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Consider a single server queue with i.i.d. arrival and service processes, { A, A,,n > 0}
and {C, C,,n > 0}, respectively, and a finite buffer B. The queue content process
{QF, n > 0} isrecursively defined as QL. , = min((QF + Ant1 — Cny1)", B), ¢t =
max(0, ¢). When E(A — C) < 0, and A has a subexponential distribution, we show that the
stationary expected loss rate for this queue E(QE + A,41 — Cpny1— B)T has the following
explicit asymptotic characterization:

E(QP + Aps1— Cnj1— B)T ~E(A— B)t as B — oo,

independently of the server process C,,. For a fluid queue with capacity ¢, M/Gl/oo arriva
process A;, characterized by intermediately regularly varying on periods 7°", which arrive
with Poisson rate A, the average loss rate A\ satisfies

Mo ~ NE(r°"n — B)T as B — oo,

wheren =r+p—c, p=EA < ¢ r (c < r)isthe rate a which the fluid is arriving
during an on period. Accuracy of the above asymptotic relations is verified with extensive
numerical and simulation experiments. These explicit formulas have potentia application
in designing communication networks that will carry traffic with long-tailed characteristics,
e.g., Internet data services.

Keywords: long-tailed traffic models, subexponential distributions, long-range dependency,
network multiplexer, finite buffer queue, fluid flow queue, M/G/oo process

1. Introduction

An increasing body of the literature on statistical data analysis has demonstrated
the presence of long-tailed (subexponentia) characteristics in communication network
traffic streams. Early discoveries on the long-tailed nature of Ethernet traffic was
reported in [29]. Long-tailed characteristics of the scene length distribution of MPEG
video streams were explored in [22,26]. The implications of transporting Internet data
applications over the traditional Public Switched Telephone Network were investigated
in[19].

These empirica findings have encouraged theoretical developments in the mod-
eling and analysis of long-tailed (heavy-tailed) phenomena. In this area there have
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been two basic approaches. self-similar processes and fluid renewal models with long-
tailed renewal distributions. The investigation of queueing systems with self-similar
long-range dependent arrival processes can be found in [14,15,30,34,36,38,41,42].

In this paper we focus on fluid renewa models. Basic tools for the analysis of
these types of models with asingle long-tailed arrival stream are the classical results on
subexponential asymptotic behavior of the waiting time distribution in a GI/GI/1 queue
[12,35,43] (these results were used in [2,21]). Asymptotic expansion refinements of
these results can be found in [1,44]. Generalizations to queueing processes (random
walks) with dependent increments were investigated in [4,5,24].

Queueing models with multiple long-tailed arrival streams are of particular in-
terest for engineering communication networks. Unfortunately, the analysis of these
models is much more difficult due to the complex dependency structure in the aggre-
gate arrival process [21]. An intermediate case of multiplexing a single long-tailed
stream with exponential streams was investigated in [8,25,40].

For the case of multiplexing more than two long-tailed arrival processes general
bounds were obtained in [10,32]. In [8] a limiting process obtained by multiplexing
an infinite number of on—off sources with regularly varying on periods was anayzed.
This limiting arrival process, the so-called M/G/co process [37], appears to be quite
promising for the analysis. In [25] an explicit asymptotic formula for the behavior
of the infinite buffer queue length distribution with M/G/oo arrivals was derived. In
the same paper it was shown with simulation experiments that the derived asymptotic
formula yields a good approximation for multiplexing finitely many long-tailed on—off
sources. An asymptotic expression for the expected value of the first passage time in
a fluid gueue with M/G/cc arrivals was derived in [20]. A recent survey of results on
fluid queues with long-tailed arrival processes can be found in [9].

All of the previously mentioned results in the literature on stationary queueing
analysis assume an infinite buffer queue. This assumption is applicable to queueing
systems that are designed with very large buffers such that the losses are essentially
zero. The queue length distribution can be used in this situation as an indication of the
delay experienced in the system. However, in engineering network switches it is very
common to design them as loss systems. The main performance measures for these
systems are loss probabilities and loss rates. Obtaining asymptotic approximations for
this performance measures under the assumption of subexponential arrival sequences
is the primary motivation for the investigation of this paper.

The main contributions of this paper, presented in theorems 4 and 5, are
explicit asymptotic characterizations of the loss rates in finite buffer queues with
subexponential arrival sequences. Theorem 5, in combination with the results from
[25,39], yields a straightforward asymptotic formula for the loss rate in a fluid queue
with long-tailed M/G/oco arrivals (see theorem 7). Accuracy of the theoretica as-
ymptotic results is demonstrated with many numerical and simulation experiments.
We believe that the exactness and explicit nature of the derived approximate ex-
pressions will make them useful tools in designing efficient and reliable network
switches.
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The rest of the paper is organized as follows. First, in section 2, we present
a preliminary discussion of subexponential distributions and infinite buffer queueing
analysis. Section 3 investigates a discrete time finite buffer queue. The main results
are summarized in theorems 4 and 5. The fluid aspect of the problem is explored in
section 4, theorems 6 and 7. Numerical and simulation examples that illustrate the
efficacy of our approximations are contained in section 5. The paper is concluded in
section 6. To simplify the reading process, the mgjority of the proofs are given in the
appendix.

2. Subexponential distributions and GI/GI/1 queueing analysis

This section presents a preliminary discussion on the long-tailed and subexpo-
nential distributions and the asymptotic analysis of an infinite buffer queue under the
assumption of subexponentidity.

Let A be a nonnegative random variable with a finite mean and P[A > z] > 0,
x> 0. We say that A (or its distribution function (d.f.)) is long-tailed (4 € £) if

P[A>z+y]

lim —— =1, > 0. 1

A (or its d.f.) is said to be subexponential (A € S) if

. P[A1+ -+ Ay > a]
I = 2
P P[A > «] " @
where A,,, n > 1, is a sequence of independent copies of A. The following subclass
of subexponential random variables was introduced in [27]. A random variable A with
a finite mean (or its d.f.) issaid to be in S* if

. TPA >z —1]
JCIer;o/o F[A > 1] P[A > y]dy = 2EA. (3)
This class of subexponential distribution is closed under the tail integration, i.e., if A,
is the remaining life time random variable of A defined as P[4, < z] = (f(f P[A >
u] du)/EA, x > 0, then A € §* implies A, € S§*. A generd relationship between
the previous three classes of long-tailed random variables is S* ¢ S € L. For a brief
introduction to long-tailed and subexponential distributions the reader is referred to
the Appendix of this specia issue of Queueing Systems. A recent survey on subex-
ponential distributions can be found in [18]. Well known examples of subexponential
distributions incorporate regularly varying distributions (in particular, Pareto), some
Weibull and Log-normal distributions.

Subexponential random variables have played arole in queueing theory since the
classical results of Cohen [12] and Pakes [35] on the asymptotic behavior of the waiting
time process in a GI/GI/1 queue. Here, we give aformal definition of a GI/GI/1 queue
waiting time process. Let { A, A,, n > 1} and {C, C,, n > 1} be two independent
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sequences of i.i.d. random variables. Then for any initia condition (¢ the queueing
process {Q,, n > 0} is uniquely defined by the following (Lindley’s) recursion:

Qn+1=(Qn+ Any1— Cni1)™, n =0, (4)

where ¢ = max(0,q). This recursion has several possible interpretations. If one
assumes that A,,, n > 1, are customers service requirements and C,,, n > 1, are their
inter-arrival times, then @, represents the waiting time process in a GI/GlI/1 queue. If
one thinks of (4) as being an infinite buffer discrete time queue with A,, representing
the amount of work that arrives at time n and C,, the amount of work that is served
a time n, then @,, represents the queue length process for this queue. We will simply
refer to @, n > 0, as the infinite buffer queueing process and to A,, and C,, as the
arrival and service processes, respectively.

According to the classica result of Loynes [31], under the stability condition
EA, < EC,, this recursion admits a unique stationary solution, and for al initia
conditions P[Q,, < x] converges to the stationary distribution P[Q < z]. For the rest
of this paper, unless otherwise indicated, we will assume that al queueing systems
under consideration are in their stationary regimes.

Often, it is easier to conduct numerical computations with lattice valued random
variables than with continuous ones. In this context one may be interested in computing
gueue occupancy probabilities. The following result gives an approximation of these
probabilities under the subexponential assumption on the arrival sequence. Note that
the result does not follow directly from Pakes' result [35], since the asymptotic behavior
of P[Q > 4] does not imply the asymptotics of P[(Q = i]. Throughout the paper, for
any two real functions f(z) and g(x), we use the standard notation f(z) ~ g(x) as
x — oo to denote lim, . f(z)/g(x) = 1, or equivdently, f(z) = g(x)(1+ o(1)) as
Tr — OQ.

Theorem 1. If A,C are integer valued, A € S*, P[C < ¢ = 1, ¢ < oo, and
EA < EC, then the queue occupancy probabilities satisfy
PIQ =] ~

1 ) .

Proof. Given in appendix A.L O

If one is only interested in the tail of P[Q > z], then under more genera
assumptions Pakes [35] has derived the following result.

Theorem 2. If A, € S and EA < EC, then the tail of the queue length-distribution
satisfies
EA

P>l ~g5—Fa

P[A. > 2] asz — oo.
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3. Finite buffer queue

In this section we present our results on a discrete time finite buffer queue. The
results are stated in theorems 3-5.

Let {A, A,, n>1 and {C, C,, n > 1}, asin the previous section, be two
independent sequences of i.i.d. random variables. The evolution of a finite buffer
queue is defined with the following recursion:

Qf+l = mln((Qf + An+l - Cn+l)+’ B)! n > 01 (5)

where B is the buffer size. It is clear that Q7 is a discrete time Markov process with
state space [0, B]. By excluding a trivial situation of C,, = A,,, i.e., by assuming that
P[A,, = C,] < 1in [13, chapter 111.4] it was shown that this Markov process has a
unique stationary distribution, and that for all initial conditions QF, QP converges to
that stationary distribution. Unless otherwise indicated we will assume that the recur-
sion (5) isin its stationary regime. Similarly as in (4), QZs can be interpreted as the
uniformly bounded customer waiting times in a GI/GI/1 queue (see [13, chapter 111.4]).

In the proofs of lemmas 1 and 2 and theorem 3 we will restrict our attention to A,,
and C,, being lattice valued. Without loss of generality we can assume that A,, and C,,
are integer valued. Next, denote the corresponding probabilities with a; = P[A,, = 1],
¢; = P[C, = i], and z; = P[X,, = 4], i > O, where X,, & 4, — C,,. In addition,
assume that C), has a bounded support P[C,, < ¢] = 1. Let

[

a(z) = Zaizi, co(z) = Zcizi and z(z) = Z z; 2
=0 i

=0 t=—c

be the probability generating functions (pgf) for A,, C, and X,,, respectively. It is
easy to show that the stationary queue occupancy pgf

B
0?2 =) P+, ¢f =PlQf =i, 0<i<B, BeN,
i=0

is equal to
-1 i .
7 (2) = >ico Xk=0 9K Tiok—c(z* — 2') + RP (2) (6)
2¢ — z¢x(2)
where
o'} B .
REGE S0 Y qfn (o7 ), o
i=B+1k=0
In order to prove our main results we need the following two technical lemmas.
Letv? € P/, o> B >i>0(F =1).
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Lemmal. If EA < EC, and P[C < ¢] = 1,¢ < oo, then there exists a positive
constant K1, such that for all B > 0

[vf —v°| < KaP[QF + Anyr— Coya > BJ6P™', 0<i< B,
wheedé=0ifc=1,andd < 1lif ¢ > 1L

Remark. Note that this lemma does not require subexponentiality of A.

Proof. Let us first prove the case ¢ = 1. Observe that qu , 0 < i < B, stisfy the
following set of B independent equations:

@& =B ro+ Py,
¢ = qlar1+ ¢Pro+ Py,

C113371 = Q(l)ngfl + -+ qu,l.

SinceEA<EC =c¢1 < 1= 2_1=agcy > 0, we see that uiB is uniquely defined by
the preceding set of equations. Similarly, ¢7°, B > i > 0, satisfy exactly the same set
of equations and therefore uf =v>®, B>1>0. This provesthecase c = 1.

The case ¢ > 1 is much more involved and is presented in appendix A.2. O

In order to make the preceding lemma useful we need the following bound on
the buffer overflow probability.

Lemma?2. If A, €S, EA<EC, andP[C <] =1, ¢ < 0, then
P[QE + Apy1— Cni1> B] =0(P[4. > B]) as B — co.
(Recall that P[A. < z] = [5 P[A > u] du/EA.)

Proof. Given in appendix A.3. a

Theorem 3. If A, € S, EA < EC, and P[C < ¢] =1, ¢ < oo, then

- =P[Q™ > B](1+0(1)) = 7EC—EAP[A6 > B](1+ o(1))
_ E(A- B)*
~Bc_Ea (LT

as B — oo.

Remark. Observe that in the case P[C' < 1] = 1, lemma 1 implies the following
identity:

B _ ¢
© = Bo< e <B] ®)
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Thus, the theorem follows directly from theorem 2, i.e, lemma 2 is not needed.
A similar identity exists when C' is exponentially distributed (see [45, eg. (3.6)]).

Proof. By combining lemmas 1 and 2 we compute

Z”z gzy +K1253 ‘o(P[A. > B))

B
< v+ (1 5) o(P[4. > BY),
i=0
which is equivaent to
‘(110 P[Q> > B] — o(P[A, > B]). 9)
0

Application of theorem 2 shows that P[A. > B] is asymptotically proportional to
P[Q*° > B], which, when replaced in (9), yields the lower bound

_ % o0 _EA
q§>IP>[Q > B](1+0(2) = e

The upper bound can be proved in exactly the same manner. We omit the details. This
proves the first two equalities of the theorem. The third equality follows from

P[A. > B](1+0(1)) asB — oc.

E(A—B)+:/OOOIP>[(A—B)+>9(:] dx:/:P[A>x]dx. (10
This finishes the proof of the theorem. O
Theorem 4. If A, € S and EA < EC, then the stationary loss rate E(QZ + A1 —
Chy1 — B)" satisfies
E(QE + Apy1— Cop1— B) T =E(A - B)F(1+0(1)) asB — .

Remarks.
(i) In this theorem we do not assume that A and C' are lattice valued.
(if) From the theorem we can derive the probability that the work is lost
P(B) € E(QF + Ansa — Cya — B)T/EA,
which in conjunction with (10) can be expressed in the following compact form
p(B) ~ P[4, > B] as B — oc.

(ili) This theorem is an improvement of a theorem from the origina version of the
paper [23] which was proved under the assumption of A being regularly varying
P[A > z] = I(x)/x~ with index o > 2.
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Proof. Assume first that A,, and C,, are integer valued and that P[C,, < ¢] = 1,
¢ < o0o. From lemma 1 it follows that for any fixed ¢

pI0° _ oo o(6” 11

% —5 =49 * ( ) (11)
90

Next, by using the flow conservation law in the queue steady state regime (loss rate=

arrival rate — departure rate) we compute

E(QF + Apt1— Cnyr — B)+

=0 k=0

=EA-EC+) > (i~ kP[Cop1 =iIP[Q7 + Ani1 = k]
1=0 k=0

c 7 k
=EA-EC+> Y ) (i — k)P[Cpy1 = (JP[Ani1 =k — jlg)’
i=0 k=0 j=0

which in conjunction with (11) yields
E(QF + Apt1 — Cny1 — B)Jr

B ¢ 7
= EA-EC+ 23" N — B)P[Cruss = dP[QY + Anys = k] +0O(67).
0 i=0k=0
Combining the expression above with a similar expression for B = oo (loss = 0), we
arrive a

B
E(Qf + Ap1—Cha1— B)+ =(EC —EA) (;7% — ) + O((SB),
0
which together with theorem 3 and 6% = o(P[A. > B]) as B — oo completes the
proof of the theorem for the case A, and C,, being integer valued and C,, being
bounded.
In general, we can easily obtain a lower bound

E(Qf + Apy1— Cpg1 — B)+ >E(Ap1— Cny1— B)F

- / PlAps1— Coss > 2] do
B

~E(A - B)" asB — o (12)

for the last asymptotic relation we have used A, € £. If A, and C, are inte-
ger vaued and C,, is unbounded we can always choose a truncated service variable
C¢ = min(C,, c), with ¢ being sufficiently large such that EA,, < EC¢. Let QB«c
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be the queueing process that corresponds to the arrival process A, and a modified
service process C¢. It is clear that Q5+ is stochastically larger than QZ, and that the
corresponding loss rates satisfy

E(QF + Ant1— Crga — B)+ SE(Q) + Apya—Cpq — B)+
NE(AfB)"‘ as B — oo. (13)

Now, (12) and (13) imply the conclusion of the theorem for A and C' being integer,
or in general lattice valued.

When A and C are non lattice, we can approximate them with lattice valued
random variables A’ and C’ in the following way. First, for any A > 0 such that
EC —EA + 2A < 0, we define the df.sfor A’ and C’ as

P[C'=Ai] =P[Ai < C <A@+ 1), >0,
P[A"=Ni] =P[AG—1) < A<ADi], i>1
From these definitions it easily follows that for all z > 0
P[C > 2+ Al <P[C' > 2] <P[C > ],
P[A>x]<IP[A/>x] < P[A >z — 4],

which implies that A’ — C’ is stochastically larger than A — C, EA' < EA + A <
EC — A< EC’' and

/ P[A/>u]du~/ P[A > u]du as B — cc.
B B

Next, let {A],, n > 1} and {C], n > 1} be two independent i.i.d. sequences whose
d.f.s are equa to the d.f.s of A’ and C’, respectively, and consider a queue with
buffer B which corresponds to sequences A/, and C],. From the preceding discussion,
the losses in this newly constructed queue are larger than the losses in the origina
queue and are asymptotically proportional to E(A!, — B)™ ~ E(A,, — B) as B — oc.
Hence, this yields an upper bound which in combination with the lower bound in (12)
completes the proof. O

The following recursion, similar to the one in (5), will be useful in analyzing
fluid queues in the following section:

WE = (min(Wp + A1, B) — Coy1)”, n>0. (14)

Under the same non-triviality condition as in the discussion of recursion (5), in [13,
chapter 111.5] it was shown that the Markov process W2 has a unique stationary
distribution, and that for any initial condition W, W2 converges to that stationary
distribution. Again, we assume that (14) operates in its stationary regime. Historicaly,
recursion (14) has been studied in the context of finite dams (see in [13, chapter I11.5]).

The next theorem shows that the loss rates for both queues (5) and (14) are
asymptoticaly equivalent.
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Theorem 5. If A, € S, EA < EC, then
E(WP + Apy1— B)" =E(A - B)*(1+0()) as B — oc.

Remark. Thistheorem generalizes aresult from [45] which istrue for A being regularly
varying, and aso for the case of C being exponential and A subexponential.

Proof. The proof of the lower bound is immediate:
E(WP + Aps1 — B)" > E(4py1 — B)*. (15)

In order to prove the upper bound, by using a simple inductive argument, one can
show that for the same initial condition WP = QF, W2 is bounded by QF. Hence,
in stationarity

E(W,? + Api1— B)" <E(QF + Any1— B)". (16)
Next, assume that C,, is bounded, i.e., P[C,, < ¢] = 1. Then,
E(W,? + Anp1— B)" <E(QF + Anra— Cop1— B+¢) ", (17)

which by theorem 4 implies

E(W,? + App1— B)" < (1+0(1)E(An1 — B+¢)"
=(1+0(1))E(4p41 — B)Y as B — oo, (18)

where the last asymptotic relation follows from E(A,, 11— B+t = [5° P[A > 2] dz
and A, being long-tailed.

For the case when C,, is not bounded we can aways choose, similarly as in
the proof of theorem 4, a truncated service variable C = min(C,,, ¢), with ¢ being
sufficiently large such that EA,, < ECS. Let W2 be the queueing process that
corresponds to the arrival process A,, and a modified service process C¢. It is clear
that TV, 2-¢ is stochastically larger than 1,2 and that the corresponding loss rates satisfy

E(WP + Anir — B) T <E(WPC+ Ayp1 - B)"
~E(A—-B)" a B — . (19)
Thus, (15) and (19) finish the proof of the theorem. O

4.  Finite buffer fluid queue

This section contains our results on fluid queues with finite buffers and long-tailed
arrivals. In theorem 6 we obtain the asymptotic characterization of the loss rate of a
fluid queue with a single on—off arrival process. An explicit asymptotic formula for
the loss rate of afluid queue with M/G/oo arrival sequences is presented in theorem 7.
Thisresult is of special interest for designing communication network switches because
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the M/G/oo arrival process represents a good aggregate model for multiplexing a large
number of on—off sources (see [25]).

The physical interpretation of afluid queue is that at any moment of time ¢, fluid
is arriving to the system with rate a; and is leaving the system with rate ¢;. We term
a; and ¢; to be the arrival and service processes, respectively. The evolution of the
amount of fluid in the queue QP is represented with

B>QPF >0, or
dQP = (ar —c)dt if { (QB =0, a; > ¢), or (20)
(QtB = B, ay < Ct),

and dQP = 0, otherwise. In the following two sections we will study two important
specia cases of fluid queues. Our anadlysis is based on observing the process QF at
the beginnings of the arrival process activity periods. A recent investigation of the
stationary behavior of QF and its relationship to the process observed at the beginning
of the activity periods can be found in [45].

4.1. Single on—off arrival process

Consider a fluid queue with capacity ¢ and an on—off arrival process with on
arrival rate r, r > ¢. Lengths of on and off periods are assumed to be independent
i.i.d. sequences {7, 7", n > 0O} and {7%, 79 n > O}, respectively. Let T,
n >0, To < 0, T1 > 0 be a sequence of random times representing the beginnings
of on periods in the arrival on-off process, T, ;1 — T;, = 7" + 7. Now, a formal

construction of the on—off arrival process is as follows:
ag=r Iifte [Tn,Tn —1—7',?”),

for some n > 0, and a; = 0, otherwise. By observing the queue process QP at the
beginning of on periods, the queue length V,, = Q% evolves as follows:

anil = (min(VnB +(r— o, B) — cr;f”)’L, n = 0. (21)

Note that by taking A, = (r — ¢)r%" and C,, = 9 this recursion reduces to the
recursion in (14). We assume that (21) operates in stationarity.
Next, our main object of study is the long time average loss rate for this fluid
gueue defined as
. L(0,

Ao B lim —((t) ), 22)
where L(0,t) = amount of fluid lost in (0,t). Here, we show that this limit exists and
is equal to

CEWE+ (- - B)"

B
oss = Eron 4 Eroff i (23
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Let L, ot E(WV.E + (r — 2", B)*, n > 0, be a sequence of random variables

representing the losses in the renewa intervals [T,,,T,,11), n > 0, respectively. If
N; =sup{n: T, < t}, then

Nt—l Nt
> Ln<LO) Y Ln (24)
n=1 n=0

The strong law of large numbers for renewal processes yields

lim L©O,t) 1
twoo t  Eron 4 Rroff

amost surely. (25)

Similarly, (25) and Birkhoff’s strong law of large numbers imply

N 1
Jim % =EL; amost surely. (26)

Consequently, by dividing (24) with t, letting ¢ — oo and using (25) and (26) we
derive (23).

Finaly, (23) and theorem 5 yield the following asymptotic characterization of
M. Let 72" be the residual life time distribution of 7", P[72" < 2] = Jo P >
u] du.

Theorem 6. If r > ¢, (r — ¢)E7on < cE7oi, 7" € S, then as B — oo

7 — ¢) — B)*
Aoss = B Ef(on - I)ETOffB ) (1+0o(1). (27)

4.2. Long-tailed M/G/oo arrival process

In this section we consider a fluid queue with capacity ¢ and M/G/co arrival
process. An M/G/oo process A7* is defined by a Poisson point process with rate A
whose points indicate the beginning of on periods. Each on period, after its activation,
brings fluid with rate r to the queue for a random independent period of time 7°". (For
amore formal definition of an M/G/oco process see [25].)

First, consider an indicator on—off process 1(A° > 0). Let 1" and 197 denote
the length of the nth on and off periods, respectively. Then, it can be computed (see
[25]) that

T L (NET 1) (28)

" N’ A )
Furthermore, let D¢ represent the queue increment during the nth activity period
(i.e, if 2 and & denote the beginning and the end of the nth activity period, then

D¢ = ﬁ?(Afo — c)dt). Next, under the assumption that ¢ < r the queue length /2
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observed at the beginning of the nth activity period of the arrival process Ag° evolves
according to the following recursion:

VB, = (min(VE + DS, B) — eIt nxo, (29)

which also has the same form as the recursion in (14). Similarly, we use (22) to define
the loss rate >\€$ for this fluid queue. Again, by the same arguments as in (24)—26)
we compute

E(VHB + Drcz—l—l - B)+
EI9 + EI90

Now, we need to determine the asymptotic behavior of P[D¢ > z] as x — oco. This
behavior is known for 7°" being intermediately regularly varying 7" € ZR; a non-
negative random variable 7" isin ZR C S if

B _
)‘Ioss -

(30)

. PITO" > px]
limliminf ———— =1
nll z—oo P[7" > 1]

Then, if 7" € IR, 0 < ¢ < (1 + AET"), [39, theorem 1] yields
]P’[Dfl > m] ~ e/\ETonIP[Tonn > x] asr — oo. (3D)

In the following theorem we will use the fact that 7" € ZR, ET°" < oo implies
" € ITR. Findly, the combination of (28)«31) and theorem 5 yields the following
theorem.

Theorem 7. Let p = EAX = ArE7r" < c. If ¢ <7 and 7" € IR, then
M= NE(m™ — B)" (14 0(2)) as B — oo,

wheren =r+p—c.

5. Numerical and smulation results

This section demonstrates, with numerical and simulation experiments, the ac-
curacy and analytical tractability of our approximation results. The following two
numerical examples will illustrate lemmas 1, 2 and theorem 4. For the case of M/G/oo
arrivals, due to the complexity of the model, we were unable to obtain a numerica
solution. Thus, in examplifying theorem 7 we resort to simulation in the following
subsection.

Observe that if P[A = i] ~ c/z'o”rl as i — oo, a > 1, then the combination of
lemmas 1 and 2 implies that for any ¢ > 0 there exists By such that for al B > By
¢ | _ 8"

% @
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Figure 1. Illustration for example 1.

where ¢ is the same as in lemma 1. The above estimate suggests that, except for ¢
close to B, ¢ is a good approximation of ¢”. Hence, theorem 1 and (32) yield an
approximation ¢” ~ constant/i® which is expected to be good for all i far enough
from 0 and B. This is demonstrated in the following example.

Example 1. Consider adiscrete timefinite buffer queue with a constant service process
C, = 3, and an arrival distribution P[4 = 0] = 1/5, P[A = i] = 0.6655/%, i >
0, EA = 1.0947. For the maximum buffer sze B = 100 the queue occupancy
probabilities are plotted with a solid line in figure 1(a). Based on (32) and theorem 1
we easily compute the suggested approximation G o 0.17465/i%, 1 < i < B. This
approximation is plotted with dashed lines in the same figure. We can see that, with
the exception of buffer sizes close to zero and B = 100, the approximation is very
good. In fact, the relative error |G° — ¢P|/qP was smaller than 1% for the buffer
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Figure 2. Illustration for example 2.

sizes i € [58,93]. Bound (32) further states that the portion of the buffer where the
approximation is good increases as the maximum buffer size B increases. In addition,
the length of the buffer around the boundaries where the approximation is not good
stays approximately constant. To illustrate this we repeat the same experiment with
the maximum buffer size B = 300. Now, the relative error between the actua and
approximate probabilities was smaller than 1% for the buffer sizes i € [60, 291].

The next example demonstrates the accuracy of theorem 4.

Example 2. Take C,, = 2 and an arrival distribution P[A = 0] = 1/2, P[A =] =
0.461969/i%, i > 0, EA = 0.5553. Here, we numerically compute the expected loss
rate LE = E(Qn + Anqy1 — 2 — B)T for the maximum buffer sizes B = 100k,
k=1,...,7. The results are presented with “o” symbols in figure 2. Note that for
B = 700 we needed to solve a system of 700 linear equations. In contrast, theorem 4
readily suggests an asymptotic approximation ig$ = 0.0767/B2. The approximation
is presented in the same figure with “+” symbols. An excellent match is apparent
from the figure. In fact, relative error |L2 — LE|/LE is plotted in figure 3, from
which we can see that even for the smallest buffer size B = 100 the relative error was

less than 4%.

5.1. Fluid queue with M/G/oo arrival process

In this section we provide several simulation experiments to illustrate theorem 7.
For simulation purposes we assume that the time is sotted with the length of a single
dlot being equa to one. The number of on periods that arrive per unit of time (slot)
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Figure 3. Illustration for example 2.

has a Poisson distribution with parameter A. The distribution of on periods is taken
to be Pareto parameterized as

b
 b4no’
From this it immediately follows that the probability density behaves asymptotically
as

P [Ton > n]

n=012..., a>1 b>0.

P[Ton = n] ~ niojrl asn — oo.
Now, after some simple algebra we abtain
<p def A
)\|O$ = /\E(TOHT] — B) ~ m (33)

With r = ¢ =1, b = 6, we run two simulation experiments.

Example 3. First we choose A = 0.35, o = 2.5, which implies Er°" = 2.41642,
and p = 0.845747. We simulate the losses for the maximum buffer sizes B = 104,
1=1,...,25. Theresults are presented with a solid line in figure 4. In order to obtain
reasonable accuracy in the experiment it was necessary to run the simulation for 2x 10°
units of time, which resulted in several days of computer processor time. Needless
to say, the approximation \2. = 0.921/B® can be computed almost instantly from

loss

equation (33). The approximation \2_. is plotted in the same figure with dashed lines.

loss

From this figure we can see that already for the buffer size B = 140 the approximation
becomes almost identical to the simulated results.
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Figure 4. Illustration for example 3.

Example 4. We repeat the same experiment as the preceding one with o changed to
o = 3, which results in E7°" = 2.24304, and p = 0.785065. The approximate |oss rate
computes to \B = 0.508/ B?. An amost perfect match between the approximation
and simulation results is demonstrated in figure 5. In this case the approximation

becomes accurate even for smaller buffer sizes (B ~ 80).

6. Concluson

In this paper we have considered several queueing systems with finite buffers and
long-tailed arrivals. For these queueing systems we have derived explicit asymptotic
formulas for approximating loss rates. The accuracy of the suggested approximate
formulas is demonstrated on various numerical and simulation experiments. Overall,
we expect that these approximate expressions, both for reasons of their explicit nature
and accuracy, will be useful tools in designing modern communications switches that
will be able to efficiently carry non-traditional long-tailed (“bursty”) traffic.
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Appendix. Proofs

In this section we provide the proofs of theorem 1 and lemmas 1 and 2. Without
loss of generality we assume that the set of integers that supports the distribution of
X, = A, — C, is aperiodic and that P[X,, = —c] > 0. Under these additional
assumptions, theorem 5.2 in [3, p. 214] shows that

Claim A.1l. Equation z¢ — z°x(z) = 0 has exactly one simple root a z = 1 on the
unit circle {z: |z| = 1} and ¢ — 1 roots z; # 0, 1 < i < ¢ — 1, inside the unit circle
{z |2| < 1}.

This fact will be repeatedly used in the following proofs.

A.1. Proof of theorem 1

First, we define subexponentia probabilities (see [6, p. 429]). Let

7

7
def def -1
PS> ppie and pi" E Y iy,
k=0 k=0

denote two-fold and n-fold convolution of p;, respectively.



P.R. Jelenkovit / Subexponential loss rates in a GI/GI/1 queue with applications 109
Definition A.1. A non-negative sequence {p;, i > 0} is caled long-tailed if for any
integer k,

lim 2tk — 9

If, in addition, {p;, ¢ > O} is a probability sequence (3 ;°,p; = 1), and

2
im Pi°

i—oo Pj

:2,

we say that p; is subexponential density p; € S¢.

It is easy to check that for an integer valued random variable A for which A € §*,
the probability sequence p; = P[A > i]/EA, i > 1, belongs to S.

By using a well-known connection between the queue length distribution and the
supremum of the corresponding random walk with increments X,, = A,, — C,,, the pgf
q(z) of @,, can be represented as (see [17, chapter XII])

1-g+(1)
q(z) = ﬁi(@’ (A.2)

where g4 (2) = >0, g4i7" is the generating function of a strictly ascending ladder
height random variable for which ¢,(1) < 1 iff EX,, < 0. Equation (A.1) can be
written in its equivalent form

gi=(1-9:(0) > g, (A2
k=0

where gj_% is a unit mass a zero. In a subexponentia framework, the asymptotic
behavior of the random sum (A.2) is characterized as follows.

LemmaA.l If g, (1) <1, and g,;/g, (1) € S? then

. q; 1
lim —=_——.
imoogyi  1—g+(1)
Remark. An equivalent result for random sums of continuous subexponential densities
can be found in [28].

Proof. Follows from [11, lemma 5], [16, lemma 2], and dominated convergence. [J
At this point, it is clear that in order to establish the asymptotic connection

between the arrival distribution and the queue length distribution we need to investigate
the asymptotic behavior of g, ;. Thisis presented in the following lemma
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Lemma A.2. If P[A > 1] islong-tailed, P[C < ] =1, ¢ < o0, and EA < EC, then

1-9.(1)

g+ZNmP[A>’L] as 1 — oQ.

Remark. 1n[35,43], the asymptotic behavior for 372 . g, was obtained; their proving
technique uses directly the monotonicity of > 2. g+x. Since g4, is not necessarily
monotonic, we were unable to adopt this method of proof here.

Proof. Standard derivation in queueing theory (e.g., see [33]) shows that the pgf ¢(z)
of Q,, satisfies

1 ; .
D im0 2 op—0 WTik—c(2¢ — 2')
2¢ — z2(2)

q(2) = ) (A3

where z; = P[A,, — C,, =], and z(2) = Y52 ;2. Then by clam A.1, equation
2¢ — z°x(2) =0hasasmpleroot at z =1and ¢ — 1roots z;,1 < i < ¢— 1, insde
the unit circle. Since ¢(z) is an analytic function in the unit circle these roots must be
zeros of the numerator in (A.3), i.e.,

c—=1 1

Z Z qkmi,k,c(zc — z’) =hlz—D(z—21) (2 — ze_1), (A.4)

1=0 k=0

for some constant ~. Next, using (A.4) in evauating the right hand side of (A.3) (by
I"Hospitd’s rule) and equating it to ¢(1) = 1 we derive

M1l—2z1)---(1— z_1) = EC — EA. (A.5)
Further, by equating (A.1) and (A.3) we obtain

(L g (W)EE2() — 29)
B Dy S i (A.9)

g+(2) = h(

Now, examine the coefficients of the analytic function

c—1

ml(z) def 2°7(2) —2¢  2w(z) -1 B Z i

z—1 z—1 P

The coefficients 2} of the analytic expansion of x(2), |2| < 1, for i > ¢ — 1, are
positive and satisfy

C

T = i xi,c:chP[A>i+j—c],

k=i+1 j=0
from which, by the assumption that P[A > 4] is long-tailed it easily follows that
i ~P[A>1d] asi— oo. (A7)
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Next, we investigate the coefficients xf of the analytic expansion of

def 2(2)
2?(z) = o

where 21 is aready defined to be one of the roots from the unit circle. By expanding

1/(z — 1) into an analytic seriesinthestrip 6 < |z| < 1, ¢ o max |z;| < 1, we arrive
a

() = 2'() f;(—l>

which, after comparing the coefficients on the left- and right-hand side, yields

Zxkzkzl

k=i+1

Here, for any constant K € N, K > ¢,

_g_ . T < Z z+l:fl+l 1 ’21‘14; + Z z+l:fl+l 1 ‘Zl‘k
i 1 k=l T k=i 1 i
K
2|z|"
k+1 1
Z z+‘+ ‘ ‘k T ‘Zl’1 (A.8)
&3

k=

where in the last inequality we have used the monotonicity of x} @ > ¢, ie
ot /7 — U < @l /et + 1< 2 Inequality (A.8) readily implies

1
1—2

|H
SN

lim

i—00 XT:

1=
%

Similarly, by repeating this procedure for the remaining ¢ — 2 roots, we derive the
asymptotic behavior of the coefficients of 271(z) ¥ 29(z) /(z — z;). Note that for
j = 2, asimilar bound as in (A.8) can be obtained using |x§| < x1/(1 - 6), and the
monotonicity of xll for 7 > c¢. Thus, we have derived that

C

2 P[A > 1]
fol-2) (- zema)

By combining (A.9) with (A.5), and by equating coefficients on the left- and right-hand
side in (A.6), we obtain the conclusion of the lemma. O

asi — oco. (A.9)

Finaly, the proof of theorem 1 follows from lemmas A.1 and A.2.
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A.2. Proof of lemma 1

The case ¢ > 1 is quite involved due to the more complicated boundary condi-

tions. Define

c—1 1

sB(2) o Z nyxi_k_c(zc — zi), B e NU{oo}.

i=0 k=0
Since ¢(2), B < oo, is an analytic function for |z| < 1, it follows that the numerator
and denominator of (6) have exactly the same zeros. Recal from clam A.1l that
2¢ — 2°2(z) = 0 has a smple zero at z = 1 and ¢ — 1 zeros inside the unit circle
(z; # 0). Assume that [, I < ¢ — 1, of the zeros from within the unit circle are distinct
with multiplicities m;, 1 <4 <1, Y.'_;m; = ¢ — 1. Then, vP, 1 < k < ¢ — 1, stisfy
the following set of ¢ — 1 equations:

B(n)
By + B o g chcn 0<n<m -1, (A.10)

4o

where sB0(z) = d"sP(2)/dz" and REM™(2) = d"RB(2)/dz". Similarly, v°, 1 <
k< c—1, saisfy

s () =0, 1<k<l, 0<n<my— 1, (A.12)

with s>°M(2) = d"s>(z)/dz". By subtracting (A.10) from (A.11) we obtain that
(v° —vP), 1<k <c—1 isasolution to

RBM™)(z)
B

4o

s°M(z,) — sBM(z,) = , 1<k<l,0<n<m; -1 (A.12)

Next, let Av and R be two column vectors with corresponding elements vg° — v/,
1<i<ce—1and REM(z)/¢f, 1<k <1,0<n<my —1, and let X and Z be
matrices with rows equal to

(ric1—¢)+rT_6,0,...,0), 1<i<c—1,

and

d n
(d—> (zg—zk,...,zg—zgfl), 1<k, 0<n<m;—1,
2k

respectively. Then, (A.12) can be expressed in the following compact form:
ZXAv = R. (A.13)

Here, observe that det(X) = (x.)°"! > O; aso, by using the basic properties of
determinants, for the case when all of the roots are distinct (I = ¢ — 1), we compute

c—1
det(Z) = [[z(z -0 [[ (z—=)#0. (A.14)
i=1

c—12j>k>1
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When some of the roots have multiplicities bigger than one (i.e, [ < ¢ — 1), the
determinant of Z can be computed by taking the corresponding derivatives in (A.14)
and then equating the appropriate roots. This elementary computation, the details of
which have been omitted, yields

l
|det(Z)| = N, H‘Zi(zi — ™ H ‘Zi(zi _ 1)‘m.imk> >0,

i=1 I>5>k>1

where N, = [T/_; [[7g" j!. Therefore, X and Z are nonsingular matrices and from
(A.13) we derive

Av=X"1771R. (A.15)
Furthermore, R5(z;), as defined in (7), and its derivatives satisfy
d\" & & .
(&) 2, Rt
i=B+1 j=0
=O(|24|PP[QE + Apyr — Cnir > B]), n>=0.  (A.16)

[RP0) (=) | =

Also, the stochastic dominance P[QS° > 0] > P[QZ > 0] implies

@ > > 0. (A.17)
Therefore, by replacing (A.16) and (A.17) in (A.15) we arrive at
max |vf —v°| = O(6°P[QF + Ant1 — Cry1 > BJ), (A.18)

1<k<e—1

where § = MaXi<p<e—1 |2k
Next, from (6), ¢®(z) can be rewritten as

")  ¢>@) _9() AsB(z)  RP(2)
& @ @ sk ¢Fs>k)]

(A.19)

where AsB(2) € sB(2) — s°°(2). Note that the first B + 1 coefficients in the analytic
expansion of the expression on the left-hand side of equation (A.19) are equal to
vP — v, 0< k < B. Thus, an estimate of the coefficients in the analytic expansion
of the expression on the right-hand side of (A.19) will yield a bound on | — v2°|.
This estimate will be obtained in the remainder of the proof.

First, observe that R?(z) has a zero of multiplicity B + ¢ a z = 0 and s>°()
is a polynomia of degree c with no zeros at z = 0. Consequently, R(2)/s>(z) is
analytic in some neighborhood of z = 0 and it has a zero of order at least B + ¢ a
z = 0. Therefore, its analytic expansion R(z)/s>®(z) = Y 2 b1iz' a 2 = 0 has its
first B+ ¢+ 1 coefficients equal to zero, i.e.,

b; =0, 0<i<B+ec. (A.20)
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Similarly, As?(z)/5>(z) is anaytic in some neighborhood of z = 0 with its analytic
expansion denoted as > .2, by;z*. Now, we intend to bound the coefficients by;, 0 <
1 < B. From (A.18) it easily follows that

d_iAsB(z)
dz? s(2) |,

2% = =O(6°P[QE+Ap41—Cry1 > B]), 0<i<ce—1 (A2))

Next, notice that AsP(1) = s*(1) = 0, and thus, AsP(2) o sP(2)/(z — 1) is a
polynomia of ¢ — 1 degree and

mp

Dkn
SOO(Z) Z Z (2 — )"

for some complex constants Dy,,. Using this, we arrive at

mg

AsB(2) ZZ ]m Asl(z) (A.22)

5°°(2) — )"

Then, AsB(2)/(z — 2)" is analytic for |z| < |z and it can be expanded at ~ = 0 into
an analytic series

Asl(z)
E b,“z 1<k, 1<n<my. A.23
k)" 2kn (i) k ( )

By replacing the identity

11 d\" "' 1
(z—z)"  (n—1) (@) Z— 2
:7(71_11)! <d2k> Z(zk) T2, 2] <zl

in (A.23) and then equating the coefficients next to 2%, i > ¢, on both sides of (A.23)
we compute

bontiy = — <i>n s7Ca) 1 <i>HRB(TZ’“).
(n—D!'\dz, ) (z)t (n—2)'\dz, ) (21)i?
By combining the preceding equation with (A.16) we conclude that for i > ¢
|bokn(y| = O(6" " P[QF + Any1 — Cry1 > B]). (A.24)
Thus, (A.21), (A.22) and (A.24) yidd

|b2il = O(6% " P[QF + A1 — Cuy1 > B]), 0<i<B. (A.25)
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Finaly, from (A.19), (A.20) and (A.25) we compute

k
1-0 Z b2i =i

v’ — | =
1>
\ Too Z |b21
i=0
1 F
:TOZ O(85% ' P[QF + Any1 — Cpia > B])
:owB P[QF + Ayy1— Coi1 > B]).
This finishes the proof of the lemma. O

A.3. Proof of lemma 2

Theidea for proving this lemmaisto stochastically bound the finite buffer queue
length random variable Q2 with an infinite buffer queue having truncated arrivals.
More precisdly, let us define a sequence of truncated random variables

AP =min4,,B+¢), n>0.
Let Q5P be a queueing process characterized with a finite buffer B and truncated
arrival process AZ. Then, by assuming that QF'® = QF, and by using induction in n,
Qria=min((QF + Any1— Cn+1)+, B)
=min((QF + A1 — Cnia) ", B) = QP (A.26)

it follows that Q2B = QB, n > 0. Furthermore, if we denote by Q>5, n > 0,
QSO'B = QF, a queueing process of an infinite buffer queue with truncated arrival
sequence A%

Qi = (P + A% 1= Cuya) ™,
then, again by induction in n, it follows that
QF =QFP <P, n=0.

Thus,
P[QF + Ant1— Cnyr > B =P[QE + AB,, — 11 > B
<P °°B+A 1~ Cny1 > B]
=P[Qy] > BJ. (A.27)

Therefore, by passing n — oo in (A.27), we obtain that in stationarity
P[QF + Ant1— Cus1 > B] <P[Q" > B).
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Hence, the proof of lemma 2 will follow if we show that the stationary distribution of
QP satisfies

P[> > B] =o(P[A. > B]) as B — . (A.28)

Now, in order to prove (A.28) we first need to derive preliminary lemmas A.3 and
A5
Similarly as in equation (A.3), the pgf ¢°>2(z) of Q2> satisfies

-1 i B i
Dm0 ko @p T (26 = 2)
z¢ — zexB(2)

¢>P(z) = ) (A.29)

where 2P = P[AB — C,, = i] and 2B(2) = S22 282!, The above expression can

i=—c 1

be written in its equivalent form (the same as (A.1))
1-47(1)
1-4%(2)

where g¥(2) = 70 98,2 is the pgf of a strictly ascending ladder height random
variable.

¢>P(2) = (A.30)

Lemma A.3. If EA < EC, then there exists a universal constant K3 > 0 such that
fordl B >0,

g2, <K3P[A, >i—d, 1<i<B+e

Proof. Again, claim A.1 shows that ¢ — 2¢25(z) = O hasasimple zero at z = 1
and ¢ — 1 zeros z;(B), 1 < i < ¢ — 1, grictly inside the unit circle. These zeros are
aso the zeros of the polynomial in the numerator of (A.29) which we denote as

c—1 1

NB@)E NS P e ( — 27);

i=0 k=0
note that

zl =P[min(4,B+c)-C=i| =P[A-C =i =1z;, —c<i<B.

2

Furthermore, since the d.f. of A” converges to the d.f. of A as B — oo, theorem 1 of
[7, p. 219] implies that for any fixed k

P — g @B — oo, (A.31)

where ¢, k > 0, are the queue stationary probabilities that correspond to the (non-
truncated) arrival sequence A,,. Therefore,

c—1 i

NB(2) = N E SN graiee(26 - 27),

1=0 k=0
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117

as B — oo. Hence, the zeros of N2(z) from within the unit circle converge to the
corresponding zeros z;, 1 < i < ¢ — 1, of N(z) which are aso inside the unit circle.
If & = maxXicice—1|2i] < 1, thenforany 0 < e < e+ 6 < 1 we can choose By large
enough such that for all B > Bp al of the zeros z;(B), 1 < i < ¢— 1, are in the

¢ neighborhood of one of the zeros z;, 1 < i < ¢ — 1. Thisimplies that

u max B 1) 1,
B>gol<z<c— [#(B)] < ote <

and, since al of the zeros for B < By are strictly within the unit circle, we conclude

that there exists a constant 0 < 61 < 1, such that

su max B 1) 1.
B>% 1<ige— l‘ZZ( )‘ 1<

Next, observe that by equating (A.30) with (A.29) we compute

(1 — gP(@)(aP(2) - =)
hB(z = D(z — z2(B)) -+ (2 — 2ze-1(B))

92 (2) =

where
hWP(z = 1)(2 = 21(B)) - -+ (2 — 2e—1(B)) = NP(2),

and the constant

i

c—1

00,B
=2 D 7 vk
=0

=0 k=0

+1,

(A.32)

Hence, we can obtain gf (2) by cancedling the zeros in the humerator and denominator

of (A.32). First, let us examine the coefficients of the polynomial

TN O Bw 1 &
(€

ZZ

[ﬁ

i=0

The coefficients of this polynomial a:B lforc—1<i<B+2c—1, ae positive and

satisfy

B+2¢

1:ngc Z[[D[C_j]]P’[A>z—i—j—c] P[A > i—¢].

k=i+1 j=0

Next, we investigate the coefficients of

gt 2P1(z)

BZ
(2) = 2z — z21(B)’
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where z;(B) is adready defined to be one of the roots from inside the unit circle. By
expanding 1/(z — z1(B)) into an analytic series in the strip 61 < |z| < 1 we arrive at

B2() = £BA(z) % i(ziB))l,

which, after comparing the coefficients on the left- and right-hand side, yields

B+2c—1 ]
mZB’Z = Z ka’l(zl(B))kﬂfl.
k=i+1
This equality readily implies
27| < §:|mflwk2 ' }: PIA>k—dsf Y i>ec
k=i+1 k=i+1

Finally, the monotonicity of P[A > i] yields

52 <

1 61P[A i—c, i>=c

Consequently, by repeating this procedure for the remaining ¢ — 2 roots we derive

1
B,c . .
‘I’i ‘gWP[A>Z*C], ’L}C.

Finaly, by combining the preceding bound and (A.32) we derive

B < i #
SRR AEE
Furthermore, by (A.31)

Pl[A>i—¢c, iz>ec (A.33)

c—1 1
; B
B'Lmoo h” = Z; kzoqwz‘—k—c = qor—c > 0,
1= e

and therefore 1/h” = O(1), which when replaced in (A.33) completes the proof of
lemma A.3. U

At this point, in order to prove lemma A.5, we will need the following estimate
on the distribution of a sum with uniformly bounded summands.

LemmaA.4. Let X;, i > 1, be a sequence of non-negative i.i.d. random variables
andlet S, =>7" lXz,n 1. If X1 € S then for any fixed n, ¢ < co

P[> B, M X; < B+c| =o(P[X1> B]) asB - .

1<isn
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Proof. Observe that P[.S,, > B] can be decomposed as follows:

P[S, > B] = nP|S, > B, X, > B +¢, max Xi<B+c}

1<i<n—1

1<i<k<n

+P[Sn B, |J {x >B+ch>B+c}}
+P|

Su > B, max X, < B+c]

1<isn

(j:nPln+P2n+P3n- (A34)
From the definition of subexponential distributions it follows that
P[S, > B] ~nP[X1 > B] a B — oc. (A.35)

Next, note that

Pln:IP[Xn >Bte max X <B+c} —P[X,, > B+ dP[X,, < B+ " !

1<i<n—1
~P[X; > B] as B — . (A.36)
Also,
n(n — 1) 5
Po, < 222 P[X,, > B]? = o(P[X,, > B]) & B — o. (A.37)

2
Finaly, by replacing (A.35)—A.37) in (A.34) we obtain

P, =0(P[X,, > B]) a B — o,

which concludes the proof of the lemma. O

Next, let { X5, X5, i > 1} be afamily of integer valued positive i.i.d. random
variables with probabilities g® = P[X? = 4]. For each B, X® has a finite support
P[XB < B + ] = 1, for some fixed congtant c.

LemmaAb5. Let SZ =S, XP, n>1 Ifforal B, g < KP[4 > i — (],
1<i<B+¢ K>0,and A, € S then

(i) for any fixed n,
P[SP > B] = o(P[4. > B]) as B — cc.
(ii) for any € > 0 there exist a finite constant K. such that for all B and n > 1,

P[S? > B] < K.(1+¢)"P[A. > B].
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Proof. Let X;, i > 1, be sequence of non-negative, integer valued random variables
with probability mass function

PlXy =i =P[A>i—c]/EA;, i>1 EA. =) P[A>i—d
=1

and let S, = >"" ; X; be their partial sums. Then, X; € S and it easily follows that
P[S} > B] < (KEA)"P[S, > B, max X; < B+ ] = o(P[4. > B]),
1<i<n

where the last asymptotic relation follows from lemma A.4. This completes the proof
of (i).

To prove (ii) let us congtruct a sequence {Y:, & > 1} of integer valued
i.i.d. random variables in the following way. First, choose an integer ng such that
S 2 KP[A>1i—c] <1 Then, assign to each Y}, the following distribution:

1=ng
By > 1 — 1 for i < ng,
Wi2l= (s KPlA>n-d othewise
Clearly, Y, is stochastically larger than X,f for dl B, i.e,
]P’[X,f P> Z] <Py > 1],

and Y, € S. Thus,

P[SP > B] <P|Y Y > B| < K-(1+¢)"P[A, > B],
i=1
where the last inequality follows from lemma 2.10 of the Appendix of this special
issue of Queueing Systems. This concludes the proof of the lemma. O

Proof of lemma 2. Findly, we are ready to provide the proof of lemma 2. Re-
cal that the proof will follow if we show that (A.28) holds. First, observe that
gf(l) = P[Q>>® > 0] monotonically increases to 9 (1) = P[Q°>>*>° > 0] as B — oo,
where (Q°>*° is the workload of an infinite buffer queue with (non-truncated) arrival
sequence A,,. Hence, for any 6, such that 0 < 6> < ¢3°(1) < 93°(1) + 62 < 1, we can
choose Bg such that for all B > By

2<d?M) < g +6< L (A.38)

Next, let us choose a distribution for random variables in lemma A.5 to be P[X/ =
Kl = g2./9% (1), 1< k < B+ c. By lemmaA.3 and (A.38) it follows that for all
B > By

PIXP = k] < %]P’[A >k —d,
2

where K3 is the same as in lemma A.3. Thus, the condition of lemma A.5 is satisfied.
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Then, from equation (A.30), similarly as in (A.2), P[Q>>" > B] can be repre-
sented as

o0

P[Q>F > B] = (1-g%) > (47@)"P[S? > B]. (A.39)
n=1
Hence, by (A.38), for all sufficiently large B
P[Q™F > B] <> (¢5°(1) + 62)"P[SP > B]. (A.40)
n=1

Thus, by applying lemma A.5 (with ¢ > 0 such that (14 ¢)(¢°(1) + 62) < 1) and the
Dominated Convergence theorem to the sum in (A.40) we derive

P[Q*" > B] = o(P[A. > B) as B — o,

which concludes the proof of the lemma 2.
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