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Abstract

We study the classical move-to-front (MTF) algorithm for self-organizing lists within the Markov-modulated request
(MMR) model. Such models are useful when list accesses are generated within a relatively small set of modes, with the
request sequences in each mode being i.i.d. These modes are often called localities of reference and are known to exist in
such applications as traffic streams of Ethernet or ATM networks and the locus of control or data accesses of executing
computer programs. Our main results are explicit formulas for the mean and variance of the search-cost, the number of
accesses required to find a given list element. By adjusting the number of modes, one can use the MMR methodology
to trade off the quality of an approximation with the computational effort it requires. Thus, our results provide a useful
new tool for evaluating the MTF rule in linear-search applications with correlated request sequences. We illustrate the
computations with several examples. © 1999 Elsevier Science B.V. All rights reserved.

Keywords: Self-organizing lists; Move-to-front algorithm; Markov-modulated process; Hidden Markov-chains; Locality
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1. Introduction

Performance analysis of self-organizing data structures, e.g., lists and trees, has a long history; references
to the early work in this area can be found in [4,9]. Quite recently, interest in these data structures has been
rekindled by cache design problem in modern distributed networks. One of the most popular heuristics for
self-organizing lists has been the move-to-front (MTF) rule. MTF is defined on sequences of requests for
elements in a given list of N elements. In processing each new request, MTF moves the requested element
to the first position (i.e., the left-most position or head) of the list, if it is not already there; the ordering of
the remaining N — | elements of the list remains unchanged. If the new request is in the rth position, the
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cost of processing the request is r; this represents the number of comparisons needed to find the request in
a linear search of the list.

In the analysis of self-organizing lists, there have been two approaches: probabilistic and combinatorial
(amortized) analysis. We are interested in typical or average-case behavior, so we concentrate on the former
approach. For the latter, the reader is referred to Bentley and McGeoch [1]. Our specific objective is a prob-
abilistic analysis of the most common cost function: the position (search distance) of the currently requested
element. The novelty of our contribution lies in our extension of MTF theory to Markov-modulated request
(MMR) sequences.

There is a large literature on MMR models that spans a wide variety of applications in applied probability
and engineering, including speech recognition, communications engineering, statistics, and risk theory. See [6]
for many references. Equivalent names under which Markov-modulated models are known in the literature
are: Markov-modulated random walks, random walks on Markov chains, functions (or random functions) of
Markov chains, and hidden Markov chains. We define them formally as follows. Let J = {J;,t=0,1,...} be
a discrete time, aperiodic, irreducible, finite Markov chain with state space {1,..., K}, and transition matrix
P ={pi}, and let R={R,,t=0,1,...} be a discrete-time process with state space {1,..., N}. We say that
R is Markov-modulated if the pair process {(R;,J;),t>0} is Markovian in its second coordinate, i.e., if

P[Rl‘ =r, Jt :j|(Rt—|7JZ‘—1 - i)a"'a (R07 JO)] :P[RZ‘ =7, Jt :j|Jt—1 - l] = pijqjm

where ¢ :==P[R, = r|J; = j]. To avoid trivialities we assume that for each r there exists at least one j
such that g; > 0. Define the stationary marginal distribution of R as ¢,: =P[R, =7] = Z,K:1 7;q;r, Where
{m;,1<i<K}, is the stationary distribution of J. Since the process J, to be called the modulating process, is
ergodic, its stationary distribution is unique and positive. We assume that J is in its stationary regime, i.c.,
the distribution of Jy is chosen according to m. The process R models sequences of requests for elements of
the set L={1,..., N}. A discrete-time process {o,,¢=0,1,...} is induced by R and that MTF rule, where
ar=(04(1),...,0,N)) is a list (permutation) of the elements of L. We assume that, at =0, all permutations
are equally likely, i.e., g¢ is uniformly distributed over the set of all N! permutations. According to MTF,
a,+1 1is constructed from o, by bringing the element R, to the first position of the list, if it is not already
there, and keeping the ordering of the remaining elements unchanged; thus, the positions of the elements that
were ahead of R; are increased by one, while the positions of those behind R, remain unchanged. Note that
the joint process {(J;—1,0;), =1} is a Markov chain.

Early work on the probabilistic analysis of MTF dealt with i.i.d. requests; see [7] for key references.
Our MTF model lies within the broader framework of Markovian request sequences. The MTF scheme with
time-dependent Markovian requests was investigated in [10], where a formula for the expected search cost
was derived. Special cases of the Markov model that are analytically more tractable were investigated by
Rodrigues [13], who also examined convergence to stationarity [12]. Dobrow and Fill [5] derived transient
and stationary probabilities for MTF in the Markov model. They also investigated spectral properties and the
rate of convergence to stationarity.

Our interest in the MMR model stemmed from its flexibility as a tractable model of the high-correlation
(locality) structure encountered in the traffic streams (e.g., voice, video, and multimedia) of modern com-
munication networks. (References to these models can be found in [7].) But more generally, our methods
extend the computational tools for evaluating the performance of linear-search heuristics in an environment
of Markovian request sources. They will be significantly more efficient than existing techniques when MMR
models apply with the number K of modes relatively small.

The analysis of the MTF algorithm appears in Section 2, where we develop explicit formulas for the
transient and steady-state mean and variance of the cost function. In Section 3 we give numerical examples
of MMR models and study the performance of MTF in these models. We conclude in Section 4 with an
application of our results to LRU caching.
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2. Mean and variance of the search cost

We derive explicit formulas for the mean and variance of the search cost C;: the current position of the
element R; in the list state g;. Thus, the search cost at time ¢ is a measure of the time required by a
linear search of the list to find the element requested at time ¢. The reversed Markov chain {J,} and the
corresponding modulation process {R;} arise naturally in the following analysis. The transition probability
matrix of J is denoted by P = {ﬁij}, where p;;=m;p;i/m;. For each i # j, let Al be the event that j is to the
left of i in o,. Given that R, = r, the cost C; is the number of elements to the left of » in the list plus 1 to

account for r itself. Thus, if we let Z - denote the sum over all sequences of distinct elements ry,..., rg
with r; € {1,..., N}, 1<i<k, then we ‘have the well-known indicator-function representation,
Ci=1+ Z 1(R, = r,4%7)
=1+ > > Wi=iR=rAd) (1)
1<i<K kr

and hence, after taking expectations,
EC=1+ Y Y Pl =iR=rd"]. )
1<i<K kr

The ith summand P[J, =i, R, = r,A*] in the above expression can be written

t
P['-]t = iaRt :r’Aiﬂ”] = Z P[JI = iaRl :r:Rtfl ¢ {rak}w"thfWH»l ¢ {rak}thfm :k]

m=1

+P[Jt = i,Rt =7, Rt—l ¢ {I/‘,k},...,Ro % {r,k},Ag"].

Recall that g is a permutation chosen uniformly at random, so we have P[45]=1/2 for all k, . In terms of
the reversed processes, we can write

t
P[Jt :iaRt :r>A£€r]:Z P[jo :l.,]?():l",jé] % {rak}a"wﬁm—l % {rak}al’ém :k]

m=1
| N N
+EP[J()ZZ,R():F,R1 %{r9k}:"'aRl¢{r9k}]' (3)
For a more compact notation, we introduce the matrices

er,...,)‘k = {ﬁz](qul +---+ quk)}, er 7k = {]31](1 - qul - quk)} (4)

.....

Let p(Q) denote the spectral radius of matrix Q. Then, by the assumptions on P and g;- from the introduction
and Corollary 1, p. 8 of [14], it follows that

P(Or,.r) <1 (5)

for any choice of ri,..., ;. Next, the mth summand in (3) can be expressed as

Z P[JO*ZRO*F Jl*llaR1${rk} m lflm 1’ m— li{rk}-]m*lma m*k]

= > i B (U= e = @) -+ iy (1= i r = Qi ) By i Gk

15y I

—migi (Ol Ore)i), (6)
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. Am—1 . Am—1 -
where e is a column vector of ones, and (Qink Ore)(i) is the ith element of the vector Q:;{ Ore. Similarly,
we find that

PlJo = iR =r.Ry & {r.k}..... R & {rk}] = mqu(Olye)(i). (7)
Finally, after substituting (3), (6), and (7) into (2) and using (5), we arrive at the following result.

Theorem 1. The expected search cost is expressed by

EC, =1+ kz [vru — 0, ' Ore + 0,0, (—(1 —0,) ' Ore + ;eﬂ :

where v, = (1141, - - -, Tgqkr ). Furthermore, the stationary expected cost is given by
pi= lim EC, =1+ ; vl = 0)” ' Ose (®)

Computing the stationary search cost by (8) involves inversions of K x K matrices instead of the N x N
matrices required in the general Markov model. The number of inversions needed is normally large, so when
K is sufficiently smaller than N, major reductions in computation time are possible.

Theorem 1 gives classical results as special cases. In particular, Markov-modulated requests become i.i.d.
if we reduce the matrix P to the scalar 1 and put ¢, = ¢, :=P[R, =r]. Then Q,.k =1—-¢q,—qr, Or=qx, and
v, = g, are also scalars which when substituted into Theorem 1 give [2,11]

99k (4r — q)*(1 — g — qi)'
EC,=1+2 , 9
' 2 4+ ax t2 2(qr + qx) ©)

r<k r<k

with the stationary mean

D9k
p=1+23" (10)
r<k +qk

If requests are generated by an aperiodic, irreducible, finite-state Markov chain, R, then the stationary
expected search cost is given by [10]

—1+Z (11)

My + mkr

where m;; is the expected first passage time from state i to state j in R. To verify this, put ¢;; =1 (i =7)
and J = R, and hence K = N. We have v, = (0,..., 7w,,...,0) and Q,k = P,;, where P,; is obtained from
P by replacing the rth and kth columns by zero columns Slmllarly, Ore is a column vector with elements
Pi>---» Pi» S0 for each r # k, we have v,.({ fQA,k)*lee as the probability of starting in state » and reaching
state k before again visiting state » in the Markov chain P. Then, by Lemmas 3.1.1 and 3.1.2 of [10], it follows
that v,.(I — Qrk)_lee = 1/(m + my, ), which when substituted into Theorem 1 gives (11).

To compute the second moment of C;, we square (1) and obtain

K K
CG=1+43) % 1Ui=iR=rd)+Y > 1 =iR=rA"4"). (12)
i=1 kr i=1 ky,ka,r

Let Af‘k” be the event that the relative (left-to-right) ordering of &y, k>, and r in o, is kjkyr. We observe that
AR 4% s the union of the two disjoint events A% and 4%%" and then take the expected value of (12) to
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obtain
K *
EC? =3EC, 2+ S Pl = iR = A" + P[J, = i,R, = r,APN) (13)
i=1 ki, ky,r
The probabilities P[J; =i, R, = r,Af‘k”] in the expression above are computed by
PLJ, = i,R =1, 4]

t—1 t
:Z Z P[Jt:i)Rt:raRt—l % {k17k2>r};"'aRt—m1+1 %{klakZar};Rt—rm :k1>

my=1 my=m;+1

Rt—ml—l é {kZar},' L] Rt—m2+l é {k29r},Rt—m2 = kz]

t
+ Z P[Jt = ith :r,R[,I é {k19k29 r}a"'aRtme*l ¢ {klnkZar}aRtfml :kln

m=1

Rt*ﬂ‘l[*l % {kza r}s' M RO $ {k27r}’Agz’r]
+P[J; = i,R, =1, Ry & {ki, ko, 7},0<s <t — 1,457, (14)

so we have

Theorem 2. The stationary variance is given by

Jim Var(C=p— 1= (=124 3 00 = O) ™ (Ol = 0,)™' Oty + 0l = 07" Oi e

ki, ko,

(15)

Proof. From (14), a time-reversal argument, and (5), it follows that

lim PR =r. A= > 0,0,,4,00 Oy, Oce

51=05,=0
=v( - QArklkz)_lel - Qrkz)_Ikae'
Substituting the expression above into (13) and then subtracting the square of the mean (u?) gives the result
of the theorem. [
If requests are i.i.d. with P[R, = r] = g,, then by specializing quantities as before, we get (recall that
g =P[R, =r])

9v9k, 9k, [(qr + 9k, ) + (Qr + qk, )] (16)
9r + a6, )(qr + 9 )(gr + g, + i)

. _ _ _ _ 2 *
lim Var(C)=p—1—(u—1) +k;(
1,/2,7

For the general Markov model, the expression for the variance of the search cost was first derived in [13,
Theorem 4.1]. That result can also be derived directly from Theorem 2, but we refrain from doing so, as the
computation is quite awkward.

For a useful special case, assume that the list is partitioned into K disjoint subsets L;,, I<i<K, L; =
{G,1),..., (i,N)}, Z,K:1 N; = N, and that, when the underlying Markov chain is in mode i (J; = i), the
request sequence can only access items from the subset L;, i.e., g, > 0 for 1<r<N; and g, ;) =0 for
J # i. With a small abuse of notation we write q(;,,) = g;(i,»)-
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Theorem 3. For the stationary expected cost, we have

=1+ Z - * 46,0493,
- 1
T <k, Q00 T an

* T4 k)9 )
+ ’ (a7
Z Z 7Ti(](i,k) + njq(j,l) — T[jnjq(i,k)q(j,[)(l/ni + l/TC] - mij - m/l)

Lj  1<k<N,I<I<N;
where my; is the expected first passage time from state i to state j in J.
ij

Remarks. Note that when the underlying Markov chain J represents an i.i.d. sequence (i.e., each row in P is
equal to the distribution x), then 1/m; + 1/mn; — m;; — m;; =0 and (17) reduces to (10). At the other extreme,
if each subset reduces to L; = {(i,1)} and hence J = R, then (17) yields the result for Markovian requests
stated in (11).

For the proof of Theorem 3, we first assemble a couple of well-known results for finite Markov chains.
Let m;; be the expected first passage time from state i to state j in J, and let ; pf,” ) be the probability of
going from state i to state i in n steps without visiting j (these are called taboo probabilities [8, p. 45]);
let m;j, ; [af,") represent the analogous quantities for the reversed chain .J. We denote by P™ the matrix obtained

from P by replacing its ith column by zero column; similarly, P denotes the matrix resulting from the
replacement of columns i and j by zeros.

Lemma 1. Let i # j. Then A .
() s/ g+ i) = /(14 522 B) = det(Z — PT)/det(7 = P™),
(i) mj; =mj; = 1/m;,

(111) mii + m_,~,~ = i’;lij + n~1ji'

Proof. The first equality in (i) follows from [8, Eq. (14), p. 49, Corollary 1, p. 65]. The second equality is
just an algebraic identity. Statements (ii) and (iii) represent Lemma 3.1.2 in [10]. [J

Proof of Theorem 3. We will show that the expression in (17) follows directly from (8). First, note that
vk =(0,...,0,7qix),0,...,0), (i, k) € L; and that O x) has only 1 nonzero column; it is the ith column of
[3 multiplied by qa,k)- AlSO, for k # l, we have Q(i,k)(i,l) = Q(i,k) + Q(i,l) and Q(i,k)(i,l) =P - Q(i,k)(i,l)- These
observations and simple algebra yield

93,09,

A —1
Yanll = Qawin) Qaine = n[% n+a6n

this justifies the first sum in (17).
When a pair of items (i, k) and (j, /) belong to different subsets (i # j), then g +)(;,;) has two nonzero
columns which are the ith and jth columns in P multiplied by g ) amd g, ), respectively; also, we have

Ouon =P — Qukin- Then

K
) _ 4091 i A i
v = Qi) Qune = ) SO N (1) det(( = Oyt
et = Quryin) 121

det(/ — I3*j)
det(/ — Q(i,k)(j,l)),

= M43, k)9(j,1) (18)
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where (I — Q(i’ o j’,))jjl is the matrix obtained from (I — QA(i’ o(,n) by deleting its jith row and ith column.
The first equality in (18) just exploits the determinant representation of (/ — QA(Z-’ k)(j,,))_l; the second equality
follows from elementary properties of determinants, which also give us

det( — O k1)) = by det(d — P™) + gy det(1 — P™)
—qungo.n(det( — Py 4+ det(1 — Py — det(1 — P™)). (19)

Next, let Dp be a determinant obtained by replacing one column in (I — P) with e (the value of Dp is
independent of the column replaced). It is easy to show that

det( — P
= —. 20
m= (20)
Thus, after dividing (19) by Dp, and applying Lemma 1 and (20), we arrive at
det(Z — Q11,1
COGDZ = g ami + 40,075 — 4a0d0, 0T + 1 — T (my + mjp). (21)

Dp
Finally, divide the numerator and denominator in (18) by Dp and substitute (20) and (21) to obtain

T4 G,k)9(, 1)
gk + T4 — TG0 gG,n( /T 1/ — m; —my;)

A ~1
vio = Ounyn) Cune=

which, when summed over i, j, &,/ yields the second sum in (17). [

3. Examples and discussion

As we have noted, in many applications, a state of the modulating process J determines that mode or context,
of perhaps many, in which a list is being accessed. As a symmetric example for K =2 possible accessing
modes, consider a modulated Zipf’s law. In mode 1, the request frequencies are g1, =1/(rHy), 1 <r<N, with
Hy :Z?; 1/r. For maximum contrast in mode 2, we reverse the ordering of L by request frequency, i.e., we
take the complementary probabilities ¢, = 1/(N —r+ 1) x 1/Hy, 1 <r<N. The two-state Markov chain J is
defined by the transition probabilities pj; = py; = (1 — w)/2, where w is a ‘memory’ parameter with |w|<1.
As w decreases to —1, R increases its tendency to jump from one mode to the other, whereas it resides for
long periods in a mode when w is close to 1. The stationary distribution of J is given by ny =7, = 1/2, and
the unconditional request probabilities are ¢, = m1q1, + 7292 = (1 + q2-)/2. Note that w=0 is the i.i.d. case
with probabilities g,

Fig. 1 plots the expected search cost (8) for N = 50,100 as a function of w, and compares it to two i.i.d.
models. The dashed line labeled ‘MTF i.i.d.” refers to the MTF performance under independent requests each
drawn from {g,}. If the request frequencies are known in advance, and if requests are independent, then it is
optimal to order L by decreasing request frequency and to keep this ordering fixed. This gives the ‘optimal
static i.i.d.” dashed line in the figure. As can be seen, for negative memory (w), MTF performs nearly as it
would were requests i.i.d. . And for positive memory, the MTF expected search cost experiences a steep drop,
especially as w nears 1. Indeed, for w sufficiently close to 1, MTF does even better than in the optimal static
i.i.d. case. In this regime, MTF normally spends very long periods of time in making i.i.d. requests according
to {q1,} or {g2} before switching from one mode to the other; relatively little time is spent in making the
major list restructuring that accompanies changes in mode. And as implied by the figure, when w is close to
1, MTF operating in either mode is better than the optimal static algorithm in the single ‘combined’ mode
with independent requests drawn form {g,}, ¢, = (q1, + g2)/2.
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-1 0.5 0 0.5 1 -1 -0.5 0 5 1
memory parameter w memory parameter w
Fig. 1. Illustration for the Markov-modulated Zipf’s law.
- N=100
0.05
.5 T T eeee——C T
MTF i.i.d.
0.04 40
37.5 MTF
0.03 01 Q2

optimal static fi.i.d.

expected search cost

0.01

0 0.5 1
memory parameter w

Fig. 2. Illustration for Markov-modulated geometric request sequences.

Next, consider a similar experiment with Markov modulated geometric request sequences. The probabilities
are

qir = A""Yew, ¢ =N en, 1<r<Nn,

with the normalization constant cy = Z],V;Ol Vi

For N =100, and /=0.95 the two distributions Q1 and Q2 are pictured on the left-hand side of Fig. 2. On
the right-hand side, we have displayed the dependence of the expected search cost on the memory parameter
w. It is interesting to observe once again that for w close to one both ‘MTF i.i.d.” and ‘optimal static i.i.d.’
are quite pessimistic in comparison with the values of the MTF algorithm in which locality of reference is
modeled explicitly.

All of the observations made to this point apply also to our third and final example in which we assume
that the list is partitioned into two equal-size blocks; Markov modulated Poisson request sequences are drawn
alternately from the two blocks. Specifically, we choose K =2, N; = N, = N/2 =20, and take

q0.60 = qon =A% /(en(k — 1)), 1<k<N/2,
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N=40

Bt === ===

-
N
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-

optimal static

expected search cost
-
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©

-1 -0.5 0 0.5 1
memory parameter w

Fig. 3. Illustration for Markov-modulated Poisson request sequences.

with the normalization constant cy = vai 2071 J%/k!. Here, we use formula (17) with

1 1 4
mp+my=—+—=-—
P2 pa 1l—-w

to compute the expected search cost. For 4 = 10, this computation is shown in Fig. 3.

4. Final remarks

The stationary distribution of search cost is of obvious interest, especially in studies of LRU caching
where tail probabilities (fault rates) are needed. To obtain a formal solution to this problem, assume that
both the MMR process and the search-cost process {C;} are stationary (initial states are samples from the
stationary distributions). The derivation below follows closely that in [3], so we will be brief. For £ >1, let
X ={R,,..., R;} be the set of distinct elements in the first k requests and | X;| be the cardinality of X;. Then

oo
P[Ry=7r,Co=n]=» PRy=rr¢X,|X|=n—1,Re;1=7]
=0

>~

- Z Z P[Ry=r Xy =B,Rii1 =r]. (22)

k=0 {B:|B|=n—1,r¢B}

By the inclusion—exclusion formula,

PRo=rX,=B.Re1=rl= > (=D PRy =rX CAReyr =7]
{4:4CB}

= > (D0 )0 e. (23)

{4:4CB}
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Substituting (23) into (22) gives
PRy=r,Co=n]= > > (=D - 0(4)) T Ore

{B:|B|=n—1,r¢B} {4:4 C B}

= > > (=Dl (1 — 0(4)) ' Ore.

{4:|4|<n—1,r¢A} {B:B D A,|B|=n—1,r¢B}

The number of sets in {B: B2 A,|B|=n—1,|4|=a,r ¢ B} is (N:II:“), so after simplifying and summing

n a
over r, we obtain the following result, which reduces easily to the result in [3] when requests are i.i.d.

Theorem 4.

N n—1
PICo=n]=3" 3" (-1 (ff_‘ll_‘a“) S - 0U) e

r=1 a=0 {4:]4]=a,rg A}

Unfortunately, Theorem 4 does not give us a feasible computation for interesting values of N (e.g., for N
in the thousands, at least). We leave as an interesting open question the problem of estimating search-cost
probabilities.
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