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Probabilistic Classification
� Bayesian Decision Theory

� Bayes decision rule (revisited):
� Bayes risk, 0/1 loss, optimal classifier, discriminability 

� Probabilistic classifiers and their decision surfaces:
� Continuous features (Gaussian  distribution)

� Discrete (binary) features (+ class-conditional independence)

� Parameter estimation
� “Classical” statistics: maximum-likelihood (ML)

� Bayesian statistics: maximum a posteriori (MAP)

� Common used classifier: naïve Bayes
� VERY simple: class-conditional feature independence

� VERY efficient (empirically); why and when? – still an open question



Bayesian decision theory
� Make a decision that minimizes the overall expected cost (loss)

� Advantage: theoretically guaranteed optimal decisions

� Drawback:   probability distributions are assumed to be known (in practice, 
estimation of those distribution from data can be a hard problem)

� Classification problem as an example of a decision problem
� Given observed properties (features) of an object, find its class. Examples:  

� Sorting fish by its type (sea bass or salmon) given observed features such 
as lightness and length 

� Video  character recognition

� Face recognition

� Document classification using word counts

� Guessing user’s intentions (potential buyer or not) by his web transactions

� Intrusion detection
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Gaussian (normal) density
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Bayes rule for binary classification
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Example: one-dimensional case  
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Optimality of Bayes rule: idea
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Optimality of Bayes rule: proof
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General Bayesian Decision Theory
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Zero-one loss classification
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Different errors, different costs
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Receiver operating characteristic (ROC) curve
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Cost-based classification
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Discriminant functions and classification 
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Bayes Discriminant Functions

 !increasinglly  monotonica  is  )h(   where))(h(by   replaced  becan   )(Every 
1)|P(  )|()(        

 :

i
*

⋅
−=−=
��������

������������

ii

ii

ff
Rf ωα

tionclassifica  loss one-zerofor  functionsnt  discrimina  Bayes

 
  )(log)log)(       

  )())(        

 
)(

)()
)|)( 

*

*

*

iii

iii

ii
ii

P|p(f
P|p(f

p
P|p(P(f

ωω
ωω

ωωω

+=
=

==

��������

��������

����

����

��������

 
  )(
  )(log

)
)log)(

   )|()|()(
 )()()(

2

1

2

1*

21
*

*
1

*
1

*

ω
ω

ω
ω

ωω

P
P

|p(
|p(f

PPf
fff

+=

−=

−≡

����

����

����

������������

������������

Multi-category:

Two-category:

Decision regions and surfaces:

����
����

����
����

����
����



Discriminant functions: examples
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Conditionally independent binary features �
linear classifier (‘naïve Bayes’-see later)
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Case1:   independent Gaussian features
with same variance for all classes: ������������
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Case 3:  unequal covariance matrices
One dimension: multiply-connected decision regions



Case 3, many dimensions: hyperquadric surfaces



� Bayesian decision theory:
� In theory: tells you how to make optimal (minimum-risk) decisions 
� In practice: where do you get those probabilities from?

� Expert knowledge + learning from data (see next; also, Chapter 3) 

� Note:  some  typos in Chapter 2
� Page 25, second line after the equation 12: must be 
� Page 27, third line before section 2.3.1:  

� Page 50 and 51,  in Fig. 2.20 and Fig 2.21, replace x-axis label by

� Same replacement in problem 9, page 75
� Section 2.11 (Bayesian belief networks): contains several mistakes; ignore for now. 

Bayesian networks will be covered later.
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Parameter  Estimation
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Maximum likelihood (ML)  and 
Maximum a posteriory (MAP) estimates

prior uniform with MAPML that Note  
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ML estimate: Gaussian distribution
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Bayesian (MAP) estimate with 
increasing sample size



Parameter estimation: discrete features
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An example: naïve Bayes classifier
Simplifying (“naïve”) assumption:
feature independence given class

C)|P(x 1
C)|P(x 2 C)|P(x n

1x feature nx feature
2x feature

P(C)
C  Class
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1.    Bayes(-optimal) classifier:
given an (unlabeled) instance                        , choose most  likely class:
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State-of-the-art

� Optimality results
� Linear decision surface for binary features (Minsky 61, Duda&Hart 73)

� (polynomial for general nominal features - Duda&Hart 1973, Peot 96)
� Optimality for OR and AND concepts (Domingos&Pazzani 97)
� No XOR-containing concepts on nominal features (Zhang&Ling 01)

� Algorithmic improvements
� Boosted NB (Elkan 97) is equivalent to multilayer perceptron
� Augmented NB (TAN, Bayes Nets – e.g., Friedman et al 97)
� Other improvments (combining with Decision Trees (Kohavi), w/ error-correcting 

output coding (ECOC) (Ghani, ICML 2000),  etc.

� Still, open problems remain:
� NB error estimate/bounds based on domain properties



Why Naïve Bayes often works well
(despite independence assumption)?

Wrong P(C|x) estimates do not imply wrong classification! 

Domingos&Pazzani,  97, J. Friedman 97, etc.
"Statistical diagnosis based on conditional independence does not require it", J. Hilden 84

optclass

True

NB estimate

P(
cl

as
s|

f)

f)|(classP̂

f)|P(class

=NBclassNaïve Bayes:
f)|(classPmax arg ii

ˆ

=optclassBayes-optimal:
f)|P(classmax arg ii

Major questions remain:
Which P(c,x) are ‘good’ for NB?

What domain properties “predict” NB accuracy?



General question:
characterizing distributions P(X,C) and  their  
approximations  Q (X,C) that can be ‘far’ from P(X,C),  
but yield low classification error

Class 1 Class 2

Optimal decision boundary

True P
Approximate  P

P(x|C)P(C)

Note: one measure of ‘distance’ between distributions  can be relative entropy, 
or KL-divergence (see hw problem11, chap.3)  

∫= dz
zQ
zPzPQPD
)(
)(log)()||(



Case study:  using Naïve Bayes for 
Transaction Recognition Problem

Client 
Workstation

End-User
Transactions

(EUT)

Remote 
Procedure

Calls (RPCs)

Server 
(Web, DB, 
Lotus Notes)

Session   
(connection)

� OpenDB
� Search
� SendMail

RPCs?

Two problems: segmentation and labeling  

1 2 1 3 4 1 2 31 2 1 3 2 31 2 1 2 31 2 1 2 4

Tx1 Tx3Tx1 Tx3Tx1 Tx3Tx1 Tx3Tx1 Tx3Tx1 Tx3Tx1 Tx3Tx1 Tx3Tx2Tx2Tx2Tx2Tx2Tx2Tx2Tx2

Unsegmented RPC's

Segmented RPC's
and Labeled Tx's Tx2



Representing transactions 
as feature vectors

ijij p)T|1P(R   :Bernoulli ==

∏∏ =
=

=
M

1j

n
ijM

1j ij
iiMi1

ijp
!n

n!)T|n,...,P(n  :lMultinomia

)p(1p)T|P(n   :Geometric ij
n

ijiij
ij −=

)p(1p)T|P(n  :Geometric Shifted ij
sn

ijiij
ijij −= −

i  typeof nTransactio

5R 5R3R 2R 2R1R2R

� RPC counts ...)0,2,0,1, 3,(1,f =

...) 0, 1, 0, 1, 1, (1,f =� RPC occurrences

geometric  shifted
:)( data to fit Best 2χ



Empirical  results

� Significant improvement over baseline classifier (75%)
� NB is simple, efficient, and  comparable to the state-of-the-art classifiers:

� SVM – 85-87%, Decision Tree – 90-92%

� Best-fit distribution (shift. geom)  - not necessarily best classifier! (?)

Baseline classifier:
Always selects most-
frequent transaction

A
cc

u
ra

cy

Training set size

NB + Bernoulli, 
mult. or geom.

NB + shifted 
geom.

2%87  ±

3%79  ±

1%10 ±≈



Next  lecture on Bayesian topics

April 17, 2002 - lecture on recent ‘hot stuff’:
Bayesian networks, HMMs,  EM algorithm



Short Preview:
From Naïve Bayes to Bayesian Networks

class)|P(f 1 class)|P(f 2
class)|P(f n

1f feature nf feature2f feature

ClassNaïve Bayes model:
independent features given class

Bayesian network (BN) model: 
Any  joint probability distributions

lung Cancer

Smoking

X-ray

Bronchitis

Dyspnoea
P(D|C,B)

P(B|S)

P(S)

P(X|C,S)

P(C|S)

= P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)
P(S, C, B, X, D)=

CPD:
C  B   D=0 D=1
0  0    0.1  0.9
0  1    0.7  0.3
1  0    0.8  0.2
1  1    0.9  0.1

Query: P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?


