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Scalability of Wireless Networks

Predrag R. Jelenkovidfiember, IEEE, Petar Momcilovi€, and Mark S. SquillantEellow, |IEEE

Abstract— This paper investigates the existence of scalable or simply scalable, if the performance of the network does
protocols that can achieve the capacity limit of/v/N per source- not degrade as its size grows due to the limited buffer space
destination pair in a large wireless network of N nodes when i, aach node. i.e.. buffer space is not a source of bottleneck

the buffer space of each node does not grow with the size of . -
the network N. It is shown that there is no end-to-end protocol Moreover, we emphasize that the problem of buffer scatgbili

capable of carrying out the limiting throughput of ¢/v/N with ~cannot be solved simply b}’ buffer over-provisioning s_iriu:g t
nodes that have constant buffer space. In other words, thismit memory (buffer) upgrade in a large legacy network is likely
is achievable only with devices whose buffers grow with the to have a prohibitive cost.

size of the network. On the other hand, the paper establishes  The critical importance of scalability is widely recognize
that there exists a protocol which realizes a slightly smadir

throughput of ¢//Nlog N when devices have constant buffer ,by praCtitionerS and well documgnted in ,th_e_ systems enginee
space. Furthermore, it is shown that the required buffer spae NG literature. However, the various definitions of scalgpi
can be very small, capable of storing just a few packets. This are often either vague or simply absent. Hence, we believe
particularly important for wireless sensor networks wheredevices  that there is a strong need for developing a precise mathe-
thha;’e gmeltrefd rte;]sources. F'c';a”{' frg.m a T?ﬁheé‘f‘f?“cﬁ' pe';)SIF’C“Vef’ matical foundation for investigating the notions of scillgb

paper ‘urtners our understanding o the ditticu™t proviem o Furthermore, since building experimental large-scalevosts

analyzing large queueing networks with finite buffers for which, | . . . . .
in general, no explicit solutions are available. is basically impractical, a theoretical approach has aumiq

Index Terms— Ad hoc wireless networks, wireless sensor net- advantage for providing insights into the scaling prosrtf

works, large-scale networks, scaling laws, finite-buffer geueing COMmunication networks. _ _
networks, local cooperation. We focus on how the maximum throughput scales in large

wireless networks with finite buffers. Before discussing ou
results we present a brief overview of the literature that
L investigates the capacity limits of wireless networks. 1f [
HE growth of modern communication infrastructures, random network model of static wireless networks was
such as the Internet and various wireless networks, O\gfroduced. For this model, the authors showed that threugh
the last decade has surpassed the expectations of everygif-per source-destination pair 8(1/VN) as N — oo,
Indeed, going back in time to the origins of these networkynere N is the number of nodes in the network (refer
it would have been hard even to imagine the importance apd ophendix A for definitions of the standard asymptotic
scale to which these networks have developed. Now, pragcti, station used throughout the paper). In the same paper a
into the fgture, we strongly believe that this growth treniﬁ W scheme that achieve®(1//NTog N) throughput per source-
only continue, if not accelerate. Hence, the Comm“n'cat'%stination pair was presented. The scheme was generadized
devices and protocols of today must be capable of Operat'Qﬁbarametrized version [2] (see also [3], [4]) that resuitthi
with the same efficiency in the very large-scale networks %timal throughput-delay trade-off for maximum througtsou
the future. One of the basic concerns in building largeescaj, 5 areO(1/y/NTog V). In [5] it was shown that throughput
netwqus is that minor inefficiencies which can be well tol_er@(l/\/ﬁ) in fact can be achieved. Results in [1] were
ated in small networks can accumulate and become domingiierived in [6] for the corresponding constant packet size
factors in large networks. In this regard, we investiga® th,,qe|. Extensions of the original model and their analyses
behavior of a network as its size grows while the buffetyn pe found in [7]-[9]. We note that the capacity of wireless

space of each device, one of the primary communicatigRyyorks relates to the capacity of lattice networks — refer
resources, remains constant. Specifically, we term a pobtog, [10] and the references therein.

or in general a network architecture, to be buffer scalable

I. INTRODUCTION
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devices whose buffer grows with the size of the network. Lemma 1: Suppose that)®)(0) < Q®2)(0), 1 < b; <
On the other hand, we show that, under the Poisson arrigal< oo and {AZ(.”} C {AEQ)}- Then, for an i.i.d. sequence of

model, there exists a protocol which realizes a slightlylEma exponential service timesS'"'}, one can construct an i.i.d.

throughput ofc/\/N'log N with devices that have constantsequence of exponential service requiremésts’} such that
buffer space. Furthermore, we establish that the requinédrb DY} c {DP} and, forallb e N, t >0

space can be very small, capable of storing just a few packets *
which is particularly important for wireless sensor netkgor Agl)(t) < Az(;Q)(t)- (1)
where devices have limited resources. In addition, we show
that any protocol which is capable of achieving the throughp
of ¢/\/Nlog N with finite buffers has to employ a local buffer ~ Proof: See Appendix D. u
coordination/cooperation scheme. This insight may previd Our next goal is to establish a lower bound on the loss
guidance for designing efficient scalable wireless prdwigo rate in a finite-buffer queue with stationary and ergodic/afr
practice. times. Recall that the service times are assumed to be i.i.d.
The present study is related to the study of the throughp@ponential and independent from the arrival times. No& th
delay trade-off [2]-[4] since the finiteness of buffers lisni the minimum loss rate for arrival sequences with specified
the delay incurred by packets, given that these packetsadre fean will be positive since the buffer is finite and service
dropped. However, apart from this heuristic connectioe, tfimes have unbounded support.
expected delay considered in [2]-{4] does not provide tesul More formally, consider a nonnegative increasing sequence
on buffer scalability because the dynamics of the netwof arrival times{4;};>0, Ao = 0, with stationary and ergodic
change under the constraints imposed by finite buffers.  interarrival times{A;,; — A;};>o that are equal in distribution
Finally, from a mathematical perspective, this paper fensh to A. Let p = (LEA)~! denote the offered traffic load, where
our understanding of the difficult problem of analyzing kargu ' is the average service time. Note that since the buffer is
queueing networks with finite buffers for which no generdinite, the offered load does not need to be below 1. Given
explicit solutions, e.g., the product-form solution of ksmn that the buffer can accommodatecustomers (including any

networks, are available. one in service), the loss probabilip(b), i.e., the long-term
The paper is organized as follows. The next section contaifigction of lost packets, is defined as

some of the preliminary results. In Section Il we introduce =

a motivating exgmple of a onefdlmens!onal multl-_hop route. p(b) == lim — Z 1{QW(4,) = b}, @)

A model of a wireless network is described and discussed in k—oo k

1=0
Section IV. The main results of the paper are presented in B ) )
Section V. Concluding remarks can be found in Section WhereQ™(¢) is the number of packets in the queue at time

The Appendix provides additional mathematical details. ¢ @nd the existence of the limit is ensured by stationarity and
ergodicity; by definitionQ(®)(¢) is right-continuous and, thus,
[I. PRELIMINARIES ON A SINGLE-SERVER QUEUE Q™" (A;) represents the number of customers in the queue just
This section contains basic results on a single-servergudigfore theith arrival. When the sequend@(¥)(4;)} is in
that will be used in the remainder of the paper. Throughogiiationarity, the loss probability obeys
the section we assume that the server works at unit rate with _ )AL _
the packet (customer) service requirements being indegrénd p(b) = PIQT(A:) = b]. 3)
and identically distributed (i.i.d.) exponential randoariables In addition, using the ergodicity and stationarity projeertit
with meanu !, independent from the packet arrival times. Thi easy to show that thiess rate «(b) satisfies
service discipline is first-come-first-served (FCFS).
We start by considering two queues with buffers of sizes r(b) = p(b)/EA.
b andl(ng) packets ((ijn)clugiing any one in §§rvice), respgctively. The loss probability can be lower bounded as follows.
Let {Ai_ }and{D;"}, j = 1,2, be positive, monotonpally Lemma 2; Let p = 1/(4uEA). For anyb € N,
increasing sequences of random variables, representisig cu
tomer arrival and departure times to these queues, regplycti p(b) > (b+1)"te b7
In general, we use superscripts to distinguish quantities t Remark 1: If, in addition to being stationary and ergodic,
relate to different queues. L&) () denote the number of the arrival sequence is i.i.d., a tighter lower bound can be
customers in queug (of sizeb;) at time¢ and define obtained by analyzing a finite-buffer GI/M/1 queue.
Do b)) A Proof: LetS(t), t > 0, be the amount of time the server
Al() )(t) " Z Q! )(AE )) > b}, is busy in the tim(e)interva[b7t]:

AP <t
v t
wherel{-} is the standard indicator function. Note that, when S(t) == / 1{Q(u) > 0}du < t. (4)
b1 < o0, the quantityAlgi)(t) represents the number of packets 0
lost in queuel in the interval(0, ¢]. Then due to the exponential nature of service times, the

The first lemma establishes a stochastic comparison of twamber of customer departures|i¢] is given by N (S(¢)),
queues with different buffer sizes when the arrival seqaenovhere N(u), v > 0, is the number of points in0, u]
are monotonically related. for a stationary Poisson process of rate ProcessN(-) is
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independent of the arrival-time sequercé; }. Given that the

b b b
A A A A
system is in stationarity, by (3), for arly> 0, o102 ][0~

1 k=1 b Fig. 1. A multi-hop path consisting olV nodes. Each node has limited
p(b) =kE Z 1{Q")(4;) = b}| . (5) buffer space to store packets.
i=0
Now, note that the ever{tk — N(S(Ax—1)) > b} implies that
at least one packet is lost in the time interfsd), Ax—1]. This u

follows from the nonnegativity of the queue &t= 0— and  This section is concluded with an estimate on a hitting time
the observation that exactly customers arrive ifAo, Ax—1] in a single-server queue. In particular, we consider a muli
and N(S(Aj_1)) customers depart. Hence, (5) renders  class infinite-buffer FCFS M/M/1 queue with service rate

D) > k1Pl — N(S(A,_ b and aggregate arnv_al rate < pu. Classi customers arrive
p(b) 2 . [ (5(Ak-1)) > ] . to the system at Poisson rate (the number of classeS' is
> k7 Pk — N(Ap-1) > b] = k7 "P[N(Ap-1) <k —1b], finite), >~ A; = \. Service times are class independent, and

where the second inequality follows from (4). Setting: b+1 the System is in steady state at time- 0. Let /;(t) be the
results in number of clas$ customers in the system at timéincluding

possibly one in service). For a sBtC {1,...,C} define
p(b) > (b+1)"'P[N(A,) = 0] = (b+ 1) 'Ee #4,

In(t) =Y _L(t), Ar:=)»_ X

which in conjunction with Jensen’s inequality yields ier er

p(b) > (b+1)"te HEA, (6) Let 7r(b) be the first time that the number of customers in

. classes belonging tb reaches leved, i.e.,
Finally, the statement follows from (6) aritl4, = bEA. ging

Next, we consider a buffer management policy under which (b) = inf{t > 0: Ip(t) > b}.
the buffer is divided |nt05_ partl_tlons, ea_lch bem_g able_ toGiven that the system is in stationaritytat 0, it is possible
accommodaté customers (including possibly one in service); . :
U : : to haver(b) = 0. The following lemma provides an upper
pon an arrival to the system, a customer uniformly at random .

" ound on the overflow timer (b).

chooses a partition of the buffer. If the number of custome Slemmad Let p:e \/u andm = \n/\. Eor anvT > 0
in the chosen partition is less thanthen the newly arrived ' pi=Au = Ar/A y '
customer is accommodated in the given partition. Otherwise o b—1 CaeT/4
one packet is dropped from the partition (at this point we do Plrr(b) < T] < 2AcT (71 —o(1— 7F)) t+e :
not specify whether it is the newly arrived customer or one
of the customers in the partition). Intuitively, since a lpsic Proof: See Appendix D. -
can be lost even if some partitions are not full, it is clear
that the given buffer management policy results in a higher m

loss probability than the one with complete buffer sharing ) B ) o
(single partition of sizesb). The service policy is FCFS. As  This section exemplifies the notion of buffer scalabilityttwi

in (2), denote the long-term fraction of lost customers b@,simpl_e linear network. The subsequent secti_ons of therpape
p(b, s); note that the stationarity and ergodicity of the syste@l With a general topology. Here we examine a multi-hop
follows from the stationarity and ergodicity of the arrivafOUte consisting ofV' nodes labeled by the natural numbers, as
sequence, monotonicity of this queueing system and Loyndstrated in Fig. 1, i.e.N queues of unit capacity in tandem
construction [11]. The following lemma bounds losses irs thiVith €ach queue having a finite buffer capable of storing
slightly more complicated system. By setting the number packets. Packets arrive to the first queue according to aétois

. MuLTI-HOPROUTE

partitions to 1 £ = 1), Lemma 3 reduces to Lemma 2. process of rate)_\o < 1. Service times are expongntial with
Lemma 3: Let p = 1/(4EA). For anyb € N ands € N, unit mean and independent from the Poisson arrival process.
In addition, the service requirements of a single packet are
p(b,s) > s (b4 1) e /7. independent in different queues and independent from the

requirements of other packets.

Proof: The proofis very similar to the proof of Lemma 2. We now lower and upper bound the ralg; at which

. . kets leave the last nod€ with explicit functions of N
Consider a sequence 1) arrivals to the system. Then,theIoac . P
d 1) y and the buffer sizé. Note that\n represents the throughput

ng this linear network. Lemma 1 allows one to bound the
rate at which packets are lost (dropped due to a full buffer)

by s~ (b 4 1) 1Ee—#4 > g~ O+ (p 1 1)~1e=b/? since ; i
y s (b+1) e =9 (b+1)""e t each node. By letting all nodes prior to nodéave an

the probability of all(b+1) customers selecting independentl Nfinite buffer. it is clear, from Lemma 1, that the logate

a particular partition is equal te—(**1). Thus, given that a , _ )
packet can be lost due to an overflow in any one of 3he.at theith node is upper bounded by the stationary loss rate

artitions, the loss probability is lower bounded b in a finite-buffer M/M/1 queue with arrival r_ateg, given by
P P Y Y oAy, wheree, ! := Y°7_ A} is the normalization constant.
p(b) > ss V(B4 1) te P = 570 (b4 1) e VP, This follows from the fact that the infinite-buffer system is
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reversible, and, hence, the loss probability is givemjoy, [12, to 1/4 asN — oo. However, it should be noted that hop-by-
Sec. 1.6]. Therefore, the total rate at which packets ateros hop schemes in networks with more general topologies are
the considered finite-buffer network is smaller thiab)\g“, susceptible to deadlocks and mechanisms for their avo&@anc

rendering the following lower bound need to be implemented; refer to [16] and the references
An = Ao — NephbH, ) therein.
In order to establish an upper bound on the throughput, we IV. WIRELESSNETWORK MODEL
define the following function We consider a variation of the standard random network
1 b/ topology model [1], [2], [6] whereN nodes are randomly
fo(z) =2 (1 —(b+1)"e ) ‘ placed in a unit area square (see Fig. 2). More specificélly, i

According to Lemma 2, quantity,(x) can be interpreted ain denotes the position of thégh node, then the variables
9 - 4 b b X1V are independent and uniformly distributed inside

an upper bound on the maximum throughput of a queue hawﬁx]% unit square. Each node is the source of one flow and

can serve as the destination for some other flows. Namely,
each source node chooses its destination independently and
uniformly among the remainingV — 1) nodes. This results

in distances between sources and destinations tha®érg

AN < fo(fo(- fo(Xo)-+0)), units on average (recall that the asymptotic notation iséfi

. . _ in Appendix A). By a flow, say from nodéto j, we mean the
where the functionf, () is |terate_dN times. We ?ISO used (infinite) collection of packets generated atith destinatiory.

the fact that th_e sequence of mterdeparture _tlmes fromAanode generates packets, independently of other nodes and
G/M/1/b queue is stationary and ergodic provided that tl"[f:|
interarrival sequence has these two properties. This fact )\i

due to the stafi " d dicity of th and attempts to inject those packets into the network. It
ue to the stationanty and ergodicity ot In€ queue occupari appropriate to think of packet generation times at node
process, which in turn follows from the finite-buffer vensio .

i . : as times at which some information becomes available at
of Lindley’s recursion and Loynes’ construction [11]. Thu ’

by the definit ¢ i 1o obtai b Snode i and needs to be communicated to ngdeAt any
y the definition off,(-), it is easy to obtain an upper OunCgarticular node, all packets have i.i.d. service requimrete

finite buffer b, exponential i.i.d. service requirements of uni
mean, and offered load < 1. Using the fact that the output
of queuei represents the input for the next qudue- 1), the
monotonicity of f,(z) in « for all b results in

e network state, according to a Poisson process with rate

at are independent from their service requirements aro
N i that dependent from th q ts atroth
AN < Ao H (1 —(b+1)Te ) nodes, arrival times and, in general, the state of the nétwor
i=1 The distribution of service is assumed to be exponential, fo
< Ao (1 b+ 1)7lefb/>\N)N : (8) reasons that will be explained in the remainder of this ee_cti_
Two models that govern successful packet transmission

since\; > A4 fori =0,..., N — 1. Inequality (8) implies between a pair of nodes have appeared in the literature [1]:
that, in order to keep\y = ©(1) as N — oo, the buffer physical and relaxed protocol models. It has been estaulish
size b needs to grow at least logarithmically in the numben [1] that these models are equivalent under the following
of hops N. However, (7) indicates that haviig= O(log N) two assumptions: (i) the fading factor in the physical model
is enough to sustain constant throughput as the length of thegreater than 2, and (ii) all nodes use the same power
network becomes large. for transmission (i.e., they have a common range). Under
Although this paper considers end-to-end protocols only)e relaxed model, a transmission from nad® nodej is
it is important to point out that buffer scalability can besuccessful if for someé\ > 0 and allk # i, j
addressed by abandoning the end-to-end paradigm, albeit at ) .y
the cost of increased complexity. Next, we briefly discuss th d(k, 7) 2 (1+ 4) dGi, 5), ©)
approach. Namely, we turn our attention to the performaficewhered(s, j) is the (Euclidian) distance between nodesd; .
a hop-by-hop transmission scheme [13, p. 507]. The networkTypically, models in the literature consider slotted syste
topology is the same as in the preceding analysis (see Fig.With deterministic transmission times. Such assumptiaes a
However, a nodei starts packet transmissions only whegustified in the presence of a centralized scheduler, angl)if (
the buffer at the downstream node can accommodate iarsatisfied then a packet is successfully transmitted froden
incoming packet. The cade= 1 corresponds to the scenario: to node; with probability 1 in a single time slot. We deviate
in which a node can hold only a single packet (possibfyjom this model by assuming that successful transmission
in service). Packets are added to the first node’s buffer tigm i to j is still possible under (9) with the understanding
soon as space becomes available. Explicit analytical teesithat the amount of time required to successfully transmit a
for achievable throughput wheh > 1 are not available. packet israndom with finite mean. The non-slotted operation
Results of a numerical experiment provided in Fig. 2 of [14nd random transmission time assumptions of the model are
demonstrate the dependency of throughput on the buffer sjastified by the following arguments:
b. Whenb = 1, the problem of establishing the maximum « Centralized scheduling is unlikely to be feasible in large
throughput reduces to finding the current in an asymmetric ad hoc wireless networks. Hence, a slotted system is
exclusion process [15]. In particular, foe= 1 it is known [15, likely to be replaced with asynchronous transmission that
Theorem 3.28, p. 272] that the maximum throughput converges is a result of distributed scheduling.
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o The nodes in the network could have limited power Proposition 1: Assume that packet transmission times are
supply and the physical channel might be highly variexponential random variables with meafy.. If each source
able. Thus, in certain time intervals only transmission generates packets at a rate not higher thasv/N) (pack-
reduced rates (or no transmission at all) is feasible dees/s), then, in order to achievé\/N throughput (bits/s) per
to transmission errors on the data-link layer. source-destination pairc(> ¢), the buffer space a®(N)

« The layered architecture of current networks contributeedes needs to scale 8%log N) in N almost surely (a.s.).
to the randomness of transmission times. For example, Proof: Define a node’s utilization to be the long-term
possible collisions on the MAC layer contribute to sucfraction of time the node is transmitting packets. Then, ue
randomness. the strong law of large numbers, the long-term throughput of

To capture this randomness, as a first order approximation &&0de is given by /s (packets/s), wherg is the utilization.
assume that, under (9), transmission times are exporlgntial We first establish a preliminary claim that, if all source-
distributed with mean that is proportional to the packee siZlestination pairs achieve at leasty'N bits/s throughput for
in bits. This assumption facilitates our analysis. The exagomee > 0, then there exists > 0 such that at least N
parameter of the distribution depends on the details of thedes have utilization higher than(for all V large enough).
transmission model and is independentéf Evaluation of TO show this, assume the contrary that for a@ny 0 at most
this parameter is beyond the scope of this paper since W& nodes have utilization higher thah then the long-term

focus only on the qualitative network behavior as a functidifte at which the network services packets is bounded from
of its size. above with

Under the specified algorithm, we denote_ By_;(b) thg (1—O)N-6+6N-1)pu/s = (20 — 6*)uN/s packets/s
long-term throughput that each source-destination pair ca
achieve when there a¥ nodes in the network, each havingor equivalently(26 — §%)uN bits/s. On the other hand, if all
storage space of siZepackets; the units ofd (b) arebits/s.  source-destination pairs achieve at legs/N bits/s through-
Each source-destination pair is assigned a route and atoendput for somes > 0, then the total rate at which packets are
end scheme is defined by packets being transmitted along thigcted in the network must be at leastN/s. This, together
route without taking into account whether there is avadabWith the fact that for a sufficiently smafl > 0 at least a quarter
buffer space at the next node. In other words, packets candfdhe flows traverse at leagi/N hops a.s. (see Lemma 7 in
lost due to a full buffer at an intermediate node. Appendix C), implies the total network offered load is atdea

Regarding the packet sizes, we emphasize thap) is a /N 1
function of the number of packets that can be stored at each -
node, not the number of bits. As the number of nodes in the 5 4
network increases the packet size might need to increasePfreduivalentlye¢CN/4 bits/s. Since the amount of work served
order to keep the payload size constant. This stems from {Rethe network must be at least equal to the amount of work
fact that one needsg, NV bits to identify the destination node,denerated by packets delivered to their destinations, ase h
e.g., if each packet carries its node’s address then eatepa¢2d — 0°)u > (/4. However, selectingd small enough
has to be at leadbg, N bits in size. Our main result in the contradicts the existence ef > 0. Hence, this proves our
next section, Theorem 1, takes into account that the packé&im that there exists > 0 such that at least/V nodes have

size might be an increasing function of the network size. utilization higher thary for V large enough a.s..
Next, we proceed with the proof of the proposition. Let

gu(x) be the lower bound on the loss rate (packets/s) at a node
with utilization z and buffer spacé packets. By Lemma 2,
This section contains the main results of the paper thate has
characterize the memory scalability of large wireless oehs U
in the data plane. In particular, we study the throughput go(x) = —(
dependency on the network size in the presence of limit
buffer space at individual nodes. Letdenote the packet size
in bits.
Our first result indicates that achievi®y(1/v/N) through-
put per s_ource-destination pair is not feasible when npdesﬁN > SN gy(5) = M—52N(b+ 1)~ 1e~/%  packets/s (10)
have a fixed amount of buffer space. Informally, achiev- s
ing ©(1/v/N) throughput requires that only short hops ar&he total number of packets delivered to destinations isequ
used [1], [5], resulting in packets traversing a lar§g'N)) to the number of packets injected into the network minus the
number of hops. Hence, given that losses are inevitable (sgember of lost packets, i.e.,
Lemma 2), buffer sizes need to increase with route lengths, ¢ c
i.e., the network size. In the following proposition and [pe WN —hN 2 WN- (11)
sition 2 we only assume that the packet generation times . s _ s
are stationary and ergodic (see Lemma 2). However, in dffeaualities (11) and (10) yield a bound for large
main Theorem 1 we assume Poisson generation of packets, as c—

€ —1,-b/s —5/(26)
- : ) — - > >
specified by our model in Section IV. pd2V/N ~ (b+1)""e =€ ’

(VN = Ei—N packets/s a.s.
S

V. SCALABILITY

b+1)"le /=

S

gﬂme utilizationz implies the arrival rate ofiz/s. Given the
preceding discussion and the monotonicitygefx), the total
network loss rate:y satisfies a.s.
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-~ we consider the following example. Suppose that a node in
; an adjacent cell has a packet that requires relay through a
given cell. The node that has the packet can, in principle,
] forward it to any of the nodes in the cell. However, if the
1 next relay node is chosen without consideration of buffer
] contents, an unnecessary packet loss can occur. Namely, a
[ [ T R N packet could be forwarded to a node that can not accommodate

Van any more packets due to a full buffer. A buffer coordination
algorithm assists nodes in adjacent cells in forwardincetsc
to nodes that have available buffer space, whenever pessibl
In that case a packet loss occurs only if no node in a cell
has available buffer space. The design of such an algorghm i
beyond the scope of this paper, given our focus on the basic
1 qualitative behavior of the network as a function of its size
However, we point out that it could be designed using a token-
Fig. 2. The transmission algorithm is parametrizedady that defines the 3564 approach, where the whole cell implements the FCFS
cell size. Only transmissions between neighboring cekisadiowed. . . . .
scheduling policy. In this case the amount of memory require
to implement the buffer coordination protocol at each naate ¢
be limited to the size of a single packet. More sophisticated
from which it is clear thab = Q(log V) a.s.. B approaches are possible as well. Although we consider only a
In the rest of the paper we construct a protocol that [srotocol that fully utilizes the buffer at each cell, we nttat
capable of achieving a high throughput ®{(1/y/Nlog N), results from the load balancing literature suggest thabgais
proved in our main Theorem 1, with buffers of constanthich examine the buffer contents of a small number of nodes
size. The key component of our protocol is a local buffesefore forwarding/storing a packet are expected to perform
coordination/cooperation that is shown to be indisperesbyl reasonably well.
the upcoming Proposition 2. The following proposition characterizes the network perfo
For constructing our protocol, it is sufficient to considemance with no buffer coordination. In contrast to the case
the parameterized scheme introduced in [2]. Namely, the uiti which nodes have infinite buffer space, it is important
square is divided inta' squares of sizg/ay x \/an (for to further specify the routing policy between any two cells.
convenience we assume that,/ax is an integer so that In particular, we assume that when a packet is transmitted
the squares cover the unit square exactly); see Fig. 2 for lsgtween neighboring cells, it is forwarded to a random node
illustration. The created squares are termed cells. A gacke the destination cell. In [1] (see also [2]) it was shownttha
is delivered from its source to the destination by relayihg inder the straight line routing scheme and centralizeddsdhe
between cells. A packet can be sent from a cell to only oneipfy it is possible to achiev®(1//Nlog N) throughput for
its four neighboring cells, but no multi-cell hops are allmlv every source-destination pair, i.e.,

Given this cell-based scheme, the next lemma states thhat eac . ———— . .
cell in the network can transmit packets to its neighbors at a ngnoo Plin(o0) = ¢/+/Nlog NV is feasiblg = 1.

fixed rate independent of the state of other cells. Recatl thg particular, one needs to choosgy = ©(log N/N) [2].

s denotes the packet size (in bits). The following proposition motivates the need for a buffer
Lemma 5: All cells in the network can successfully transmitgordination protocol within cells. Namely, without such a

packets simultaneously to one of their neighboring celwiprotocol, otherwise feasibl®(1//Nlog N) throughput can

transmission times being independent exponential rande he achieved with limited buffer space at nodes.

variables with mean /. that are independent df, for some Proposition 2: Assume no buffer coordination andy =

p € (0, 00). _ O(log N/N). If each source generates packets at rate
Remark 2: The parameter. can be interpreted as a per-bitot higher thanc/(s\/Nlog N), then in order to achieve
service rate. e/v/Nlog N bits/s throughput per source-destination pair

Proof: The proof follows from the model described(c > ¢) the buffer spaces a®(N) nodes need to scale

in Section IV and the fact that only a constant numgs Q(log N/ loglog N), i.e., forb = o(log N/loglog N) as
ber of cells interfere with a given cell under the protocoN — oo and anyc > 0

model [2, Lemma 2]. One of the standard bandwidth-sharing ) . .

schemes can be used to allocate bandwidth among neigh- NlﬂnoonN(b) =c¢/V/Nlog N is feasiblg = 0.

boring cells, e.g., frequency or time division multiple ass

(FDMA, TDMA). ] Remark 3: Comparing Propositions 1 and 2 vyields that,
Next we discuss how, due to the finiteness of the bufferithout a buffer coordination protocol, &(y/log N) mul-

space, the network performance depends on whether a bufiplicative reduction of the achievable rate results inyoal

coordination algorithm is deployed. Such an algorithm epefactor © (log log N) reduction in the required buffer size.

ates in each cell and its goal is the efficient use of buffecepa Proof: The proof is very similar to that of Proposition 1

in cells. To motivate a potential need for such an algorithnuith the focus of the analysis on cells rather than nodes.
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Using the same arguments as in the proof of Proposition 1pther node. Other communication patterns are possibletand t

is straightforward to show that if all source-destinatiairp
achievee/+/Nlog N bits/s throughput for some > 0, then
there exists) > 0 such that the everfiy := {at Ieastéaj\,1 =
dN/log N cells have utilization higher thah} obeysP[Gy]
— 1 as N — oo. The choice ofay = ©(log N/N) yields,
by Lemma 8 of Appendix C, that there exisis< oo such
that P[By] — 1 as N — oo, where event3y :={each cell
contains at mosy log N nodeg.

theorem remains valid as long as the load on each cell remains
bounded.

Proof: To prove the theorem it suffices to construct a
protocol that achieve®(1/+/N log N) throughput per source-
destination pair given that each node has a buffer that can
accommodate only* packets. We stress that the algorithm
considered in the proof is not the most efficient one, but it
allows for analytical tractability to demonstrate the dedi

Next, without a buffer coordination algorithm in place, theualitative network behavior.

loss rate in a cell with at mostlog N nodes and utilization
greater thanr, using Lemma 3, is lower bounded by

The algorithm has five components that operate as follows:
« Routing policy. Packets are forwarded from their sources

g(z) = EX (v log N)~b(b + 1)"1e~%/*  packets/s
S

whereb is the buffer space at each node and the number of

partitions is in fact equal to the number of nodes. Further-

more, the following lower bound holds for the total loss rate

(packets/s) in the network on evegity N By .
2

slog N

Now, the total number of packets delivered to their destina-
tions is equal to the difference between the number of packet
injected into the network and the number of lost packets, i.e

(vlog N)~2(b+1)"te™%%. (12)

EN > 5a;vlgb(5) =

c €
—F—F N — >——"N. 13
sv/Nlog N = sv/ N log N (13)

Hence, (13) and (12) imply that on evefif, N By we have

log N) b+ 1) te W/ < "5
(YIog )b+ 1) e < ot

Rewriting the left-hand side of the preceding inequality as
e~ bloglog N—log(b+1)—b(1/6+log7) and the right-hand side as
(c—e)/(uo?) e~ zloeN—zloglog N it js easy to conclude that
b needs to scale at least 8%log N/ loglog N). [ |
The next theorem is the main result of the paper. It states
that with a buffer coordination algorithm in place, a smal r
duction in the throughput fror®(1/v/N) to ©(1/\/Nlog N)
allows for a buffer scalable algorithm. The result followsrh
the fact that the cell size which allows fé&x(1/\/Nlog N) is
sufficiently large to contain enough nodes, and, thus, emoug
buffer space that ensures low loss rates when the buffer is
utilized efficiently. In particular, each cell contains farfspace
capable of storin®(log N) packets. Recall that the units of
I (b) are bits/s. .
Theorem 1. Consider the wireless network model, as de-
fined in Section IV, with Poisson packet-generation and ex-
ponential transmission times. Then, there exists an erahtb
buffer-scalable algorithm, i.e., there exist andc > 0 such
that

J\}im P[In(b*) = ¢/\/Nlog N is feasiblé = 1.

Remark 4: It is apparent from the proof that in order to
achieve©(1/\/Nlog N) bit/s throughput it is sufficient if
each node contributes a single packet buffer space fomgtori
forwarded packets.

Remark 5: The model can be somewhat relaxed. In partic-
ular, each node does not need to communicate with only one

to destinations along cells using column-first routing [17]
see Fig. 2 for a pictorial description of how packets from
nodei are routed to nod¢. Note that under this routing
scheme the number of cells each packet traverses is at
most2/,/an.

Buffer management policy. Buffer space at each node
is divided into two logical parts: one packet space is
reserved for storing forwarded packets while the rest of
the buffer (b*—1) packet spaces) is designated for storing
the node’s own packets. The buffer space designated
for forwarded packets at all nodes in a given cell is
managed by that cell’s buffer coordination algorithm. The
buffer coordination algorithm creates four virtual buffer
of equal size (up to a single packet space) — see Fig. 3.
In each one of these four virtual buffers, packets destined
for the same cell are stored, e.qg., in the first virtual buffer
packets to be forwarded to the up-cell are stored, in the
second virtual buffer packets to be forwarded to the right-
cell are stored, etc. All packets to be forwarded to the
same cell are transmitted in a FCFS manner.

Bandwidth sharing policy. Bandwidth available for wire-
less communication is divided into four equal parts (using
one of the available technologies, e.g., FDMA). Each
quarter of the bandwidth can be used throughout the
network (by all cells) to forward (transmit) packets only
in one direction (up, right, down, or left). Such a policy
corresponds to a scheme in which each cell consists of
4 virtual servers, each forwarding packets to one of the
neighboring cells; see Fig. 3 for an illustration. Note
that according to Lemma 5 each virtual server is able
to successfully transmit packets at a fixed positive rate.
Frame-based operation. Time is divided into frames of
lengthT' time units. At the beginning of each frame the
network is initialized in a random state, as described in
the following bullet (see Fig. 4). During a frame packets
are forwarded according to the above rules until the end
of the frame is reached or a discard event occurs. If the
end of the frame is reached, all packets that remain in the
network at that moment are dropped. If the discard event
occurs before the end of the frame, all packets in the
network are dropped and no new packets are accepted
to the network until the beginning of the next frame.
The discard event occurs when in one of the cells a
packet arrival occurs and the newly arrived packet can not
be accommodated in the buffer according to the buffer
management policy, i.e., the packet has to be dropped.
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o that if ay = a(8) log N/N, then
Jim Plk' > Blog N] =1, (15)

wherek! := min, _,_ -1 k; is the minimum number of nodes

- : -] é -1 : contained in a cell. Lemma 8 also states that there exists a
finite constanty > ( (independent ofV) such that
BENIIS,y ? lISgiyt® i Jim P[k! < ylogN] =1, (16)
- é wherek! := max, ;1 k; is the maximum of the number
of nodes contained ina cell.

Next, let each node generate packets at PoissonXate

{ ¢/(sv/Nlog N), wherec > 0 is a constant independent o,
Fa 3. Under th dered alaorith b el | deledh et of and s is the packet size that may depend &n Lemma 9 of
ig. 3. nder the considered algorithm each cell is modeked set o . . .

four virtual finite-buffer queues. Each queue forwards pésko only one Appendix C allows for an eSt_lmate of a potent|a_l Io'é‘ldOf

of the neighboring cells. There is no bandwidth and buffeacspsharing €ach cell, i.e., the rate at which packets traversing celle

(multiplexing) between the four queues. The queues canaimvwackets injected in the network
to one of the three queues in the neighboring cell (or the filestination)

depending on packet’s route. AS .
P = — Zl{l S I'j},
T
F 1 F e F ‘ J
— where router; is a collection of cells that a packet originating

in the jth cell needs to traverse to reach its destination, and
Fig. 4. The algorithm uses frames of fixed lengfhtime units to transport g the rate at which packets are served (transmitted to tkie ne
packets. Each frame (F) is preceded by an initializatioriopefl). cell). Equivalently,p; = Ask; /i, where K, is the number of
lines that cross théh cell when all sources are connected to
their destinations using the column-first rule (see Fig.r2afo
For example, if a node hg$* — 1) of its own packets in example). Lettings! denote the maximum potential load
the buffer and it generates a new packet, then the discard As
event occurs. pl = max p; <= max K;,
« Initialization. The random state is the steady state of the L<i<ay’ Hoagicay!
network with the same topology and traffic flows buaind invoking Lemma 9 yield
with each node having an infinite buffer. A probabilistic

: 1
description of such a state is well known since the infinite i Plpt < 5/anNAs/u)
buffer network admits a product-form solution. The pack- — 1 T < —
Jim Plpt < 5ev/a(B)/u] =1 (17)

ets with which the network is initialized contain dummy

payloads; however, they are treated by the network #incea, = a(f)log N/N and X = ¢/(sy/Nlog N).
the same way as regular packets. Note that due to theNow, define the following event
initialization procedure a frame can be discarded right at

its beginning. Full details of the initialization proceéur Xy = {ﬁlog]\f <k <kl < ~log N pT < 5¢ Oé(ﬁ)}
are outlined in Appendix B. Here we just point out that - T ’

the timeT; required to initialize the network satisfies, as . . .
N — oo rreq and the corresponding conditional probability measure

ET; = o(sN?). (14) Px[] =Pay[] :==P[ |AN].

The frame-based operation allows one to focus on a Sing]@formally, eventXy indicates that _each cell in the network .
frame analysis since events occurring in two different feam S Not overloaded and that there exists enough buffer space i
are independent. The length of the fraffiés chosen in such €ach cell. From limits (15), (16) and (17) it follows that
a way that a large number of packets pass through the network lim P[Xy] = 1. (18)
during a single frame while the probability of a packet loss N—oo
remains negligible. Now, the remainder of the proof is dadd Equation (18) allows one to consider only networks that are
into three parts. not overloaded and have “sufficient” buffer space.

Part I. We estimate the load and amount of buffer space Part Il. Now we estimate the probability of an arbitrary
available in each cell. To complete the description of thfeame being discarded. Lef(t), 1 < < N, be the number
scheme, the size of cellsy needs to be specified. We choosef packets at time in the ith node buffer that have node
ay to be the smallest function oV such that each cell as their source. Clearly, we havg(t) < b* — 1 since each
contains at leasfilog N nodes for some3 > 0. Let k; node can accommodate at m@st — 1) of its own packets.
denote the number of nodes in thh cell. By Lemma 8 of Furthermore, letu;;(t), 1 < i < ajvl, 1 < j < 4, be the
Appendix C, for every fixed > 0 there existsy(3) > 1 such number of packets at timein the jth virtual buffer of theith



JELENKOVIC et al.: SCALABILITY OF WIRELESS NETWORKS 9

cell that originated in other cells. Without loss of geniyal bound on the second term in the preceding equation

consider the frame over the time interyal '] and define PIU < D.¥| < ED  2sb*ylogN
£ = {v;(t) < b* —1,¥i, vt € [0,T]} - T uT\Jan
N {ug(t) < b, Vi,Vj, VYt € 0,11}, The last inequality, (19) and Lemma 6 render
whereb := |3log N/4|. An important observation is that on 2] > P[] — (N + dagl)e /4 — 2sb"ylog N
event€ no packet losses occur in the original network during 4 pT'\/an
the time interval0, 7', which implies that the frame over the ouT As/ b*—2 L
interval [0, 7] is not discarded. Equivalentlp,x [£] is a lower - <1 + T) N <m> +day'p" | (20)

bound on the probability of a frame not being discarded on
eventXy. The following lemma, whose proof can be found'he preceding equation highlights the trade-off in seterthe
in Appendix D, provides a bound on this probability. Thérame lengthl’. The first term on the right-hand side is linear
dependency ofPx[£] on parameters (see the definition of in T while the last one is inversely proportionalo In other

eventXy) is through quantityb. words, the larger the value @f, the higher the probability of
Lemma 6: If p:= bcy/a(8)/1n < 1, then a frame being discarded; however, sniBllimits the ability
of packets to reach their destinations by the end of the frame
P[E, X] > P[X] — (N +day')e 7 Now, setting7 = sN*® and using (14) result iy =

As/pu b"—2 T/(T + ET;) — 1 as N — oo. Next, by recalling\ =
N <—1 — > —day'p"! ¢/(sv/Nlog N), p = 5ey/a(B)/p anday = «(B)log N/N,
p and by lettingb* be sufficiently large (yet finite) and be

2uT
_ (1 N L)
S

. ) ) ~sufficiently small, straightforward calculations show tthas

Part I11. Next we consider an arbitrary packet in the original; _, 0,
finite-buffer network and estimate the conditional proligbi - -
p = pn, given eventXy, of the packet being delivered to TN [ A/u T _TN (c¢/(wl=p)\ " _ o(1)
its destination. LetD be the total amount of time the packet s \1-—p - v Nlog N B ’
spends in the network given that it is eventually delivered t

S

Blog N | _
its destination. On evently, the quantityD can be upper  7,b-1 TN 5¢y/a(B) =511
bounded as foll = = o(1),
ounded as follows san a(B) slog N "
2b*ylog N/\/an
D < Z Si, (N_’_a;[l)e—,\TM _ (N—|— ) o TVNTER — o(1),
i=1 log N

where {S;};>1 is a sequence of i.i.d. exponential random slogN  sy/NlogN
variables that are equal in distribution to packet servites Tfax  T\/a(B) o(1).

with means/u. The bound is due to the finiteness of buffers ) ) ) o
throughout the network, i.e., the fact that only a limite®RePlacing the above estimates and (18) in (20) it is easy to
number of packets can be served between the considef@gclude that the conditional probability of the packet not
packet’s arrivals and departures. being delivered satisfies, @ — oo,

On eventXy the amount of buffer space available at each 1—p=o(l).
cell is upper bounded b¥*~ylog N and each packet traverses
at most2/,/ay cells. Then, onty, the conditional probability Finally, the proof of the theorem is completed by combining
p that an arbitrary packet is delivered to its destinatiomvedr the preceding estimate of A = ¢/(s\/Nlog N) and (18).m
bounded by We conclude this section with an observation that whgn

is chosen to be larger tha®(log N/N) the scheme remains

p > qPx[E, U > D] > q(Px[€] —Px[U < DJ]), (19) buffer scalable, although it achieves lower throughput T2je
. . L . buffer scalability follows from the fact that the larger tbells,
where(/ is a uniformly dlstrl_buted random variable ‘mT] the larger the achievable buffer space at each cell, andehen
andq := T_/(T+ETﬂ. Effectlvely{ the bound states thaF if themae can expect a lower probability of loss.
frame during which the packet is generated is not discarde
and the packet generation time is not close to the end of the
frame, then the packet is delivered successfully. The pcef
q is due to the fact that packets do not reach their destiration Large and rapidly increasing networking infrastructures
if they are generated during the initialization period, anplace network scalability as the central problem in designi
its multiplicative nature arises from the independencehef t next generation communication protocols and architesture
arrival processes and the initialization periods. The oamd While this problem was addressed by practitioners and syste
variable U represents the amount of time between packengineers, there has been, in particular in the context i fin
generation and the end of the current frame. The uniforbuffers, little attempt to establish its mathematical fdations.
distribution of U and its independence fro yield an easy The need for theoretical investigation is even more apparen

VI. CONCLUDING REMARKS
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since conducting experimental studies on large-scalearksv ny such thatc; f(n) < g(n) < caf(n) for all n > ng, (ii)
is very expensive or practically infeasible. g(n) = O(f(n)) means that there exist positive constants

A straightforward, albeit very inefficient, way to allewat ¢ and no such thatg(n) < cf(n) for all n > ng, (i)
the issue of scalability is to build nearly fully connected(n) = Q(f(n)) means that there exist positive constants
networks where each node is only a few hops away from aapdn, such thatcf(n) < g(n) for all n > nyg.
other node. Hence, the protocols designed for small nevork
are likely to extend well to this large highly connected. Initialization procedure
network. However, this is not even an option for wireless In this section we discuss an initialization procedure for
ad hoc networks since achieving theoretical capacity bsungie transmission scheme described in Section V. We remark
requires that packets traverse long routes. Even the langso that there may be other procedures that can achieve the
would not be a problem in a world of perfect synchronizatioglesired goal, but the one described here suffices for ourf.proo
without randomness. However, as we have argued in the pa@act details of different procedures depend on the system
packet transmission times are inherently random due to thehitecture and node resources.
multitude of effects, arising at the physical, MAC and data- Since the network needs to be initialized in the steady-
link layers. This leads to the strong dependency between #tate of the infinite-buffer network that admits a prodwariai
loss probability on each hop and the network size. Namebplution, a sequential procedure that initializes one guaLa
the longer the route, the fewer the losses should be on edighe is sufficient. Therefore, we focus on a single virtuage
hop in order to maintain constant end-to-end performance.(i.e., one of the four virtual queues in a cell — see Fig. 3).

In the context of static wireless ad hoc networks, we We assume that each packet contains its destination address
demonstrate that the network can not operate at its capand that nodes have access to a source of randomness. Each
ity limit while maintaining a constant buffer space in eachode in the network can be identified with a numherxK
node. However, we construct a provably scalable protoail thn < N. In addition, each cell can be identified by a pair
obtains just a slightly smaller throughput with fixed bu#fer (i,j), 1 <1,j < 1/,/ay, with i increasing from left to right
capable of storing only a few packets. This understandingasd j increasing from bottom to top; see Figure 2.
especially important for wireless sensor networks thatage  The first step is to establish the utilization of the quewe, i.
with very limited resources. the number of flows served by the queue. A node in the cell of

Scalability of protocols can be studied in mobile wirelessterest broadcasts its addrgss;j) and a number between 1
networks as well. In particular, buffer scalability of mibi and 4 that identifies the queue of interest. After that, atle®
wireless networks was studied in [18]. Such networks caequentially indicate, using labets in an established order
potentially achieve much higher throughput ©{1) by ex- if their flows utilize the queue. Note that for any particular
ploiting node mobility [19]. The type of algorithm studiedflow, defined by its source and destination coordinates, it is
in [19] is not buffer scalable since it is expected that eadasy for a queue to compute whether this flow utilizes it or
node needs to have buffer space of s&@gV) packets [18], not. Therefore, simple counting of the number of flows that
although details differ depending on the mobility model. Byraverse a particular node establishes the utilizationeskll
considering the family of algorithms devised in [2]-[4] & | nodes generate packets at the same Poisson rate. This step of
possible to determine the throughput that can be sustairthd procedure take® (V) time units to execute.
with limited resources at each node; see [18] for details. The second step is to generate a random number of dummy
The key idea for increasing the throughput is to limit thpackets and place them in the appropriate parts of the Virtua
number of hops packets traverse [19]; see also [2], [2Dyffer. Dummy packets are generated sequentially. Using a
for studies of throughput-delay trade-offs in networkshwitsource of randomness, a node in the cell generates Bernoulli
mobility. With finite buffers, overflows can occur not only(0-1) random variables with its parameter being the queue’s
because of the random service times, as described in thés,paptilization until 0 occurs. If a 1 is generated, one of the
but also because of the random mobility of nodes. Howev@gdes that have packets forwarded by the queue is chosen at
the complexities present in our paper do not arise in analysandom, and that queue’s destination is made the destinatio
of mobile networks that exploit the algorithm proposed i@][1 of the dummy packet. The dummy packet is stored in the
where packets traverse only a limited number of hops andrtual buffer according to the buffer management polidy. |
therefore, these types of algorithms appear easier to zmalythe dummy packet can not be stored, then the procedure is

completed with the frame being discarded. Using a random

ACKNOWLEDGEMENT walk on the nodes, a random node that uses the queue for
forwarding can be obtained in expected tirog+/N), and,
thus, the second step can be execute@(aN?>/?) time units.

Upon combining the preceding two steps, it is apparent that
the expected time to initialize the network@sN>/2), which
justifies the claim in (14).

The authors thank Nick Maxemchuk for pointing out refe
ence [16] and the referees for helpful comments.

APPENDIX
A. Asymptotic notation

Throughout the paper we use standard notational convén-Auxiliary results
tions. For two nonnegative functiogg-) and f(-): (i) g(n) = This subsection contains three results on the wireless net-
O(f(n)) means that there exist positive constantsc, and work model described in Section IV. The first one provides
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a lower bound on the number of hops in the case whenLemma 8: Letay > alog N/N. If a—4§(1+log(a/d)) > 1

all source-destination pairs are able to achieve the mdxinaada > ¢, then

possible throughpu®(1/v/N). Effectively, the lemma is a r 7

consequence of the relaxed protocol model defined by (9). lim P| min k; >dlogN| =1. (23)
Lemma 7: If each source-destination pair achieves at least N=oo  |1<i<ay! ]

¢/V'N bits/s throughput (with packets of sizg then at least ¢ ax < alog N/N, then there exists < oo such that
1/4 of all flows traverse at leasty’N hops a.s. for some

sufficiently small§ > 0. im Pl max k< ~loe N| =1
Proof: Assume the contrary, i.e., that the statement of N=oo  |i<i<ayt 7708 '

the lemma is false. Consider a particular flovflabeled by 3

the source node), and lét be the number of hops the flow  Proof: First, we bound the probability that there are fewer

traverses¢; be the Euclidian distance from the source to thghan §log N nodes in a single cell of areay. To this end,

destination and-;; be the length of thgth h0\p/Q§ J < hi).  Markov's inequality yields for alls > 0

Define a set of short flow#(s := {7 : h; < v/ N} and note 5o sk

that if the lemma does not hold{then for anﬁy>} 0 and N Plki < §log N] < e 8 Ve ="

large enough =e0loeN(] _qn(1—e %)V

|H5| > 3]\/747 (21) _ esélog NefaNN(lfefs)(lJro(l))

where|[};| represents the number of elements in Hgt as N — oo; the first equality is due to the independence and

Following the argument in [1] (see Theorem 2.1 in [1]) andliformity of the locations of nodes. Setting= log(a/d) >0
using the protocol model, if a node transmits a packet on;

e N the preceding inequality and using the assumption of the
hop of lengthr, then no other node withinA /2 can transmit lemma, we obtain, for largay,

a packet simultaneously (if the packets are to be received
successfully). Hence, each packet transmission requifeast
712 A% /16 area of the unit square (the facttris due to edge = o(1/N). (24)
effects). Considering a single packet from flowwe observe
that it occupies the following product of space and expect

time (recall thats/u is the expected amount of time needed [
P

Pk; < §log N] < e~ ((a=9)(1+0(1)~5l0g(a/5)) log N

&lpally, an application of the union bound results in

to transmit a packet over 1 hop) min k; > dlog N] >1— NP[k; < dlog N,

1<i<aj’
h;
SNTAR 5 s TARdY (22) Which, in combination with (24), yields (23).
piz 16 Y7 16 hy The proof of the second statement of the lemma is very
where the inequality follows from the convexity of theSIm”ar' Using Markov's inequality fos > 0 results in
quadratic function an(i:?;l rij > d;. Plk; > vlog N| < e~ #7108 N[geshi
Now, by the strong law of large numbers, for at le@t of = e~ N (] 4 qp(ef — 1)V

the flows, we havel; > ¢ for some sufficiently smalk > 0 v log N an N(e—
, . < e svlog NganN(e" 1)

a.s. asN — oo; defineD := {i : d; > ¢}. Note that by =
multiplying (22) with the ratec/(sv/N) we obtain the area From the preceding equation it is evident that there exists
of the unit square that a flow covers. Therefore, using (22 such thatP[k; > vylog N] = o(1/N) asN — oo since
the flows inD cover at least the following space within the,y, N < alog N by assumption. Invoking the union bound
unit square yields the second statement of the lemma. [ ]

The last result of this subsection provides an estimate of
cell loads under column-first routing. Consider the unitaagu

c s TA% d? ce? TA? 1
D w2 D

7

i€D partitioned into square cells of sizey as in Fig. 2. Let each

ce? wA? . ce? 7AN 1 source-destination pair be connected by a line that steons fr

=z u\/ﬁl—@' Z hi ™ = u/N 16 35\/N’ the column-first routing, and lek’; be the number of such
teDnHs lines that cross théth cell. Namely, if X; = (z;,y;) and

for anyd > 0, since each source inserts packets at least at rafe = (z,, y;) are the coordinates of a source and destination,

¢/(sV'N) and |D N H;| > N/2. Finally, since the preceding respectively, then the line connecting those two nodes is

inequality holds for any > 0, one can select small enough defined by three points(z;, i), (z:,v;), and (z;,y;), €.9.,

to make the right-hand side of the last inequality largentha see Fig. 2. The following lemma bounds the number of lines

contradicting the fact that the area of the unit square iS1. connecting source-destination pairs that cross a sindle/Ace
The next lemma estimates the number of nodes in cells asimilar result was established in [2] for a unit torus and the

function of the cell size. Consider a unit square partitibimto  straight-line routing scheme.

cells of equal areay, as in Fig. 2, and recall thét/ay) ! is Lemma 9: If ayN > 1 anday = o(1) asN — oo, then
assumed for simplicity to be an integer. Nodes are uniformly
distributed in the unit square with; being the number of lim P| max K;>5/anN| =0. (25)

nodes in theith cell (where the labeling of cells is arbitrary). N—oo  [1<i<ay!
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D. Proofs

Proof: Fix a particular cell, e.g., the one selected in

Fig. 2. Let L be the number of nodes in the shaded area in 1) F_’roof of Lemma_ 1. The f!rst step of the proof_ IS tp
. : . establish that there is a coupling between the service times
Fig. 2, i.e., the number of nodes in the area formed by tw
.0t the two queues such that, for alb 0,
rectangles of areg/ay that have the selected cell as their

intersection. Then, quantiti(; can be upper bounded as Q(bl)(t) < Q“’?)(t). (30)
N
K, < L+le, (26) To this end, we couple the service times in these queues
J=1 such that the packets with overlapping time in service depar

simultaneously from both systems. The coupling is feasible

wherel; is & Bemo“”? random variable that ir_1dic_ates Whethqfue the memoryless property of the exponential distriloutio
the route corresponding to thiéh source-destination pair (1a-¢ - <o rvice times

beled according to the source) has its destination in thdesha @) (7 . .
area, i.e., the destination is onebihodes in the shaded area. Formally, let {o"*(T})} be the subset of service require

©) . ;
Since each source chooses its destination uniformly abrand mentsa[Si } of _T_l;]Stome.rs that a_\r_edactually adm|;ted n the
the random variable$I;} are i.i.d. conditional orL with second queue. Then, given an 1.1.d. sequence ol service re-

quirements{Si(l)} in the first queue, we next construct an i.i.d.
Pl 1| L] = L 27) sequence of service requirements of customers)(T;)}.
7 TN-1' Note that this sequence(c)an be augmented into the sequence
. . 2 .o
Due to the uniform distribution of nodes on the unit squart‘-,?,]c ser\gce requlremein_tssid {)Oftr?" lcustome_Fs ";‘;T'V'”g to t?e
EL < 2,/ay N, and, thus, from (26) and (27) we have second queue, as claimed by the lemma. 10 this endTig .
be the sequence of times at which customers enter service
NEL N in the second queu®®2); if Q*2)(0) > 0 thenT; = 0,
N_1° 2yanN (1 TN 1) <5vanN, otherwiseT; = A'?. Next, defines)(¢) to be the service

) . time of a customer entering service at timia the first queue
for all N > 3. Next, we consider the moment generating,q W) = inf{u >t : QW(u) > 0} as the first time

function of &; and upper bound it using (26) after timet that the first server is busy. LétX;} be an i.i.d.
EetKi < | [esus y 1]} seque(?)ce of exponeqtlal r.andom variables that is mdepﬂmde
= of {S;’} and the arrival-time sequences. Now, the coupling
getween the two service-time sequences is as follows

EK; <EL+

wheres > 0. In order to evaluate the right-hand side of th
preceding inequality we consider a conditional expeatatio

sL L
L} e (1 + N_1
) ) Clearly, due to the memoryless property of the exponential
Since the assumption of the lemma and the strong law of 'a@@tribution, the sequencir® (T3)} is an i.i.d. sequence of
numbers implyL /N — 0 a.s., one has that, & — oo,

o@(T;) = min{ X;, 7 (T;)}
(- 1)>N _ + oV DT 1{X: > rD(T)}. (31)

E |:esL+s Z;.Vzl I;

exponential random variables.

EesKi < ResL+L(e®=1)(1+0(1)) Then, the proof is by induction over the tim@s};>o, to =
- 0, immediately after an arrival or departure in either queue.
Observing thatl. is binomially distributed results in Suppose thaQ®(t;) < Q®2)(t;), j < i for somei > 0.

N If an arrival occurred right before¢; 1, then (30) holds for
EesKi < (1 + 2/ay (es T~ D+e) _ 1)) . (28) t=t;4 dueto the assumptiopd"} € {A!®}. On the other
hand, if a departure occurs immediately befgrg then either

Next, the union bound and Markov inequality yield customers depart from both queues or only from the one with
buffer bo. However, in the latter case (due to the coupling) one
- (1) (t;11) = 0 and, therefore, (30) holds. Note that the
P| max K;>5,anN| <ay'P[K; > 5/anN] has Q™ (ti+1 ' ’
LgigaNl N coupling (31) also yields{DZ(l)} C {DZ@)}.
< a;e—%\/ﬁf\fﬂges& Finally, we consider (1). The definition of function‘qﬂj)

and (30) yield
for any s > 0. Using the Taylor expansion @&* — 1) in the
neighborhood ofs = 0 in (28), and then substituting (28) in Agl)(t) - Z 1{Q(b1)(A§1>) > b}
the preceding inequality, one can conclude that there ®xist

AV <t
6 > 0 such that for allV large enough =
’ ’ < Y 1{Q(Al) > b} (32)
oA (1)
P l max L KZ > 5, /aNN] S a]—vlef(;\/aiN' (29) Ay <t
1<i<ay

From (32), the nonnegativity of the indicator function ahe t
By the assumptions of the lemma, (29) yields (25). ® assumption of the Iemm@AEl)} - {AEQ)}, it easily follows
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that Define quantities)7°(¢) and ug;(t) corresponding to vari-
1) bo) /A (2) NG ablesv; (t) andu,;(t), respectively, that are previously defined
A< Y HRUI(AY) 2 b} = A7 (). for the finite-buffer network. Namely, let>®(¢), 1 < i < N,
AP <t be the number of packets originated at nodeat are at time

in the ith node buffer of the infinite-buffer network. Likewise,

sdefine the collection of quantities* (), 1 < i < ay',

s]e§ j < 4. According to the initialization procedure, we have

This concludes the proof of the lemma.

2) Proof of Lemma 4: Let {A;};>0 be the sequence o
arrival times to the queue of customers belonging to clas
in ' over the time interval0,cc) and for convenience set (0 — 5,00 * _ 0 — 4,0
Ag = 0. The fact that the nu[mber) of customérst) increases vl0) = v OAE =1, u(0) =uFO) A, (36)
only at the arrival times results in whereb = |$log N/4| and A denotes the minimum operator.
In order to estimaté v [€], we introduce two events:

M
Plr(b) <T]=P [U{ZF(AHF) > b} T = {0:(0) < b* — 1, ¥} 1 {us;(0) < b, ¥4, %5},

i=0

+P[M > 2EM], £ = {v®(t) < b* — 1, Vi, Vt € [0,T]}

2EM —1
SP[ U {ir(4i+) > b}
N {ugy (t) < b, Vi,Vj, vt € [0,T1}.

=0

where M = max{n : A, < T}, and, thusEM = ApT
due to the Poisson nature ¢f4;};>1. The union bound, the
well-known PASTA property, and the monotonicity of th
distribution function yield

The first eventZ, defined for the finite-buffer network, guar-
gntees that the fram@, 77 is not discarded right at = 0.
The second everfi™ indicates that the quantities®(¢) and
ug¥ (t) remain bounded in the infinite-buffer network during

Pl (b) < T] < 2EM P[ir(0) > b—1]+P[M > 2EM]. (33) the entire duration of the frame. Next, it is straightfordi&o

o . relate the probabilitieg, £~ andZ as follows
Taking into account that the total number of customers in the

system is geometrically distributed with parametethat all Px[€] =Px[€, Z) =Px[E™, T]
of them have the same service requirement distribution and > 1 — Px[E%] — Pa[T], (37)
that each customer belongs to a clas$' iwith probability - -
results in where€> andZ indicate the complementary eventsdsf and
oo i _ 7, respectively. The second equality in the preceding egnati
Plir(0) =b] = Z(l —p)p’ (b> AL (1= Ap)? is due to the fact that in the absence of losses in the finite-
i=b buffer network the two networks behave identically, i.dl, a

1—p o the packet transitions between cells are the same. Bounding
= (1 _ ) the conditional probability of everi using (36) is easy since

1—p(1-— 1-—
Pl =) Pl =r) the infinite-buffer network is in stationarity at time= 0
and, thus,
b _ N u’Nl 4
Blir(0) > b] = (L) . (34) Pa[T) <Y Pafo(0) > b — 1]+ > > Paluf(0) > )
1—p(1=r) i—1 i=1 j=1
On the other hand, Markov’s inequality and the Poisson s/ br—1 1
distribution of M render = [N (Tp) +4day p’| /PX]. (38)

P[M > 2EM] < e **MEeM In the preceding relationship, it is important to considelyo
= ¢ EMg(e—1)EM . o—ArT/4, (35) the conditional probabilities on everty since onXy each
. gueue in the network is not overloadgd< 1) and, therefore,
Combining (33)—(35) concludes the proof. B results for stable Kelly networks apply. The bound (38) is
3) Proof of Lemma 6: Consider a network of the sameyye to the fact that the number of customers in each queue is
topology and traffic flows as the original one, however, witheometrically distributed with the parameter of the disttion
virtual buffers in each cell having infinite sizes. As beforgeing its load. In addition, each packet is of a certain class
the buffer policy is FCES within each virtual buffer. Theith probability that is equal to the ratio of arrival rates o
network is in stationarity at time = 0. Given this scheduling this particular class and all classes together.
policy and the Poisson assumption on times when packetsy, analyze the probability of eve@®™ we introduce two
enter the network, we observe that the network of virtugdmiiies of stopping times
buffers is in fact a multi-class Jackson network (also known
as a Kelly network) that admits a product-form solution [21, 7;(+) ==1inf{t > 0:v{°(t) > - — 1},
p. 101], [22, p. 123]. A customer (packet) class correspomds 755 () = 1nf{t > 0 : ul(t) > -},
a particular flow in the network. In this corresponding irtai R
buffer network, packets belonging to any flow and departinge., 7;(b*) is the first time the number of packets originated
any cell form a Poisson stream. in nodei reaches leveb* in the ith node buffer, given that
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