 2)
[57, 121]. Note that as in traditional TH-precoding with M -QAM constellations,
TH-precoding in ISI channels enhances the transmit power by a factor of β = MM−1
[57, 121].
We next show that when orthogonal spreading sequences are employed, i.e.,
(b)
(c)
when S T S = I K , then we have wk,k ≤ wk,k , for k = 1, ..., K, and therefore
η (b) ≤ η (c) , where the superscripts b and c denote bit-wise and chip-wise precoders,
respectively. First, comparing (5.49) and (5.55) we have H (b) = H (c) S. Let
△

uK+1 , ..., uN be (N − K) orthonormal vectors in V ⊥ = RN \span(S). Define the
unitary matrix S ′ = [s1 , .., sK , uK+1 , ..., uN ] = [S, U ] and let
X = [H (b) , H (c) U ] = H (c) S ′ .

(5.57)

Since S ′ is a unitary transformation, the rows in X and H (c) maintain the norm
and the angles. Therefore, if the K ×(N −K) block matrix H c U has any non-zero
row (i.e., the projection of the rows of H c onto span(U ) is non-zero), the norm
of the corresponding row in H (b) will be smaller than in H (c) . Now consider
the LQ factorization H (c) = W (c) F (c)H , obtained using Gram-Schmidt on the
(c)
(c)T
rows of H (c) , i.e., {hk }K
k=1 . Each value wk,k can be obtained as follows. Assume that at the k-th step of the Gram-Schmidt algorithm the orthonormal vectors
(c)
(c)
(c)
(c)
f 1 , ..., f k−1 (i.e., first k columns in F (c) ) have been obtained from h1 , ..., hk−1 ,
(c)

(c)

and denote Uk−1 = span{f 1 , ..., f k−1 }. Then, by simple inspection of the struc(c)

(c)

ture of the LQ factorization wk,k is the norm of f̃ k
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= projU ⊥ {hk } where
k−1
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(c)

(c)

(c)

⊥ = RN \U
Uk−1
k−1 and f k = f̃ k /wk,k . That is
(c)

(c)

(c)

(c)

wk,k = khk − projUk−1 {hk }k = kf̃ k k.

(5.58)

On the other hand, the diagonal elements of W (b) are similarly obtained from
[H (b) , 0K,N −K ]. Then, using (5.57) and (5.58) we obtain
(b)

(c)

(c)

wk,k = wk,k − kprojV ⊥ {f̃ k }k,
(b)

(5.59)

(c)

and hence wk,k ≤ wk,k . Note that when N = K and orthogonal spreading
(b)

(c)

sequences are employed, S is unitary and wk,k = wk,k for all k, and hence
η (b) = η (c) [cf. Fig. 9].
On the other hand, when the spreading sequences S are non-orthogonal, it is
(b)
(c)
not true that wk,k ≤ wk,k . However, we conjecture that η (b) ≤ η (c) still holds.
User Ordering

We can optimize the system BER performance by optimizing the diagonal elements
of the matrix W such that the common SNR of all users η is maximized. Notice
that W is obtained from the LQ decomposition of H. The LQ decomposition
is essentially the Gram-Schmidt orthogonalization of the rows of H. The k-th
diagonal element of W is the length of the projection of the k-th row vector of
H onto the orthogonal complement of the space spanned by the first (k − 1) row
vectors already orthogonalized. Different ordering in the orthogonalization process
resulting in different diagonal values of W , and hence different values of η. Let
P be the set of the K! possible K × K row permutation matrices. Then for any
P ∈ P, P H is a row-permuted version of H, which corresponds to a particular
ordering of the K users in TH-precoding. Denote wk,k (P ) as the k-th diagonal
element of W resulting from the LQ decomposition of P H. Then the optimal
row permutation matrix is given by
K
X
PT
−2
wk,k
(P ).
=
arg
min
P opt = arg max PK
−2
P ∈P k=1
P ∈P k=1 wk,k (P )

(5.60)

With the optimal permutation P opt , the following modifications are needed at the
transmitter and receiver: (1) Perform the LQ decomposition as P H = W F H ,
or H = P T G−1 CF ; (2) Apply GP at the receiver (i.e., apply the scalar gains
according to the optimal order); (3) The feedback matrix for removing the ISI be146
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comes V = GP H̄. With these modifications, the cascade of operations becomes
³
³
´´
³
H
−1
F
Ab[i]
−
GP
H̄x[i
−
1]
z[i] = |{z}
GP |P T G−1
CF
C
{z
} |{z} |{z}
{z
}
|
rx

channel

H̄x[i − 1] +v[i]
| {z }

+

ISI

channel

´

FF cancel,FB

cancel

ISI

= Ab[i] + GP v[i].

(5.61)

Note that the matrices G, F and C above are obtained from P H.
Clearly an exhaustive search solution to (5.60) is computationally prohibitive.
We next propose a suboptimal algorithm for an approximate solution to (5.60) that
performs especially well in the chip-wise precoder when N > K. First note that
QK
2
k=1 wkk is invariant to the permutation matrix P . This result is easily proved
recalling that P H = W F H , with orthonormal columns in F , then
det(HH H ) = det(P T ) det(W ) det(W H ) det(P ) =

QK

2
k=1 wk,k .

(5.62)

We first consider the simplest case with K = 2 users, then H contains two rows
denoted by hT1 and hT2 . Without loss of generality, assume that kh2 k < kh1 k. Next
we show that to maximize the objective function in (5.60), we should start with hT2 ,
i.e., start by orthogonalizing the row with minimum wk,k . Recall that wk,k is the
length of the projection of the k-th row of H onto the orthogonal complement of
the subspace spanned by the previous (k − 1) rows already orthogonalized. Then
we need to show that
1
+
kh2 k2

1
1
1
<
.
+
H
H
2
kh
k
1
kh1 − h2 h21 h2 k2
kh2 − h1 h22 h1 k2
kh2 k
kh1 k

(5.63)

From (5.62), the products of the denominators on both sides in (5.63) are equal.
Therefore, (5.63) is equivalent to
kh1 −

hH
hH
1 h2
2 h1
2
2
h
k
+
kh
k
<
kh
−
h1 k2 + kh1 k2
2
2
2
2
kh2 k
kh1 k2

(5.64)

which yields
2
2
|hH
|hH
2 h1 |
2 h1 |
>
,
kh2 k2
kh1 k2
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which is true by the assumption that kh2 k < kh1 k.
When K > 2, we adopt the greedy solution given in Algorithm 8 that at the
k-th iteration, orthogonalizes the row with minimum wk,k . In other words, the
algorithm selects the row that is the closest to the subspace spanned by the rows alH
ready chosen. In the algorithm, µp,j = ĥp hj and Θi represents the subset of rows
already orthogonalized up to the i-th step. Note that besides finding the ordering
P , the algorithm also provides the LQ decomposition P H = W F H , since W is
given by the GS coefficients µij and the i-th row of F is given by ĥi . Clearly the
complexity of the above search algorithm is O(K 2 ), which is significantly lower
than the O(K!) complexity of the exhaustive search method.
Algorithm 8 Greedy ordering and LQ decomposition
INPUT: row vectors hT1 , ..., hTK in H
P = 0K×K
k1 = arg mini≤K {khi k};
ĥ1 = hk1 /khk1 k;P (1, k1 ) = 1; Θ1 = {k1 };
FOR i = 2 : K
FOR EVERY P
j ∈ {{1, ..., K}\Θi−1 }
uj = hj − i−1
p=1 µp,j ĥp ;
END FOR
ki = arg minj {kuj k};
ĥi = uki /kuki k; Θi = {Θi−1 } ∪ {ki };
P (i, ki ) = 1;
END FOR
OUTPUT: matrix P and LQ decomposition of P H.

5.4.5

Simulation Results

TH-Precoding with Perfect Channel Knowledge
We first provide simulation results to compare the BER performance of different
precoding techniques. Each user employs a normalized Hadamard sequences of
length N = 8 as its spreading signature. The number of users is K = 3. All
users employ QPSK modulation. We assume that each mobile user experiences an
independent multipath channel f k = [fk,1 , ..., fk,L ]T with L = 3 resolvable paths
and the transmitter has perfect channel state information of all users. The path
gains are generated according to fk,i ∼ Nc (0, L1 ). For each data block, independent
channel realizations are simulated for each user and the results are averaged over
1000 blocks.
Figure 5.16 shows the BER performance of the bit-wise TH-precoder proposed
in Section 5.4.2 and the chip-wise TH-precoder proposed Section 5.4.3. Loading
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Figure 5.16: BER performance of different precoding schemes with K = 3 users,
spreading gain N = 8, number of paths L = 3.
0

10

−1

10

−2

BER

10

−3

10

: bit−wise THP
: bit−wise THP + sub−opt ordering
: bit−wise THP + opt ordering
: chip−wise THP
: chip−wise THP + sub−opt ordering
: chip−wise THP + opt ordering

−4

10

−5

10

0

2

4

6

8

10
SNR (dB)

12

14

16

18

Figure 5.17: BER performance of different precoding schemes with K = 7 users,
spreading gain N = 8, number of paths L = 3.
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Figure 5.18: The received SNR value η after loading as a function of the number
of users K, spreading gain N = 8.
is employed in both schemes. For both methods, we consider the cases of noordering, optimal ordering (i.e., exhaustive search) and the suboptimal ordering
method given in Algorithm 8. For comparison purposes, we also show the performance of the linear block-wise precoding method given in [126]. In the figure, the
p
solid lines correspond to the approximate BER formula Pe = αQ( η/σn2 ), and
the symbol marks correspond to the simulated results. It is seen that the analytical
BER expression matches very well with simulation results. Both nonlinear THprecoders significantly outperform the linear precoder. Comparing bit-wise and
chip-wise precoding schemes, the chip-wise precoder offers better performance.
Moreover, ordering has a significant effect on the bit-wise TH-precoder; whereas it
does not make a notable difference to the chip-wise TH-precoder (for small number
of users K). Therefore, the chip-wise TH-precoder not only offers superior performance but is also computationally less complex since ordering is not required.
Furthermore, the greedy ordering algorithm provides performance close to that of
the exhaustive search method.
We repeat the simulations with the same parameters except that the number of
users is increased to K = 7. Figure 5.17 shows that both TH-precoding schemes
perform very well even in such highly loaded systems. When the number of users
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is high, ordering brings a significant improvement for both bit-wise and chip-wise
precoders, although the complexity of the exhaustive search method becomes prohibitive (i.e., it involves computing K! = 5040 LQ decompositions of 7 × 7 matrices). The suboptimal ordering algorithm performs especially well in the chip-wise
precoder and it requires less than 7 LQ decompositions. Comparing Fig. 5.16 and
Fig. 5.17, we observe that the performance difference between the two precoders
is reduced as the number of users increases.
Next we illustrate η in (5.56) obtained by the two TH-precoding solutions for
different number of users when L = 3 and N = 8. For both methods we show the η
value for cases of no-ordering, optimal ordering and suboptimal ordering, averaged
over 100 different channel realizations. In the simulations, we keep PT /K fixed
to unit. Figure 5.18 shows that as the difference between N and K is reduced, the
chip-wise solution decreases its performance, and eventually, when N = K, both
the bit-wise and the chip-wise solutions are equivalent. When the number of users
K is large, ordering improves the performance considerably. As mentioned before,
the greedy ordering algorithm performs especially well when N > K.
BER comparison of precoding techniques with ISI, L = 7, K =4 and N = 8
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Figure 5.19: chip-wise TH precoding with fixed matched filter at the receiver vs.
bit-wise TH precoding with RAKE receiver. Spreading gain N = 8 and K = 4
users.
Next we compare our chip-wise TH-precoder proposed in Section 5.4.3, which
does not require CSI at the receiver, with the bit-wise TH-precoder proposed in
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BER comparison of precoding techniques with ISI, L = 3, K =7 and N = 8
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Figure 5.20: chip-wise TH precoding with fixed matched filter at the receiver vs.
bit-wise TH precoding with RAKE receiver. Spreading gain N = 8 and K = 7
users.
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[130], which implements a RAKE receiver at each mobile user (i.e., mobile users
must estimate the channel). The results are shown in Figure 5.19 and Figure 5.20
for K = 4 and K = 7, respectively. It is seen that the TH-precoder with a RAKE
receiver only performs slightly better in heavily loaded systems. For fewer users,
our chip-wise TH precoder obtains better results. Therefore, the chip-wise TH
precoder is not only simpler but it also has excellent performance.
TH-Precoding with Channel Prediction
A crucial assumption in the development of the precoding techniques in the previous section is that the transmitter has perfect knowledge about the multipath channel states of all mobile users. In TDD wireless systems, the downlink channel
state information is available at the transmitter (which is estimated from the uplink
transmission) as long as the coherence time of the channel is larger than the time
difference between the uplink and downlink slots. On the other hand, in fast fading channels, the channel state that has been estimated during an uplink slot may
have changed and the estimate may no longer be accurate for precoding in the next
downlink slot. In this case, channel prediction techniques can be used to estimate
the future downlink channel state from the current and previous uplink channel
estimates, by exploiting the second-order statistics of the fading channel [31]. Assume that the complex Gaussian fading process of each channel path fk,i (t) follows the Jakes’ model [68] with the maximum Doppler spread fd , that is, we have
2 J (2πf |t − t |), k = 1, . . . , K; i = 1, . . . , L, where
E{fk,i (t1 )fk,i (t2 )} = νk,i
0
2
d 1
J0 (·) is the zeroth-order Bessel function of the first kind.
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Figure 5.21: Time division duplexing.

Assume that in the TDD system the uplink and downlink slots are separated
by T seconds; and the base station estimates the multipath channel of each user
every uplink slot. We set the time of the latest channel estimation as the reference t = 0. Then the base station will estimate the channel state at times
t ∈ {0, −2T, −4T, ...}. We consider channel estimation based on pilot symbols and the channel estimate has the form fˆk,i (t) = fk,i (t) + ξk,i (t), where
2 ). We assume that the base station estimates the channel once
ξk,i (t) ∼ Nc (0, γk,i
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per slot and these estimates will be used to predict the channel for data precoding
in the next downlink slot.
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Figure 5.22: BER performance of chip-wise TH-precoding in time-varying channels.
Assume that after the current channel estimate at time t = 0 the base station
predicts each channel path at time τ which is called the prediction depth (e.g.,
τ = T where T is the slot duration). The prediction is implemented using a P -th
order finite impulse response (FIR) filter
f˜k,i (τ ) =

P
X

wk,i (p)∗ fˆk,i (−p2T ) = wH
k,i f̂ k,i ,

(5.66)

p=0

△
△
where wk,i = [wk,i (0), wk,i (1), . . . , wk,i (P )]T , f̂ k,i = [fˆk,i (0), fˆk,i (−2T ), ..., fˆk,i (−P 2T )]T .
The optimal filter that minimizes the mean square error ζpred , E{|fk,i (τ ) −
f˜k,i (τ )|2 } is given by wk,i = R−1
k,i r k,i , where the entries of Rk,i and r k,i are
2 J (2πf |p − q|2T ) + γ 2 δ , and [r ] =
given respectively by [Rk,i ]p,q = νk,i
0
d
k,i p
k,i p,q
2 J (2πf (τ + p2T )), p, q = 0, 1, . . . , P.
νk,i
0
d
In the prediction filter described above, we use estimates of the channel that
have been sampled every 2T seconds. This sampling rate is in general much higher
than the required minimum Nyquist sampling rate equal to twice the Doppler frequency 2fd . It has been shown in [31] that such oversampling could be unfavorable
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when the order of the filter P is fixed. Assume that the base station is able to estimate the channel every 2T seconds. Define the optimal sampling period as δ2T ,
where δ is a positive integer. Then for fixed values of the prediction depth, noise
variance, Doppler frequency and filter order, we can compute the MSE of the prediction filter ζpred for different integer values of δ and select the one that minimizes
ζpred . On the other hand, it has been observed that when the system parameters are
fixed, ζpred decreases with the order of the prediction filter P . However, after a
certain filter order, ζpred saturates since the noise in the previous channel estimates
dominates in the MSE of the prediction error. Therefore, it is convenient to evaluate the MSE expression for different values of P and choose the shortest one that
gets ζpred close to the saturation level.
As in the WCDMA TDD mode, we assume that the uplink and downlink are
time multiplexed into a carrier centered at fc = 2GHz. The frame length is 10ms,
which is subdivided into 15 slots that can be allocated for either uplink or downlink. Therefore the uplink and downlink transmission can be interleaved in bursts
2 = 1/L.
of T = 666.7µs. As in Section 5.4.5, we consider N = 8, L = 3 and νk,i
The fading process of each channel path is formed by samples of a stationary zeromean complex Gaussian process with autocorrelation function J0 (2πfd t) [68] and
is generated according to the method described in [29]. We consider the performance of the chip-wise TH-precoding technique with loading and ordering. We
assume that all the mobile users are moving at v = 36Km/h. The previous channel
estimates {fˆk,i (t), t = 0, −2T, ...} are given by the true channel values corrupted
2 = 0.001. Evaluating the MSE exby complex Gaussian noise with variance γk,i
pression ζpred for different orders of the prediction filter we find that a very short
prediction filter with P = 2 obtains good results. Evaluating ζpred we find that
slightly better results can be obtained if the channel is sampled with δ = 2. We
evaluate the results over 10 different initial channel realizations. For each channel
realization, we consider 200 slots of length T = 666µs (i.e., 200 channel variations) and in each slot we send 1000 QPSK symbols per mobile user. In the results
we consider perfect channel estimation (genie aided), old channel estimation τ seconds before, and channel prediction with the optimal sampling (δ = 2) and with
the regular sampling (δ = 1). Figure 5.22 shows that the prediction algorithm gives
very good results even considering that all the users are moving at v = 36Km/h
and the prediction is based on noisy channel estimates. Notice that without channel
prediction and only using old channel estimates, the performance would decrease
considerably in these scenarios representing very high mobility.
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Scheduling is a technique to increase the utilization of the wireless medium. For
example, in the recently proposed multiuser opportunistic scheduling scheme [85]
the schedulers opportunistically exploit channel variations of multiple users to select the best set of users to transmit data subject to fairness (e.g., maximum delay), QoS (e.g., minimum SNR), and resource constraints (e.g., maximum power
available at the transmitter) [84], to obtain a significant increase of total system
throughput. In general the number of users that can be simultaneously supported
by the system is small and thus, there are a large number of possible user subset
selections when the number of users in the system in large. Straightforward implementation of the user subset selection by simple exhaustive enumeration suffers
from high computational complexity.
In this section, we propose user subset selection algorithms that can be naturally implemented in precoded systems. We assume that the satisfaction that a user
receives in a system (i.e., the utilitiy) is a binary function that takes zero value when
the SINR is below a threshold and takes unit value when the SINR is above the
threshold. This is appropriate for voice or video-on-demand applications in which
the SINR above a threshold will not provide additional benefit and the SINR below the threshold leads to unintelligible speech or video. In this section we restrict
ourselves to the linear MMSE precoder. One important property of the chip-wise
linear precoder is that in the channel matrix H c , each row depends only on the
spreading sequence and channel of one particular user (actually, each row in H c
is the effective spreading sequence, i.e., the convolution between the channel response and the spreading sequence of that particular user). Note that in the bit-wise
solution this is not the case and each row depends on the spreading sequence of all
the active users. This property will allow us to propose low-complexity algorithms
for the chip-wise precoder.
Maximum User Allocation – Optimal Solution
Our objective is to accommodate as many users as possible such that if user k is
active, SINRk ≥ γ, assuming that the base station is constrained to a maximum
power budget PT . Recall that in the chip-wise solution, for a fixed power budget
PT , the SINR for the k-th user is given by
s
β 2 A2k
PT
SINRk =
.
(5.67)
, with β =
2
2
−1
σn
tr(A (H c H H
c ) )
Since a same target SINR value γ is assumed for all users, the users should have
the same transmit power and hence can assume Ak = 1, ∀k. Therefore, the QoS
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constraint SINRk ≥ γ translates into the following condition on H c :
−1
tr((H c H H
c ) )≤

PT
.
σ2γ

(5.68)

Denote U as the total number of users in the network, θ as the user subset
selected, and |θ| as the number of users in θ (e.g., selecting the first and third users
corresponds to θ = {1, 3} and |θ| = 2). The channel matrix corresponding to
the active users is H θ where H θ is the submatrix of H c (where H c has U rows)
obtained from the rows indicated in θ. Let Θ be the set of all possible user subsets.
¡U ¢
P
Therefore, the total number of possible user subsets is |Θ| = U
k=0 k . Denote
Ω as the set of feasible user selections in Θ, i.e.,
−1
2
Ω = {θ ∈ Θ : SINRk ≥ γ, ∀k ∈ θ} = {θ ∈ Θ : tr((H θ H H
θ ) ) ≤ PT /(σ γ)}.
(5.69)
Then the optimization problem becomes finding θ ∈ Ω such that |θ| is maximized.
This is a highly complex combinatorial problem since for each possible solution
in Θ, a matrix pseudoinverse needs to be computed. Thus the total number of
¢
P|θ|+1 ¡ ¢ ¡
complex multiplications required is k=1 Uk k 3 + N k 2 .

Low Complexity Algorithms

Next we propose low-complexity algorithms that employ a greedy approach to add
or remove one user at a time. As mentioned before, in addition to being the optimal
linear precoder, the advantage of using the chip-wise linear precoding method is
that adding or removing one user corresponds to adding or removing a row to
the channel matrix H c and the rest of the rows remain unchanged. Note that the
performance only depends on the selected users and not on the order in which the
users are selected. This is, for any reordering in rows of H c , the required power is
equivalent. Any reordering of the rows can be expressed as H ′c³= P H c where
´P
′H
−1
H
′
−1
is a permutation matrix and hence P
= P . Therefore, tr (H c H c )
=
¡
¢
¡
¢
H H −1
H −1
tr (P H c H c P )
= tr (H c H c ) .
Maximum Frobenius Norm Criterion: An intuitive and classical approach in user
allocation is to activate the users that see the best propagation channel. Two approaches can be taken: incremental allocation and decremental allocation. In the
incremental allocation algorithm, the base station starts without selecting any user.
At each step of the algorithm, it selects the user with maximum channel gain (i.e.,
maximum norm of the corresponding row of the chip-wise matrix). Then, the algorithm checks if (5.68) holds. If it does, the corresponding user is allocated. This is
repeated until no more users can be allocated, i.e., until (5.68) no longer holds, or
|θ| = min(U, N ). On the other hand, the decremental algorithm starts by assum157
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ing that all |θ| = min(U, N ) users with best channels are active. And it removes
one user at a time until (5.68) is satisfied. The removed user is the one with the
worst channel quality, i.e., with the lowest channel gain. Obviously if the number
of active users is expected to be small, it is better to use the incremental algorithm.
The main disadvantage of the user allocation approaches described above is that
for every new user added, the matrix inverse in (5.68) cannot be reused.
Geometrical Criterion - Incremental Selection: We have already mentioned that
users with good channel qualities (i.e., large path gains) are in general good candidates to be allocated. However, due to the precoding operation, a matrix inverse
needs to be computed. Therefore, users with very large path gains but with highly
correlated effective signature sequences (i.e., rows in the matrix H c close to parallel) can have a very negative effect in the required power at the transmitter. Therefore here we propose to select users based not only on the gains but also on the
correlations (i.e., angles) between the respective effective signature sequences.
Assume that K = |θ| users have already been allocated, i.e., H θ with rows
h1 , ..., hK . Then we propose to select a new row hi from the (U − K) remaining
ones (i.e., users not allocated yet) such that the projection onto the orthogonal
complement of the already selected rows is maximum, i.e.,
max kπ ⊥ (hi )k,
i

i ∈ {non-selected users},

(5.70)

where π ⊥ (hi ) denotes the projection of hi on span(h1 , ..., hK )⊥ and (·)⊥ denotes
the orthogonal complement. We consider a greedy incremental approach. The algorithm starts by selecting one row with the maximum norm and at every iteration
the algorithm adds the row with the largest projection onto the orthogonal complement of the subspace spanned by the rows already selected. This selection can be
implemented with the help of the Gram-Schmidt procedure. At every step of the
algorithm, (5.68) needs to be checked to see if a new user can be allocated given the
total power budget PT . For every new user added, (5.68) requires a matrix inverse.
Next, we propose a method to compute the matrix inverse recursively.
Denote the LQ decomposition of a K × N matrix as H = LQ where L is
K × K lower left triangular and Q has dimension K × N with QQH = I K . The
LQ decomposition can be obtained using Gram-Schmidt where the row vectors in
Q, i.e., q 1 , ..., q K are given by the recursion
q 1 = h1 /kh1 k, and q i =

hi −

khi −

Pi−1

j=1 µij q j

Pi−1

j=1 µij q j k

,

for

i = 2, ..., K, (5.71)

where the Gram-Schmidt coefficients form the lower triangular matrix L and are
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given by
µij = hhi , q j i,

j < i, and µii = khi −

i−1
X
j=1

µij q j k.

(5.72)

By simple inspection, we have that [L]ij = µij , and µjj is the value required in
(5.70). Therefore, the LQ decomposition does not require any extra computations
if we use the greedy geometrical user allocation.
Assume that one knows the LQ decomposition of H. Then, (5.68) can be
evaluated using
¡
¢
¡
¢
tr (HH H )−1 = tr (LQQH LH )−1 = kL−1 k2F .

(5.73)

Note that (5.73) can be computed recursively as follows. Assume that we have
computed L−1
i−1 of size (i − 1) × (i − 1). Then, after selecting the new user (i.e.,
add one row to H), the (i − 1)-th leading submatrix of L−1
is given by L−1
i
i−1
−1
available from the previous iteration and the last row in Li is given by
i−1

l−1
i

X
1
µij l−1
(ei −
=
j ),
µi,i

(5.74)

j=1

which follows from the Gauss-Jordan elimination and the relationship between the
Gram-Schmidt coefficients and the triangular matrix L. Hence (5.73) is computed
recursively as
−1 2
−1 2
2
kL−1
(5.75)
i kF = kLi−1 kF + kli k2 .
Finally a low-complexity incremental selection algorithm for user allocation is
summarized in Algorithm 3. Clearly, the complexity is dominated by the computation of all the Gram-Schmidt coefficients in step (♦) computed using (5.72),
P|θ|
which requires i=1 N (U − i)i complex multiplications. The total complexity of
the algorithm is upper bounded by N U |θ|2 complex multiplications.
Simulation Results
Next we give some simulation results to illustrate the performance of the different
user allocation algorithms when the chip-wise linear precoder is employed.
We first consider the average number of users that each algorithm is able to
allocate with respect to the total available power at the transmitter PT . We set
γ = 12dB. We assume that each mobile user experiences an independent multipath
channel f k = [fk,1 , ..., fk,L ]T with L = 3 resolvable paths and the transmitter
has perfect CSI of all users. The path gains are generated according to fk,i ∼
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Algorithm 9 Low-complexity user allocation based on geometrical criterion
INPUT: all row vectors h1 , ..., hU , γ, PT , σ.
θ = ∅; Pr = 0; %start without any user selected
FOR i = 1, 2, ...,
FOR EVERY j ∈ {{1, ..., U }\θ} DO % every user not selected
yet

P
bj = hj − i−1
(♦)
p=1 µj,p q p
END FOR
ki
=
arg maxj {bj bH
j }; %user with max projection onto

orthogonal complement
q i = bki /kbki k P
; %the new Gram-Schmidt vector
i−1
−1
−1
1
l−1
=
(e
−
i
t=1 µi,t lt ); %last row in the new L
i
µi,i

2
Pr = Pr + σ 2 γkl−1
i k ; %power required if we allocate this

user ki

IF Pr < PT
θ = θ ∪ ki ; %allocate this user and continue
IF |θ| = min(U, N ) THEN BREAK;
%finish the algorithm
ELSE
2
Pr = Pr − σ 2 γkl−1
i k ;
BREAK;
% finish the algorithm
END IF
END FOR
OUTPUT: selected users θ, required power Pr , selected
submatrix H θ and H †θ = QH L−1 .
Nc (0, L1 ). We consider random spreading sequences with spreading gain N = 8,
and U = 12 available users in the region. Fig. 5.23 illustrates the average number
of users allocated, i.e., |θ| with respect to PT by different algorithms. It is seen that
the low-complexity geometrical incremental algorithm achieves almost the optimal
performance. Note that for instance, with PT = 26dB, the optimal algorithm
P ¡ ¢ 3
2
allocates around 7 users and it would require 8i=0 12
i (i + N i ) = 1931664
complex multiplications, whereas the complexity for the proposed low-complexity
algorithm is upper bounded by N U |θ|2 = 6144 complex multiplications. As the
number of users increases, the optimal solution becomes intractable. It is seen that
under this scenario, the maximum Frobenius norm selection criterion incurs a loss
of between 2-4dB.
Next, to illustrate the effectiveness of the different algorithms, we consider a
hypothetical scenario in which K users need to be allocated. The K users are
chosen among the U available users in the network using either optimal selection, maximum gain selection, or low-complexity geometrical selection. We look
at the total power required at the transmitter PT to obtain γ = 12dB across the
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Random Seq, U =12 and N = 8
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Figure 5.23: Average number of users allocated with respect to the total transmit
power. Random codes, spreading gain N = 8, U = 12 available users in the
network, and target SINR γ = 12dB.
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Hadamard seq − Power required for QoS = 12dB, U = 8, N = 8
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Figure 5.24: CDF of the required total power at the transmitter to allocate the best
K = 4 users with target SINR per user γ = 12dB. Hadamard codes, spreading
gain N = 8, U = 8 available users.
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Random seq − Power required for QoS = 12dB, U =16, N = 8
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Figure 5.25: CDF of the required total power at the transmitter to allocate the best
K = 4 users with target SINR per user γ = 12dB. Random codes, spreading gain
N = 8, U = 16 available users.
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K selected users. Fig. 5.24 shows the results with U = 8 available users, and
Hadamard spreading sequences with N = 8. It is seen that the geometrical algorithm again achieves almost the optimal performance. Fig. 5.25 shows the results
with U = 16 available users, spreading gain N = 8 and K = 4. It is seen that
as the number of possible combinations increases, the maximum Frobenius norm
criterion incurs performance loss whereas the the geometrical algorithm is quite
robust. Note that with U = 16 and K = 4, the optimal algorithm would compute
¡U ¢
2
3
K (N K + K )= 349440 complex multiplications, whereas the low complexity
algorithm would require less than K 2 N U = 2048 complex multiplications.

5.6 Conclusions
In this chapter, we have first obtained the capacity results for downlink CDMA systems employing either multiuser detection or transmitter precoding. It is seen from
numerical examples that these two techniques offer comparable capacity regions.
However, multiuser detection at the downlink mobile receiver may not be practical due to the requirement that each mobile receiver should have the knowledge of
all users’spreading sequences and channel states, as well as the limited signal processing capability of the mobile receiver. On the other hand, transmitter precoding
is an attractive solution for systems employing time-division multiplexing, where
uplink and downlink channels are reciprocal. Then we have compared the performance of linear precoding and linear MUD in the downlink of frequency selective TDD-CDMA systems. We have proposed different linear precoding schemes
and our results reveal that in general precoding can outperform the more complex MUD. Moreover, we have shown that the proposed chip-wise linear MMSE
precoding method is optimal in the sense that it requires the minimum total transmitted power to meet a certain receiver QoS performance. Later, we have developed nonlinear multiuser precoding algorithms based on the Tomlinson-Harashima
precoding technique. Our precoding algorithms effectively remove multi-user interference, inter-chip interference and inter-symbol interference in the downlink of
CDMA systems. The main property of the proposed algorithms is that they can be
implemented at either bit level or chip level, and they are considerably less complex compared with the block-wise linear precoders in the literature. We have also
proposed a suboptimal user ordering algorithm for power loading which further
optimizes the system performance. Channel prediction for precoding has also been
discussed. Simulations results have shown that the proposed precoding techniques
offer excellent performance even in heavily loaded systems or time-varying scenarios. These results strongly motivate the use of transmit precoding in the downlink
of TDD-CDMA systems due to the multiple advantages over MUD, including the
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simple implementation of power control and user scheduling, and the reduction of
the power consumption and complexity at the mobile unit. Finally, in conjunction
with the precoding techniques we have proposed very low-complexity opportunistic user scheduling algorithms to maximize the utilization of the wireless resources.
Simulations results have shown that the proposed algorithms obtain nearly optimal
performance.
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Chapter 6

Conclusions and Future Work
This dissertation has considered communications through MIMO channels which
encompasses many different scenarios including multiple antenna systems and
multiple-user communications.
For the multiple antenna scenarios presented in Chapter 3, we have developed
adaptive antenna selection algorithms that converge to optimal solutions based on
various performance criteria in situations where only noisy estimates of the channels are available. We have also developed antenna selection algorithms for timevarying channels where the optimal antenna subset will change only gradually.
Furthermore, we have considered new selection criteria which permit suboptimal
algorithms to be developed that yield a considerable reduction in complexity with
only a small loss in performance.
Chapter 4 has proposed a systematic method to design LAttice Space-Time
(LAST) codes that minimize the error rate when the structure of the receiver and the
statistics of the channel are known a priori. It has been shown that our LAST codes
outperform other LAST codes proposed in the literature and also that the LAST
code optimization method is flexible enough to be applied in different detector
schemes and for different channel statistics.
For the multiple user scenario, Chapter 5 has shown that precoding schemes are
an effective technique for the downlink of TDD-CDMA systems. In particular, we
have considered precoding schemes with very simple receivers, i.e., having only a
fixed matched-filter corresponding to the own spreading sequence and without employing CSI. This translates into a power consumption reduction and a decrease in
cost of terminals since they do not have to perform sophisticated signal processing
for channel estimation and interference mitigation. Note that variations in channel
conditions and the number of active users in the network do not affect the receiver
operations. Power control is also easy to implement with precoding since the base
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station has information about the quality of each link and so additional feedback information from the terminals is not required in order to control the transmit power
from the base station.

Future Work
The work presented in this thesis can be extended in many ways.
In Chapter 3, antenna selection algorithms to reduce the cost of multiple antenna systems while improving the performance has been considered. Different
antenna selection criteria (e.g., minimum error rate, maximum SNR, etc.) might
be required for each of the different space-time schemes proposed in the literature.
Moreover, fast selection algorithms for each of these criteria would be valuable
since they would permit antenna selection to be implemented in practical systems
when there are a large number of antenna subsets available.
In Chapter 4, a new systematic stochastic optimization method has been presented to minimize the error rate of LAST codes. This method departs from the
typical optimization approach to design space-time codes based on number theoretic tools. It is possible that our powerful optimization method and others employing a similar rationale could be used to optimize other codes that do not need
to be designed in real time (just like the LAST codes considered). On the other
hand, in cooperative diversity scenarios we have assumed that the power assigned
to the source and to the cooperative relays is fixed. An interesting topic of research
would be to incorporate the optimization of the power allocated to each node into
a joint optimization problem (i.e., optimize jointly the LAST code and the allocated powers). Extensions to nodes with more than one antenna are also worth
investigating.
In Chapter 5 we have proposed different precoding techniques in the downlink
of CDMA systems when the base station has CSI of all the users. In this situation, it
is natural to combine precoding, power control, and opportunistic scheduling with
fairness in the form of cross-layer optimization. In multiuser opportunistic scheduling schemes, the schedulers opportunistically exploit the channel variations experienced by the multiple users. That is, the schedulers select the best set of users
to transmit data subject to fairness (e.g., maximum delay), QoS (e.g., minimum
SNR), and resource constraints (e.g., maximum power available at the transmitter), to obtain a significant increase in the total system throughput. A complete
framework and solution based on our precoding schemes needs to be investigated.
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Appendix A

Unbiased estimate of det(·) in
(3.30)
Obtain an estimate of

using

¶
µ
ρ
H
H [ω]H[ω]
det I nT +
nT

(A.1)

µ
¶
ρ
H
φ[n, ω] = det I nT +
Ĥ [n, ω]Ĥ 2 [n, ω] ,
nT 1

(A.2)

where the channel estimates Ĥ 1 [n, ω] and Ĥ 2 [n, ω] are obtained from independent
training blocks. We consider the case in which Ĥ 1 [n, ω] and Ĥ 2 [n, ω] satisfy
(3.5).
Theorem 5 With φ[n, ω] computed according to (A.2), the estimate of the determinant in (A.1) is unbiased.
Proof: For convenience define
ρ
H H [ω]H[ω],
nT
ρ
H
+
Ĥ [n, ω]Ĥ 2 [n, ω]
nT 1

M [ω] = I nT +
M̂ [n, ω] = I nT

(A.3)

and denote the elements of M̂ [n, ω] as m̂i,j .
Consider (A.3). Since Ĥ 1 [n, ω] and Ĥ 2 [n, ω] are statistically independent
samples, clearly M̂ [n, ω] is an unbiased estimator of M [ω]. Now consider det(M̂ [n, ω]).
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From [65, p.8]
det(M̂ [n, ω]) =

X

sign(σ)

σ

nT
Y

m̂i,σ(i) ,

(A.4)

i=1

where the sum runs over all nT ! permutations σ of the nT items {1, ..., nT } and
sign(σ) is +1 or −1. Omitting the sign, each term in the summation is of the form
m̂1,σ(1) m̂2,σ(2) ...m̂nT ,σ(nT ) .

(A.5)

Thus, each term in the summation involves the product of elements of M̂ [n, ω]
from different rows and columns.
Next, due to the independence assumption in (3.5), it follows that for the matrix
M̂ [n, ω], the elements m̂i,j and m̂p,q are independent for i 6= p and j 6= q, i.e.,
elements of M̂ [n, ω] from distinct rows and columns are statistically independent.
Hence m̂1,σ(1) , m̂1,σ(1) , ..., m̂nT ,σ(nT ) are statistically independent with zero mean
which implies that det(M̂ [n, ω]) is an unbiased sample of det(M [ω]) and satisfies
det(M̂ [n, ω]) = det(M [ω]) + v[n, ω]
where v[n, ω] is a zero mean random variable.
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(A.6)
¥

Appendix B

Enumeration of all the lattice
points in a sphere
In this appendix we show how to enumerate the coordinates of all the points belonging to a n dimensional lattice G (i.e., defined by the basis {g 1 , ..., g n }) that
fall inside a sphere S of radius r centered at −u. That is, enumerate all the
points (Λ + u) ∩ S. Following the derivation and geometric meaning in [94]
let u be the optimal translation vector which can be written as a function of the
basis vector of the lattice, i.e., u = ν1 g 1 + ν2 g 2 + ... + νn g n ∈ Rn (where
n = 2M T ), or in matrix form u = Gν (and therefore, ν = G−1 u). If a lattice
point x = z1 g 1 + ... + zn g n ∈ Λ is inside the sphere of radius r centered at −u,
it satisfies the sphere constraint kx + uk ≤ r. The enumeration problem is to determine all valid combinations of z = [z1 , ..., zn ] ∈ Zn under the sphere constraint
which can also be expressed in terms of the Gram-Schmidt vectors. Recall that the
Gram-Schmidt vectors can be obtained as
g ∗k = g k −
µki =

k−1
X

µki g ∗i ,

i=1
∗T
gi gk
,
kg ∗i k2

(B.1)

which can be expressed as
[G]T

= U [G∗ ]T

G = G∗ U T ,
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(B.2)

where [U ]ki = 1, if k = i, µk,i if k > i, and 0 otherwise. That is g k = g ∗k +
Pk−1
∗ T
∗
i=1 µki g i . Denote h = x + u = G[z + ν] = G U [z + ν]. And the constraint
khk2 ≤ r2 becomes
n£
¤£
¤T o
G∗ U T [z + ν] G∗ U T [z + ν]
©
ª
= tr G∗T G∗ U T [z + ν][z + ν]T U
!2
Ã n
n
X
X
µki (zk + νk ) kg ∗i k2
=

khk2 = tr

i=1

=

n
X
i=1

Ã

k=1

n
X

!2

µki (zk + νk )

k=i

kg ∗i k2 ≤ r2

(B.3)

where in the last equation we have applied that µki = 0 if k < i. Recall that
µii = 1, ∀i. Start by i = n, i.e., (zn + νn )2 kg ∗n k2 ≤ r2
r
r
− νn ≤ zn ≤ + ∗ − νn
∗
kg n k
kg n k

(B.4)

¼
¹
º
r
r
− νn .
− ∗ − νn ≤ zn ≤ +
kg n k
kg ∗n k

(B.5)

−
and since zn ∈ Z
»

j
k
n
Note that there are k2r
∗
g n k + 1 possible choices of zn . For each of these choices,
we recursively do the same but updating a new radius (similarly to a tree search).
For example, with i = n − 1
n
X

i=n−1

Ã

n
X

(zk + νk )µki

k=n−1

!2

kg ∗i k2 ≤ r2

[(zn−1 + νn−1 ) + (zn + νn )µn,n−1 ] kg ∗n−1 k ≤

p
r2 − (zn + νn )2 kg ∗n k2 .
{z
}
|
rn−1
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That is, for i = n − 1, n − 2, ..., 1,

ri

v

u
¯2
¯ n
u
¯
¯ X
u 2
¯
¯
(zk + νk )µk,i+1 ¯ kg ∗i+1 k2 
−¯
= tri+1
¯
¯
k=i+1

|(zi + νi )+(

n
X

k=i+1

ri
,
kg ∗i k

(zk + νk )µk,i )| ≤

(B.6)

or making use of the granularity of zk we have
&

ri
− ∗ −
kg i k

Ã

n
X

(zk + νk )µk,i

k=i+1

!

− νi

'

$

ri
≤ zi ≤ + ∗ −
kg i k

Ã

n
X

(zk + νk )µk,i

k=i+1

(B.7)
Note that there are
+ 1 possible choices of zi . One way to speed up the
enumeration by reducing the width of the stages of the tree (i.e., number of possible
choices of zi ) is to apply a preprocessing step applying lattice reduction to the rows
of G−1 [38, 94]. Note that the lattice reduction change of basis also needs to be
applied to the translation vector.
j

2ri
kg ∗i k

k
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Appendix C

MMSE unconstrained linear
precoding solution
For both the chip-wise and bit-wise system models, the total received vector can
be written as
y = HM b + v,
(C.1)
where H ∈ CK×N for the chip-wise solution and H ∈ CK×K for the bit-wise
solution. We restrict ourselves to the chip-wise solution since the bit-wise solution
(square matrices) is a special case of it. When the mobile units are constrained to
the matched filter receiver, the MMSE optimization function becomes
J = E{kb − yk2 } = E{kb − HM b − vk2 }.

(C.2)

Proposition 5 The choice of M ∈ CN ×K that minimizes J is M = H H (HH H )−1 .
Proof In a similar manner to [99] we offer the following proof by contradiction. Suppose there exists a matrix M 0 that results in a smaller J than M =
H H (HH H )−1 . Then,
E{kb − HM 0 b − vk2 } < E{kvk2 }.

(C.3)

The left hand side of (C.3) can be rewritten as
E{kb − HM 0 b − vk2 } = E{bH b} − 2E{ℜ[bH HM 0 b]}

H
H
+E{bH M H
0 H HM 0 b} + E{n v},
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which combined with (C.3) implies
H
E{bH b} − 2E{ℜ[bH HM 0 b]} + E{bH M H
0 H HM 0 b} < 0

(C.4)

However, the left hand side of (C.4) is equal to E{kb − HM 0 bk2 } which can
never be less than zero, which leaves a contradiction. This completes the proof. ¥
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