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Abstract

A clustering framework within the sparse modeling and
dictionary learning setting is introduced in this work. In-
stead of searching for the set of centroid that best fit the
data, as in k-means type of approaches that model the data
as distributions around discrete points, we optimize for a set
of dictionaries, one for each cluster, for which the signals
are best reconstructed in a sparse coding manner. Thereby,
we are modeling the data as a union of learned low dimen-
sional subspaces, and data points associated to subspaces
spanned by just a few atoms of the same learned dictionary
are clustered together. An incoherence promoting term en-
courages dictionaries associated to different classes to be
as independent as possible, while still allowing for differ-
ent classes to share features. This term directly acts on
the dictionaries, thereby being applicable both in the su-
pervised and unsupervised settings. Using learned dictio-
naries for classification and clustering makes this method
robust and well suited to handle large datasets. The pro-
posed framework uses a novel measurement for the qual-
ity of the sparse representation, inspired by the robustness
of the {1 regularization term in sparse coding. In the case
of unsupervised classification and/or clustering, a new ini-
tialization based on combining sparse coding with spectral
clustering is proposed. This initialization clusters the dic-
tionary atoms, and therefore is based on solving a low di-
mensional eigen-decomposition problem, being applicable
to large datasets. We first illustrate the proposed framework
with examples on standard image and speech datasets in the
supervised classification setting, obtaining results compa-
rable to the state-of-the-art with this simple approach. We
then present experiments for fully unsupervised clustering
on extended standard datasets and texture images, obtain-
ing excellent performance.

1. Introduction and Basic Formulation

In recent years, sparse representations have received a lot
of attention from the signal processing community. This is
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due in part to the fact that an important variety of signals
such as audio and natural images can be well approximated
by a linear combination of a few elements (atoms) of some
(often) redundant basis, usually called dictionaries [2].

Sparse modeling aims at learning these non parametric
dictionaries from the data itself. Several algorithms have
been developed for this task, e.g., the K-SVD and the method
of optimal directions (MOD). Recent publications in a wide
spectrum of signals and applications have shown that this
approach can be very successful, leading to state-of-the art
results, e.g., in image restoration and denoising, texture
synthesis, and texture classification. In the supervised or
weakly supervised classification setting, this class of algo-
rithms learn dictionaries from the labeled training dataset
and use features of the sparse decomposition of the testing
signal for classification (see [14, 17, 22, 34]).

In this paper we propose a framework for clustering
datasets that are well represented in the sparse modeling
framework with a set of learned dictionaries (see [26] for
our earlier work in this direction). Given K clusters, we
learn K dictionaries for representing the data, and then as-
sociate each signal to the dictionary for which the “best”
sparse decomposition is obtained. Note that it is not that
each data point belongs to a union of subspaces as for ex-
ample in [7, 10]. Comparing with block/group sparsity, here
a single dictionary (block) is selected per data point, and
the point is sparsely represented (subspace) with atoms only
from this dictionary.! Also in contrast with more classical
subspace clustering, data points in the same class can be-
long to more than one subspace, since each dictionary rep-
resents a large number of subspaces (each sparsity pattern
defines one subspace). The model is then very rich and non-
linear.

The first building block of the proposed clustering frame-
work is based on considering
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I'Sharing atoms between the classes, and therefore having non-empty
intersecting subspaces is permitted in our framework as well, see Sec-
tion 3.1



where D; = [d;|dz...|d,] € R"*¥i is a dictionary of k;
atoms associated with the class Cj, x; € R™ are the data
vectors, and R is a function that measures how good the
sparse decomposition for the signal x; under the dictionary
D, is. In the general case, different dictionaries may have
different number of atoms, k; might be cluster dependent.
This problem is closely related with the k-g-flat algorithm
that aims at finding the closest k£ g-dimensional flats to a
dataset [30]. However, there are major differences between
the two. In particular, the framework here proposed, fol-
lowing the sparse representation approach, considers a large
number of flats per class, and does not assume a pre-defined,
or even constant across classes, (¢) dimension, resulting in
a richer space for representing and clustering the signals.

To complete the model, we add a block/dictionary in-
coherence term, inspired in part by the works on standard
sparse coding, e.g., [4, 6, 7, 29], where it was shown that
both the speed and accuracy of sparse coding techniques
such as soft-thresholding and orthogonal matching pursuit
depend on the incoherence between the dictionary atoms.
Here we add a term Q(D;, D;) that promotes incoherence
between the different dictionaries, thereby obtaining a gen-
eral energy of the form
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This energy will then lead to the learning of dictionaries
optimized to properly represent the corresponding class,
due to R, while at the same time being weak for the other
classes, due to the term Q. We will later show how classes
can still share atoms, an important property for classifica-
tion algorithms [28], and a unique characteristic of our pro-
posed model. Note that in contrast with prior work on dic-
tionary learning for classification, this novel cross dictio-
nary learning term Q is independent of the data, is intrinsic
to the dictionaries being learned, thereby rendering itself
also to the case of unsupervised or semi-supervised classi-
fication and clustering. For the experiments in this paper
we use the terms Q(D;,D;) = |DI D, ||%, where the sub-
script F denotes Frobenius norm.”

We propose a measurement R for the quality of the
sparse representation that naturally takes into account both
the reconstruction error and the sparseness (complexity) of
the representation on the corresponding learned dictionary.
Such measurement can be applied to image patches directly
or to image features, e.g., SIFT as in [34]. In practice this
measurement has shown enormous discrimination power.
To further show this, we performed experiments in the su-
pervised classification setting using labeled data; we first

2We can also easily add internal incoherence between the atoms of each
dictionary [23], in order to further stabilize not only the dictionary selec-
tion but the particular atoms in the corresponding dictionary. This is done
here for the initialization step.

learned a dictionary for each class (with the incoherence
promoting term @), and then classified each testing sig-
nal according to this measure. This very simple approach
gives results comparable with the state-of-the-art for several
benchmark datasets. Thereby, as a by-product of our pro-
posed clustering framework, we obtain a very simple and
efficient supervised classification technique as well.

In the unsupervised clustering case, the initialization is
very important for the success of the algorithm. Due to the
cost associated with the procedure, repeating random ini-
tializations is practically impossible. Thus a “smart” initial-
ization is needed. We propose an approach that combines
sparse coding with spectral clustering [19], and is applica-
ble to large datasets.

Ideas related to the ones here proposed were previously
employed for subspace clustering [8, 11, 24], clustering us-
ing the so-called ¢1-graph by Huang and Yan (see descrip-
tion in [33]), and label propagation [3]. In contrast with
our proposed dictionary learning framework, these works
model all the data points in a given class as belonging to the
same unique subspace, while we model them as “belong-
ing” to the same dictionary, a richer non-linear model since
each subset of atoms from the dictionary represents a differ-
ent subspace. Moreover, these very inspiring approaches all
use the data itself as dictionary, sparsely representing every
data point as a linear combination of the rest of the data.
Such representation is computationally expensive (virtually
unusable for datasets of thousands of points). In addition,
the large redundancy and coherence expected from using
the data itself as dictionary is prompt to make the sparse
coding very unstable: as mentioned above, it is well known
that such coding techniques strongly depend on the internal
coherence of the dictionary. Furthermore, the performance
of these methods decreases when the number of clusters
grows. We propose as part of our framework a method to
bypass this problem that divides the clustering problem into
several binary ones. In a natural way, we use the proposed
energy function to decide which partition to choose. Such
binary division framework is not so natural for these other
related clustering methods.

In Section 2 we summarize the main ideas of sparse cod-
ing and dictionary learning. In Section 3 we define the mea-
sure R and analyze its discriminative power providing ex-
amples of supervised classification. In Section 4 we present
the proposed clustering algorithm, together with theoretical
guarantees and experimental results. Finally, we conclude
the paper in Section 5.

2. Sparse Coding and Dictionary Learning

Sparse coding means to represent a signal as a linear
combination of a few atoms of a given dictionary. Math-
ematically, given a signal x € R" and a dictionary D €
R™*F_ the sparse representation problem can be stated as



ming, ||al|o, s.t. x = Da, where ||al|o is the ¢, pseudo-norm
of the coefficient vector a € R¥, the number of non-zero
elements. As minimizing ¢ is NP-hard, a common approx-
imation is to replace it with the ¢;-norm. In the noisy case
the equality constraint must be relaxed as well. An alterna-
tive then is to solve the unconstrained problem,

min [|x — Dal[3 + Allal]s, 3)

where )\ is a parameter that balances the tradeoff between
reconstruction error and sparsity. It is a well known fact that
the ¢; constraint induces sparse solutions for the coefficient
vectors a. Furthermore, this is a convex problem that can be
solved very efficiently using for example the LARS-Lasso
algorithm [5]. This alternative has also been shown to be
more stable than the ¢y approach in the sense that in the
latter, small variations in the input signal can produce very
different active sets (the set of non-zero coefficients in a, or
selected atoms from D).

Now, what about the actual dictionary D? State-of-the-
art results have shown that it should in general be learned
from data. Given a set of signals {x;};=1 ., in R", the
goal is to find a dictionary D € R"™*¥ such that each signal
in the set can be represented as a sparse linear combination
of its atoms. In this work we use a variation of [16], where
learning the dictionary is done by seeking a (local) solution
to the following optimization problem,

. filin > llxi — Dall3 + Alagfli, )
&4 fi=1,...,m i—1

while restricting the atoms to have norm less than one. The
optimization is carried out using an iterative approach that
is composed of two (convex) steps: the sparse coding step
on a fixed D and the dictionary update step on fixed a.

3. The Sparse Representation Quality R and
Supervised Classification

A common approach when using dictionaries for classi-
fication is to train class specific dictionaries using labeled
data and then assign each testing signal to the class for
which the best reconstruction is obtained [17, 22]. The mea-
sure employed for this task is often the reconstruction error,
R(x,D) = ||x — Da||3, where a is the optimal coefficient
vector in the sparse coding. While this strategy leads to very
good results, it does not take into account the actual sparsity
of the reconstruction. Suppose that we have two dictionaries
for which almost the same reconstruction error is obtained,
but one of them requires double the atoms than the other. In
such a situation one would rather select the dictionary that
gives the sparsest solution (simplest, following Akaike’s In-
formation Principle [1]), even if the reconstruction error is
slightly larger.

dataset [ proposed [ data [ A [ B [ C [ svM [ k-NN |

MNIST 1.26 1.35 | 341 | 1.05 - 14 5.0
USPS 3.98 4.14 | 3.56 | 438 | 6.05 4.2 5.2
ISOLET 3.01 3.34 4.3 34 - 3.3 8.7

Table 1. Error rate (in percentage) for the algorithm discussed in Section
3. We present comparisons with recently published approaches (results
taken from the corresponding papers). The “data” column corresponds to
using our discrimination function with dictionaries formed with the whole
training dataset. MNIST: (A) is the best reconstructive method presented
in [18], while (B) is the best discriminative one. USPS: (A) is the best
reconstructive and (B) is the best discriminative method, both reported in
[18]. (C) is the best result obtained in [ 12 ] (only USPS available). ISOLET:
(A) is the supervised k-q-flats and (B) is the k-metrics in [27]. We also
compare with an SVM with Gaussian kernel and the Euclidean k-NN.

In practice, this problem can be addressed using a small
pre-defined sparsity level L in an ¢y approach. This strat-
egy is not longer valid when the convex relaxation (3) is
employed (such relaxation is critical for classification tasks
requiring robustness and stability). In this situation, com-
paring the reconstruction errors alone has little meaning.
We propose then to use the actual cost function in (3) as
a measure of performance, as in the dictionary learning
(4), R(x,D) = min, ||x — Dal|3 4+ Al|a]|;. This alterna-
tive takes into account both the reconstruction error and the
complexity of the sparse decomposition. The reconstruc-
tion error measures the quality of the approximation while
the complexity is measured by the /; norm of the optimal
a.

Let X;, ¢ = 1,..., K, be a collection of K (labeled)
classes of signals and D; the corresponding dictionaries
trained for each of them independently following for ex-
ample (4). This gives, for each class, a (reconstructive) dic-
tionary unaware of the task (classification/clustering) and
of the data in the other classes. Thereby, as detailed in the
introduction, it is more appropriate to add the dictionary in-
coherence Q(D;, D;), and the proposed optimization is

K m;
min X; —D;A; 2 + A ag 10+
(o, M ; I 2 ; ag |
Y D7D )
i#]
Here we used the standard notation A; = [a}...a]"] €

K2 K2
R¥:*mi - each column a’ is the sparse code corresponding

to the signal j € [1..m;] in class ¢. Note that the first term
in the optimization is as in (4), where each dictionary is
optimized for the data from its own class. The second term
provides the coupling. In contrast with works such as [17],
the coupling is between the dictionaries, the labeled data
points do not form part of this term, thereby this can be
used also in the non-supervised learning process, see next
section.

Once the dictionaries have been learned, the class jo
for a given new signal x is found by solving j, =



argmin;—i, . g 7@(){7 Dj).3 This procedure is very simple
and its few parameters can be found via cross-validation.

3.1. Sharing Atoms

In practice, it turns out that even though we impose in-
coherence in the dictionaries, atoms representing common
features in all classes tend to appear repeated almost ex-
actly in dictionaries corresponding to different classes. Be-
ing so common, these atoms are used often and their associ-
ated reconstruction coefficients have a high absolute value
la.],r € {1,..., k;}, thus making the reconstruction costs
7A2(x7 D,) similar. By ignoring the coefficients associated
to these common atoms when computing R, we can im-
prove the discriminatory power of the system. The natural
way to detect such atoms is to inspect the already available
D!D; matrices, whose absolute values represent the inner
products between atoms. In the following experiments, a
threshold of 0.95 consistently improves the results, some-
times significantly. Note that this procedure accounts for
allowing classes to share features [28], and the correspond-
ing subspaces to have intersections, in contrast for exam-
ple with [8]. Figure 1 illustrates examples of automatically
learned shared atoms in the task of learning to classify digits
from the MNIST dataset. See [9] for the selection of features
(atoms) for parametric dictionaries.

3.2. Experimental Results

We first test this simple classification method with stan-
dard datasets, the MNIST and USPS digit datasets and the
ISOLET data that consists of 617 audio features extracted
from 200 speakers saying each letter of the alphabet twice.
We used in every case the usual training/testing split. In
Table 1 we present the obtained results. We compare our
results with several much more sophisticated classification
algorithms. The results obtained are comparable and some-
times even better. We also compare with the standard Eu-
clidean k-NN and with SVM with a Gaussian kernel. In
all our experiments we used a penalty parameter A = 0.1.
The size of the dictionary depends on the number of train-
ing samples as well as the intrinsic complexity of the data.
For MNIST, which has many samples, our best results were
obtained with k£ = 800. In contrast, USPS and ISOLET have
much less samples and more variability, leading to a much
smaller dictionaries of size k = 80 and k£ = 60 respec-
tively. These already state-of-the-art results can be further
improved for example using the R, in an SVM.

One could think of using the whole training datasets as
dictionaries for each class as with the approaches mentioned
in the introduction [8, 24, 33]. In that case, in all our ex-
periments the error rates obtained are not better than the

3We actually obtain more than this information, since for each x we
compute all the Rs for all the K classes, and thereby can provide a soft
classification with probabilities, or a feature vector for an SVM.

ones reported in Table 1. Using the data as dictionaries has
the additional disadvantage that the computational cost of
the classification becomes prohibitive,* and the method is
highly susceptible to label errors due to the high coherence
of the “dictionary.”

Finally, we illustrate the discrimination power of the
measure R in a more challenging scenario using images
from the Grasz02 dataset [20]. We address the object de-
tection task by learning dictionaries for the local SIFT de-
scriptors of an object class.

We chose the “bike” class from the Graz02 as an ex-
ample, and test our proposed framework in two different
weakly supervised settings. In the first setting, along with
the training images, we provide the algorithm with a bound-
ing box enclosing the bikes present in each of these images.
In the second, the only supplied information is whether a
bike is present or not in each of the training images. Clearly,
the second case is more challenging. On each image we
extract 128 dimensional SIFT descriptors from patches of
32x32 pixels computed over a grid with spacing of 4 pix-
els. For the first setting, we randomly pick 300,000 SIFT
descriptors from inside and outside of the bounding box re-
spectively, and learn corresponding dictionaries with 500
atoms each. In the second setting, the bike and background
dictionaries were learned from all the patches extracted
from images marked as either containing a bike or purely
background respectively.

In both cases, the dictionary for the class “bike” was
learned iteratively, keeping the 90% of the descriptors that
were more clearly assigned to the class “bike” at each it-
eration. This allows us to gradually discard background
descriptors labeled as “bike.” The choice of training and
testing images was performed as it is usual for this dataset,
where the first 300 images are split in two, the odd images
for training, and the even images for testing.

Since classified patches overlap, each pixel in the im-
age has several possible energy values R for each of the
two dictionaries, one per patch covering it. This spatial re-
dundancy helps the algorithm to determine a more accurate
energy value at the pixel level by means of a simple spa-
tial average, with a Gaussian kernel, giving more weight to
patches in which the pixel is closer to the center. Using a
Gaussian regularization on the energy images has proven to
improve the results. This is in part due to the way the ground
truth masks are defined, Figure 2. The wheels are labeled
as belonging to the class “bike” while most of the time one
can see the background behind them. A strategy that con-
siders the features globally or at several scales would help
[13, 34], but this is beyond the scope of this example.

In Figure 2 we show the detection results obtained with
this framework. We also show the corresponding precision
vs. recall curve for the whole testing set. The results are

4The cost of learning the dictionaries in our approach is off-line.
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Figure 1. Aroms discarded due to excessive coherence. From left to right:

lvs. 9 3vs. 5, 4vs. 7, 5vs. 8 8vs. 9. Notice how these atoms have
learned features shared between different classes.
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Figure 2. Bike detection on the Graz dataset using the measure R. The
two topmost rows show the obtained detection for two sample images. The
colored area corresponds to the regions for which the representation en-
ergy using the bike dictionary is smaller than the background one. The
lighter the color, the more “bike-like” is the pixel. Bottom left: shows
the ground truth for the middle row. Bottom right: precision vs. recall
curve for several algorithms [21] (blue,dashed), [31] (black,dotted), [17]
(red and green), and the proposed algorithm, using a bounding box (ma-
genta,solid), and weakly supervised (magenta,dashed).

very good, comparable to state-of-the-art, considering that
we are using one single dictionary to categorize each of
these highly complex categories. In this object localization
application, the cancelation of atoms of high coherence has
a crucial role because of the similarities that both classes
have at the local level. If one uses directly dictionaries
trained independently for each class, then most of the diag-
onal vertexes on the image tend to be classified as “bikes”
and the opposite happens with horizontal and vertical edges,
which are very frequent in urban environments.

4. Dictionary Learning for Clustering

We now proceed to extend the above dictionary learning
and sparse coding frameworks to unsupervised clustering.
Given a set of signals, {x;};=1...m in R", and the number
of clusters/classes, K,> we want to find the set of K dictio-
naries D; € R™"*ki § = 1,..., K, that best represents the
data. We formulate this as an energy minimization problem
of the form of Equation (2), and use the measure proposed
in Section 3,

K
. ) - ,
min > > min [x; — Diag 3 + Allagls+
i=1x;€C; i
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where as before, the atoms of all the dictionaries are re-
stricted to have unit norm. In contrast with (5), class as-
signments are unknown, and the optimization is carried out
iteratively using a Lloyd’s-type algorithm: Assignment step:
The dictionaries are fixed and each signal is assigned to the
cluster for which the best representation is obtained: C;, :=
x:R(x,Dj,) < R(x,D;) Vi=1,.. .,K} (omitting the con-
tribution of shared atoms). Update step: The new dictionar-
ies are computed fixing the assignments found in the previ-
ous step. This is the dictionary learning problem (4), with

the addition of the incoherence term.

The algorithm stops when the relative change in the en-
ergy is less than a given constant. In practice few iterations
are needed to reach good results. While the energy is being
reduced at every step, there is no guarantee of arriving to a
global minimum. In this setting, repeated initializations are
computationally very expensive, thus a good initialization
is required. This is explained next.

4.1. Initialization: Spectral Clustering Meets Dic-
tionary Learning

The initialization for the algorithm presented in the pre-
vious section can be given as a set of K dictionaries or as
an initial partition of the data, this is the C; sets. We pro-
pose two closely related algorithms one corresponding to
each of these two alternatives. In both cases the main idea
is to construct a similarity matrix and use it as the input for
a spectral clustering algorithm [32].

Let Dy € R™**0 be an initial global dictionary trained
(with internal incoherence) to reconstruct the data for the
whole (unlabeled) set X := [x1,...,X,,]. For each signal
x; we have the corresponding sparse representation a;. Let
us define A = [ay, ..., a,,] € R**™ Two signals belong-
ing to the same cluster are expected to have decompositions
that use similar atoms. Thus one can measure the similar-
ity of two signals by comparing the corresponding sparse

SWhen K is over-estimated, a micro-detailed partition is observed.



representations. Inversely, the similarity of two atoms can
be determined by comparing how many signals use them
simultaneously, and how they contribute, in their sparse de-
composition. We compute two matrices representing each
one of these cases respectively:

Clustering the signals: Construct a similarity matrix S; €
Rme’ Sl = ‘ATA|

Clustering the atoms: Construct a similarity matrix So €
Rkoxko 'S, .= |A AT).

In both cases the similarity matrix obtained is positive
semidefinite and can be associated with a graph, G; :=
{X,8S;} and G2 := {D, Sy}, where the data or the atoms
are the sets of vertexes with the corresponding S, as edge
weights matrixes. This graph is partitioned using standard
spectral clustering algorithms to obtain the initialization for
the algorithm described in the previous section.

As we mentioned before, G; is closely related with the
£1-graph. In that case, the weights of the graph are deter-
mined using the sparse decomposition of the signals with
the data itself as a dictionary. When the number of signals
m is large, the computational cost of constructing the sim-
ilarity matrix is too expensive. Also the spectral clustering
algorithm requires the computation of the largest singular
values (and corresponding singular vectors), which is also
computationally demanding when m is large (although not
so demanding if only a few eigenvectors are needed). In the
case of 9, clustering the atoms bypasses these difficulties,
the size of Sy depends on the significantly smaller size of
the initial dictionary kq. This parameter does not depend
on the amount of data, it just needs to be large enough to
model it properly, and is often just in the hundreds. Note
that the obtained sub-dictionaries may have different car-
dinalities (different k;), reflecting different complexities of
the associated clusters.

When the number of clusters, K, is large, the perfor-
mance of the initial clusterization decreases. We propose
a more robust initialization. Starting with the whole set
as the only partition, at each iteration we subdivide in two
sets each of the current partitions, keeping the division that
produces the biggest decrease in the cost energy defined in
Equation (6). The procedure stops when the desired num-
ber of clusters is reached. This can be applied for any of the
two graphs presented in this section, and such partition is
consistent with the energy driving the clustering.

4.2. Theoretical Guarantees

In this Section we show that, under certain ideal con-
ditions, one can prove that the initialization step presented
in the previous section produces a perfect clustering of the
data. Because this assumptions do not hold in general with
real data, the result of the initial step does not always give a
correct clustering, but it gives a very good first approxima-
tion that is be later refined by the iterative step.

Dataset [ k-means [ n=0 [ n#0 ]
MNIST 21.2 6.9 3.0
USPS 22.3 2.9 2.0
ISOLET 20.0 6.0 1.5
Brodatz(x2) - 2.5 0.4

Table 2. Error rate (in percentage) for the clustering algorithm discussed
in Section 4. In MNIST and USPS we used digits form 0 to 5 and for ISOLET
we used the last 6 letters. We also tested clustering combinations of 2
randomly chosen Brodatz textures. In this case, the result is the average
performance over 10 random realizations. In all cases, the results are
shown with (n # 0), and without (1 = 0) added incoherence.

Following the ideas presented in [8], let us consider the
ideal situation in which every signal in the K clusters can
be exactly reconstructed as a sparse linear combination of
the atoms of a dictionary and that the subspace that they
span (using all the atoms) are independent, this is, that their

sum is direct. Let us call those subspaces S;, i =1,..., K.
Now, assume that the initial dictionary is composed of K
(redundant) sub-dictionaries, Dy = [Dj,...,Dg]|, one

corresponding to each cluster in the dataset. For simplic-
ity we assume that the atoms of the dictionary Dy are or-
dered but this is not required for proving any of the results
discussed here.

Then, given a vector x belonging to one of the subspaces,
it is easy to show that the optimal a in the ¢; -relaxation of /g
with this Dy, will use only atoms from the correct block of
the initial dictionary, producing K connected components
in both graphs G and Go. In this situation a spectral clus-
tering technique will successfully separate the clusters [32].

The hypothesis from [&] that the subspaces span indepen-
dent subspaces is very strong. In practice, different clusters
very often have non trivial intersections. This is exactly
what is tackled by not considering highly coherent atoms in
the comparison of the quality of the sparse representations
presented in Section 3.1. One can still prove that the so-
lution to the ¢y problem will pick atoms from the correct
block for a given x € §; if the atoms of the dictionaries that
compose Dy satisfy maxy [|D!d||; < 1, where D! is the
Moore-Penrose pseudoinverse of D; and d is any atom of
the dictionaries D; with j # 4. This condition is similar
to the one required for the exact recovery of the orthogonal
matching pursuit algorithm [29]. It is related to the incoher-
ence between atoms belonging to different dictionaries. The
proof can be made following similar ideas to the ones used
in that case, and is here omitted due to space limitations.

4.3. Clustering Results

We now apply the proposed algorithm to several cluster-
ing problems and texture segmentation. We first clustered
the digits form 0 to 5 () = 6) from the testing set of MNIST
and the training set of USPS (ignoring the labels, of course).
We also clustered the last six letters of ISOLET (K = 6),
combining the standard training and testing sets. We fur-
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Figure 3. Effect of incoherence in clustering performance of the ISOLET
database. Left: average incoherence between all the dictionaries vs. 7.
Right: classification error vs. 7. Note that, due to the small size of this
dataset, fluctuations of +=1% such as the ones here observed are common.

0 2 8 10 0 2 8 10

4 6 4 &
iterations iterations

Figure 4. Classification error vs. number of iterations for the clustering
algorithm when applied to the ISOLET (left) and USPS (right) datasets.

ther applied the clustering scheme to the combined patches
of randomly chosen samples of 2 textures from the Brodatz
database. The results are reported in Table 2 for different
values of the incoherence penalty term 7. The size of the
initial dictionaries are k = 120 for UsPS , & = 300 for
MNIST and k£ = 90 for ISOLET. The dictionaries represent-
ing each cluster are of size 60, 25 and 15 respectively. The
initial clustering of the data was done using spectral clus-
tering on the graph G;. In all the cases involving images,
the atoms learned for each cluster were visually identifiable
with the classes they represented.

Effect of imposing incoherence: As can be see in Table 2,
encouraging incoherence in the dictionaries is of paramount
importance, first to the initial dictionaries as internal inco-
herence, and then between dictionaries during the iterative
clustering. To further understand this effect, we show in
Figure 3 how the strength of the incoherence term, con-
trolled by the parameter 7, affects the reconstruction error.
Also shown is the actual average incoherence obtained be-
tween the cluster dictionaries, that is the average value of
|d] d;| between all possible pairs of atoms d; and d; from
all the dictionaries involved.

Effect of the iterative clustering: In Figure 4 we show
an example of how the classificaion error is monotonically
reduced for succesive iterations of the proposed algorithm,
thus empirically assessing its stability.

Texture segmentation: We als