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We analyse a class of randomized Least Recently Used (LRU) cache replacement algorithms

under the independent reference model with generalized Zipf’s law request probabilities. The

randomization was recently proposed for Web caching as a mechanism that discriminates

between different document sizes. In particular, the cache maintains an ordered list of

documents in the following way. When a document of size s is requested and found in

the cache, then with probability ps it is moved to the front of the cache; otherwise the

cache stays unchanged. Similarly, if the requested document of size s is not found in the

cache, the algorithm places it with probability ps to the front of the cache or leaves the

cache unchanged with the complementary probability (1 − ps). The successive randomized

decisions are independent and the corresponding success probabilities ps are completely

determined by the size of the currently requested document. In the case of a replacement,

the necessary number of documents that are least recently moved to the front of the cache

are removed in order to accommodate the newly placed document.

In this framework, we provide explicit asymptotic characterization of the cache fault

probability. Using the derived result we prove that the asymptotic performance of this class

of algorithms is optimized when the randomization probabilities are chosen to be inversely

proportional to document sizes. In addition, for this optimized and easy-to-implement

policy, we show that its performance is within a constant factor from the optimal static

algorithm.

1. Introduction

Caching is widely recognized as an effective method for improving the efficiency and

scalability of multimedia content delivery. It is essentially a process of keeping a smaller

collection of frequently requested documents at points in the network where they can be

accessed with high speed/low latency. One of the main differences between Web (World

Wide Web) caching and traditional caching in computer Central Processor Units (CPUs)

is that Web documents vary considerably in size depending on the type of information
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they carry. One of the important aspects of engineering efficient Web caching systems is

designing document/file replacement algorithms that achieve high hit ratios and are easy

to implement.

The cache replacement problem consists of selecting and possibly dynamically updating

a collection of frequently accessed documents. The most popular replacement algorithms

in practice are based on the Least Recently Used (LRU) cache replacement rule, which

possesses many desirable characteristics, including high hit ratio, low complexity, and the

flexibility to adapt dynamically to possible changes in request patterns. However, the main

disadvantage of the LRU replacement algorithm is its indifference to the variability of

document sizes. In order to alleviate this problem, a straightforward randomized extension

of the LRU algorithm was proposed in [11]. In this scheme, if a requested document is

not found in the cache, it is either brought into the cache with probability that depends

on its size or the cache content is left unchanged. In the former case, the new page is

accommodated by removing the minimum necessary number of the least recently moved

documents, as described in the abstract.

In this paper, assuming the independent reference model with generalized Zipf’s law

request probabilities, we provide an explicit asymptotic characterization of the cache

fault probability. Using our asymptotic analysis and Hölder’s inequality we show that

the performance of this class of randomized LRU algorithms is optimized when the

randomization probabilities are selected to be inversely proportional to document sizes.

This algorithm, termed LRU-S, was considered in [11], but its optimality among the

randomized LRU policies was not known. Furthermore, we show that LRU-S is within a

constant factor from the optimal static arrangement.

Our analytical approach uses probabilistic (average-case) analysis that exploits the

well-known connection between the LRU fault probability and Move To Front (MTF)

search cost distribution; e.g., see [5, 7]. The analysis exploits a novel large deviation

approach and asymptotic results that were recently developed in [7, 8]. For additional

references on average case analysis of MTF and LRU algorithms see [5, 4, 7, 8]. In

contrast to our probabilistic method, the majority of literature on cache replacement

rules for variable document sizes is based on combinatorial (amortized, competitive)

techniques. In this context, [2] represents one of the first formal treatments of the

caching problem with variable-size documents; this paper proposed a new k-competitive

GreedyDual-Size algorithm. For very recent results and references on competitive analysis

of deterministic as well as some randomized online algorithms, the reader is referred to

[12, 6].

The rest of the paper is organized as follows. In Section 2, we formally introduce the

MTF searching algorithm and, using the Poisson embedding technique from [4], derive

a representation result for the MTF search cost distribution. Then, in Theorem 3.2 of

Section 3, we present our main asymptotic result that characterizes the MTF search

cost distribution for the generalized Zipf’s law requests. Using this result, we show

in Theorem 4.2 of Section 4 that the LRU-S algorithm has asymptotically the best

performance within the class of randomized LRU rules. Furthermore, in the same

section, we prove that LRU-S policy is within a constant factor from the optimal static

arrangement. The concluding remarks are presented in Section 5.
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2. Randomized Move To Front algorithm

From a mathematical perspective the analyses of the LRU caching and MTF searching

algorithms are essentially the same; this will be formally explained in Section 4. Thus,

we proceed with defining a randomized MTF algorithm in this section. Consider a finite

list of N documents with M possible sizes, s1, s2, . . . , sM , that is dynamically updated

as follows. When a document of size sk, 1 � k � M is requested, it is either moved to

the front of the list with a positive probability pk or the list is left unchanged with a

complementary probability 1 − pk . In the former case, documents that were in front of

the requested item are moved down the list to provide the necessary space at the top of

the list. These randomized decisions are independent and their success probabilities pk are

determined by the size of the currently accessed document.

Assume that the list of N documents (items) is enumerated as L = {(i, k), 1 � i � Nk, 1 �
k � M}, where Nk is the total number of documents of size sk , N1 + N2 + · · · + NM = N

and N = (N1, . . . , NM). Request process {(Rn, In)}∞
n=−∞ is a sequence of i.i.d. random

variables, where an event {Rn = i, In = k} represents a request for document (i, k) having

size sk at time n. We denote request probabilities as P[Rn = i, In = k] = q
(k)
i and, without

loss of generality, assume q
(k)
1 � q

(k)
2 � . . . for all 1 � k � M. The performance quantity

of interest for this algorithm is the search cost CN
n that represents the total size of

all documents in the list that are in front of the requested item. On event {Rn = i, In = k},
CN
n is equal to the total size of documents in the list that are in front of document (i, k).

Our objective in this paper is to characterize the distribution of the stationary search

cost CN and use this result to estimate the cache fault probability of the corresponding

randomized LRU replacement scheme. Clearly, the stationary search cost CN exists since

the process of permutations on the elements of the list represents an irreducible and

aperiodic finite state Markov chain. Note that this existence can be proved in a more

general setting of stationary and ergodic requests using the same arguments as in the proof

of Lemma 1 of [8]. Throughout the paper we assume that the search cost process is in

stationarity.

In order to facilitate the analysis, we use the Poisson embedding technique that

was first introduced for the MTF searching problem in [4]. The stationary process

{(Rn, In), C
N
n }∞

n=−∞ is embedded into an independent sequence of Poisson points {τn,−∞ <

n < ∞} of unit rate. We observe the search cost at time τ0 that, without loss of generality,

is set to τ0 = 0. Then, due to the Poisson decomposition theorem, the request process

for document (i, k) is Poisson with rate q
(k)
i . Similarly, if N(k)

i (u, t) denotes the number of

requests for document (i, k) in (u, t) that resulted in moving (i, k) to the front of the list,

the Poisson decomposition theorem implies that this process is Poisson with rate q
(k)
i pk .

Next, we define B
(k)
i (t) = 1[N(k)

i (−t, 0) > 0], t > 0 with P[B(k)
i (t) = 1] = 1 − e−q

(k)
i pkt, which

indicates whether document (i, k) is moved at least once to the front of the list in (−t, 0).

Therefore, the total size of different documents, not equal to (i, k), that are moved to the

front of the list in time (−t, 0) is defined as

S
(k)
i (t; N) �

∑
(j,l)�=(i,k)

slB
(l)
j (t). (2.1)
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Note that S (k)
i (t; N) is monotonic in t, since it is a nondecreasing function of the counting

processes N
(l)
j (−t, 0).

Next, let −T (i, k) be the last time before τ0 = 0 when item (i, k) was moved to the front

of the list and note that its distribution is equal to

P[T (i, k) > t] = P
[
N

(k)
i (−t, 0) = 0

]
= e−q

(k)
i pkt. (2.2)

Note that for each (i, k) the process S
(k)
i is independent of T (i, k), and all of the processes

S
(k)
i and T (i, k) are independent of (R0, I0). Thus, given that at time τ0 = 0 we request

an item (R0, I0) = (i, k), it follows from (2.1) that the conditional search cost is equal to

S
(k)
i (T (i, k);N). Hence, we have derived the following representation result.

Theorem 2.1. The stationary search cost satisfies

CN d
= S

(I0)
R0

(T ; N), (2.3)

where
d
= denotes equality in distribution and T ≡ T (R0, I0).

Remark. For the case of the ordinary MTF algorithm (same document sizes), this result

was first derived using formal languages in [5] and later reproduced in [4].

Next, for a fixed number of possible document sizes M, we investigate the behaviour of

the stationary search cost CN as N → ∞, where N → ∞ means mink Nk → ∞; recall that

Nk represents the total number of documents of size sk . In this regard, consider an infinite

sequence of probabilities q
(k)
i , i � 1, 1 � k � M, such that

∑M
k=1

∑∞
i=1 q

(k)
i = 1 and, for all

k, q(k)
i is nonincreasing in i. Now, we define a sequence of request processes {(RN

n , I
N
n )},

with

q
(k)
i,N =

q
(k)
i∑M

l=1

∑Nl

i=1 q
(l)
i

, 1 � i � Nk, 1 � k � M. (2.4)

Let CN be the corresponding stationary search cost defined by request probabilities q
(k)
i,N.

Furthermore, consider an infinite list of items accessed by the limiting request process(
R∞
n , I

∞
n

)
≡ (Rn, In)

with probabilities q
(k)
i . Then, as in the finite list case, let B

(k)
i (t) be a Bernoulli random

variable indicating the event that item (i, k) is moved to the front of the list at least once

in (−t, 0), and define S
(k)
i (t) =

∑
(j,l)�=(i,k) slB

(l)
j (t). The variable −T (i, k) represents the time

of the last move of document (i, k) before τ0 = 0 to the front of the list with its distribution

given by (2.2). Note that these variables are well defined and almost surely finite. Now,

as in Proposition 4.4 of [3] for the case of i.i.d. requests for documents of the same size,

using dominated convergence one can easily prove the following limit.

Proposition 2.2. The constructed sequence of stationary search costs CN converges in dis-

tribution to C , i.e., as N → ∞

CN d⇒ C � S
(I0)
R0

(T ), (2.5)

where T ≡ T (R0, I0).
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The following section characterizes the asymptotic behaviour of the tail of the searching

cost C .

In this paper, using the standard notation, for any two real functions a(t) and b(t)

and fixed t0 ∈ R ∪ {∞} the expression a(t) ∼ b(t) as t → t0 denotes limt→t0 a(t)/b(t) = 1.

Similarly, we say that a(t) � b(t) as t → t0, if lim inf t→t0 a(t)/b(t) � 1; a(t) � b(t) has a

complementary definition. In addition, throughout the paper H denotes a sufficiently

large positive constant. The values of H may differ in different places, for example,

H/2 = H , H2 = H , H + 1 = H , etc.

3. Main results

Our results are derived under the following assumption of generalized Zipf’s law

distribution. This distribution has been widely used for modelling cache request patterns

and, in particular, for capturing the Web access behaviour; e.g., see [1, 9].

Assumption 3.1. For any fixed 1 � m � M, let q
(k)
i ∼ ck/i

α, ck > 0, 1 � k � m and q
(k)
i =

o(1/iα), m < k � M as i → ∞, α > 1.

Theorem 3.2. Under Assumption 3.1,

lim
x→∞

P[C > x]xα−1 =
K(α)

(α − 1)

(
c
1/α
1 p

1/α
1 s1 + · · · + c1/α

m p1/α
m sm

)α−1
(

c
1/α
1

p
1−1/α
1

+ · · · +
c
1/α
m

p
1−1/α
m

)
,

(3.1)

where

K(α) �
(

1 − 1

α

)[
Γ

(
1 − 1

α

)]α

. (3.2)

Remarks. (i) The constant K(α) is monotonically increasing in α with limα→∞ K(α) =

eγ ≈ 1.78 and limα→1 K(α) = 1, where γ is the Euler constant; this was formally proved in

Theorem 3 of [7].

(ii) Clearly, by setting pk ≡ 1, sk ≡ 1, the theorem reduces to the traditionally studied

MTF lists (LRU system), investigated in Theorem 3 of [7]. Note that by enumerating the

set of probabilities {q(k)
i } in their nonincreasing order, q′

1 � q′
2 � . . . , easy, but somewhat

tedious, algebra shows that the tail of the resulting request distribution satisfies
∑

i�x q
′
i ∼

(c
1/α
1 + · · · + c

1/α
m )α/((α − 1)xα−1) as x → ∞.

In order to prove the preceding result we use Lemmas 1 and 2 of [7] and Lemma 4

of [8]; for reasons of completeness, we state these lemmas in the appendix.
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Proof. Equation (2.5) easily implies

P[C > x] = P[S (I0)
R0

(T (R0, I0)) > x]

=

∞∑
i=1

M∑
k=1

P[S (k)
i (T (i, k)) > x,R0 = i, I0 = k]

=

∫ ∞

0

∞∑
i=1

M∑
k=1

(q(k)
i )2pke

−q
(k)
i pktP[S (k)

i (t) > x] dt, (3.3)

where the last equality follows from the independence of T (i, k), {S (k)
i (t)}t>0 and (R0, I0),

and expression (2.2). Let S (l)(t) =
∑∞

i=1 B
(l)
i (t) and S(t) =

∑M
l=1 slS

(l)(t), the latter repres-

enting the total size of distinct documents that are moved to the front of the list in (−t, 0).

Then, S(t) � S
(k)
i (t) + sk � S

(k)
i (t) + s, where s � maxk sk .

We proceed with proving the lower bound first. From (3.3) we obtain

P[C > x] �
∫ ∞

gε+xα

m∑
k=1

∞∑
i=1

(q(k)
i )2pke

−q
(k)
i pktP[S(t) > x + s] dt,

where gε+
is chosen according to

gε+
� (1 + 2ε)α

(Γ[1 − 1
α
])αaα

with

a � s1c
1/α
1 p

1/α
1 + · · · + smc

1/α
m p1/α

m . (3.4)

The preceding inequality and the monotonicity of S(t) (see the comment after equation

(2.1)) yield

P[C > x] � P[S(gε+
xα) > x + s]

∫ ∞

gε+xα

m∑
k=1

∞∑
i=1

(q(k)
i )2pke

−q
(k)
i pkt dt. (3.5)

From Assumption 3.1 and Lemma A2 of the appendix, it is easy to show that

E

m∑
k=1

skS
(k)(gε+

xα) ∼ (1 + 2ε)x as x → ∞. (3.6)

Furthermore, by Assumption 3.1, for any ε > 0, there exists iε such that for all i � iε, the

request probabilities are bounded as q
(k)
i � ε

iα
, m < k � M, and therefore Lemma A2 of

the appendix yields

lim sup
t→∞

t−1/α
ES (k)(t)

� lim sup
t→∞

t−1/α

iε∑
i=1

(1 − e−q
(k)
i pkt) + lim sup

t→∞
t−1/α

∞∑
i=iε+1

(1 − e−tpkε/i
α

)

� Hε1/α. (3.7)

Thus, since ε can be chosen arbitrarily small, we obtain for m < k � M,

ES (k)(t) = o(t
1
α ) as t → ∞. (3.8)
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Then, the estimates in (3.6) and (3.8) yield ES(gε+
xα) =

∑M
k=1 skES

(k)(gε+
xα) � (1 + ε)(x +

s) for sufficiently large x (x � xε). Hence, by using the union bound and Lemma A3 of

the appendix, for any ε > 0 and sufficiently large x,

P[S(gε+
xα) � x + s] > 1 − ε.

By replacing the last inequality in (3.5), we obtain for sufficiently large x

P[C > x] � (1 − ε)

m∑
k=1

1

pk

∫ ∞

gε+xα

∞∑
i=1

(q(k)
i pk)

2e−q
(k)
i pkt dt. (3.9)

Now, by exploiting Lemma A1 of the appendix and Assumption 3.1, we infer that for

sufficiently large t (t � tε) and all 1 � k � m

∞∑
i=1

(q(k)
i pk)

2e−q
(k)
i pkt � (1 − ε)

(pkck)
1/α

α
Γ

[
2 − 1

α

]
t−2+ 1

α . (3.10)

Now, by replacing (3.10) into (3.9), we obtain

P[C > x] � (1 − ε)2
m∑

k=1

1

pk

∫ ∞

gε+xα

(pkck)
1/α

α
Γ

[
2 − 1

α

]
t−2+1/α dt.

Hence, after computing the integral in the preceding expression, multiplying it by xα−1,

taking the limit as x → ∞, and passing ε ↓ 0, we conclude

lim inf
x→∞

P[C > x]xα−1 � K(α)

(α − 1)

(
c
1/α
1 p

1/α
1 s1 + · · · + c1/α

m p1/α
m sm

)α−1
(

c
1/α
1

p
1−1/α
1

+ · · · +
c
1/α
m

p
1−1/α
m

)
.

(3.11)

Next we proceed with the proof of the upper bound . Since S
(k)
i (t) � S(t), after splitting

the integral in (3.3), we obtain

P[C > x] �
M∑
k=1

∫ ∞

0

∞∑
i=1

(q(k)
i )2pke

−q
(k)
i pktP[S(t) > x] dt

�
M∑
k=1

1

pk

(∫ gε−xα

0

∞∑
i=1

(q(k)
i pk)

2e−q
(k)
i pktP[S(t) > x] dt

+

∫ ∞

gε−xα

∞∑
i=1

(q(k)
i pk)

2e−q
(k)
i pkt dt

)

�
M∑
k=1

1

pk
(I (k)

1 (x) + I
(k)
2 (x)), (3.12)

where gε− is defined as

gε− � (1 − 2ε)α

(Γ[1 − 1
α
])αaα

with a being the same as in (3.4). Then, by using similar arguments as in (3.6) and (3.8), we

conclude that ES(gε−x
α) � (1 − ε)x for all sufficiently large x. Therefore, by Lemma A3
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of the appendix, for all sufficiently large x (x � xε) and some θε > 0,

P[S(gε−x
α) > x] � 2e−θεx. (3.13)

Thus, since S(t) is nondecreasing and
∫ ∞

0

∑∞
i=1(q

(k)
i pk)

2e−q
(k)
i pkt dt =

∑∞
i=1 q

(k)
i pk � 1, we

conclude that for any 1 � k � M

I
(k)
1 (x) � P[S(gε−x

α) > x]gε−x
α

= o(x−α+1) as x → ∞, (3.14)

where the last equality follows from (3.13).

Now, from Assumption 3.1 for all m < k � M, any ε > 0 and i large enough (say i � iε)

we obtain q
(k)
i pk � ε/iα. Thus, for sufficiently large x and k > m, we estimate the integral

I
(k)
2 (x) �


ε1/αx�∑
i=1

q
(k)
i pke

−q
(k)
i pkgε−xα +

∞∑
i=
ε1/αx�+1

ε

iα

� 1

gε−x
α


ε1/αx�∑
i=1

q
(k)
i pkgε−x

αe−q
(k)
i pkgε−xα +

∫ ∞

ε1/αx

ε

uα
du

� ε1/α

xα−1

[
e−1

gε−

+
1

α − 1

]
,

where in the last inequality we exploited the fact that supy�0 ye
−y = e−1. Since ε can be

arbitrarily small, we infer that for all m < k � M

I
(k)
2 (x) = o(x−α+1) as x → ∞. (3.15)

Next, as in (3.10), for 1 � k � m and x large, we derive

I
(k)
2 (x) � (1 + ε)

∫ ∞

gε−xα

(pkck)
1/α

α
Γ

[
2 − 1

α

]
t−2+1/α dt. (3.16)

Now, replacing the estimates (3.14), (3.15) and (3.16) in (3.12) and using analogous

steps to those taken in estimating (3.11) yield the upper bound

lim sup
x→∞

P[C > x]xα−1 � K(α)

(α − 1)

(
c
1/α
1 p

1/α
1 s1 + · · · + c1/α

m p1/α
m sm

)α−1
(

c
1/α
1

p
1−1/α
1

+ · · · +
c
1/α
m

p
1−1/α
m

)
.

Finally, the last inequality and (3.11) prove the theorem.

4. The optimal randomized LRU algorithm

Consider a universe of a large number of documents N, a subset of which can be placed

in an easily accessible location of size x, called a cache. Interested parties request these

documents by searching the cache first and then, if a document is not found there, the

outside universe. When a document is not found in the cache, we say that there was a

cache fault or miss . In addition, at the time of a miss, a cache replacement algorithm

may replace the necessary number of documents in the cache with a newly retrieved

document. The replacements are done in order to reduce the number of future faults. This
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system models the Web caching environment where the parties that request documents

correspond to end-users, the cache represents a local proxy server and the document

universe is the entire World Wide Web. The minor difference between this caching system

and the traditional computer CPU caching one is that cache updates in the case of faults

are only optional. In other words, when a cache fault occurs, the requested document can

be retrieved directly from its original storage (server) without impacting the cache content.

Furthermore, we consider the so-called on-line algorithms that make their replacement

decisions based only on the knowledge of the past requests.

We assume that the request process is the same as in the case of the randomized MTF

algorithm described in Section 2. Similarly, the decisions of the corresponding randomized

LRU cache replacement algorithm depend on the currently requested document size

sk, 1 � k � M. More specifically, the cache maintains an ordered list of items in the

following way. When a document of size sk , 1 � k � M, is requested and found in the

cache (cache hit), then with probability pk it is moved to the front of the cache; otherwise

the cache stays unchanged. In the case of a cache miss for an item of size sk , the algorithm

places the requested item with probability pk to the front of the cache or leaves the

cache unchanged with the complementary probability (1 − pk). The successive randomized

decisions are independent and the success probabilities pk are completely determined by

the size of the currently requested document sk . In the case of a replacement, the necessary

number of documents that are least recently moved to the front of the cache are removed

in order to accommodate the newly placed document.

We investigate the behaviour of the randomized LRU cache fault probability PN(x) us-

ing the connection between the randomized LRU caching and MTF searching algorithms.

Since the fault probability does not depend on the arrangement of documents that are

outside the cache, they can be arranged in an increasing order of the last times they

were moved to the front of the cache. Thus, the ordered list of documents inside and

outside the cache under the randomized LRU rule behaves the same as the corresponding

randomized MTF scheme. Clearly, using the notation from Section 2, the stationary cache

fault probability satisfies

P[CN > x] � PN(x) = P[S (I0)
R0

(T ; N) + sI0 > x] � P[CN > x − s],

where s = maxk sk . Now, as in (2.4), we can construct a family of caching systems indexed

by N and show that the limiting cache fault probability P (x) = limN→∞ PN(x) exists,

since S
(I0)
R0

(T ; N) → S
(I0)
R0

(T ) as N → ∞. Furthermore, this probability satisfies P[C > x] �
P (x) � P[C > x − s], which, in conjunction with Theorem 3.2, implies

Lemma 4.1. Under Assumption 3.1

P (x) ∼ P[C > x] as x → ∞.

Remark. Note that, even without any analogy with MTF lists, it can be seen that event

{S (I0)
R0

(T ) + sI0 > x} represents a cache fault. In the caching context, S (I0)
R0

(T ) represents the

total size of all different documents that are placed in the first position of the cache since

the last time the currently requested document was at the front of the cache. Therefore, if
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this variable plus the size of a currently requested document sI0 is larger than x, document

(R0, I0) had to have been evicted from the cache at some point in the past. However, the

analogy with lists is useful since it ties these two different applications of caching and

searching together.

The following theorem shows that the optimal performance of the randomized LRU

replacement scheme is achieved when randomization probabilities are inversely propor-

tional to document sizes. Let Ps(x) be the fault probability for this particular selection of

randomization probabilities. Adopting the notation from [11], we will refer to this policy

as LRU-S.

Theorem 4.2. Under Assumption 3.1, an asymptotically optimal randomized LRU replace-

ment scheme that minimizes the expression in (3.1) is achieved when pk = 1/sk , 1 � k � M.

Furthermore, for this choice of randomization probabilities, the fault probability satisfies

lim
x→∞

xα−1Ps(x) =
K(α)

(α − 1)

(
c

1
α

1 s
1− 1

α

1 + · · · + c
1
α
ms

1− 1
α

m

)α
. (4.1)

Remarks. (i) Note that this algorithm can provide an arbitrarily large relative improve-

ment in comparison to the ordinary LRU scheme. In this regard, by setting pk ≡ 1 in

(3.1), we obtain the asymptotic result for the traditional LRU. Then, computing the ratio

between the obtained constant in (3.1) and (4.1), setting ck ≡ c and letting (say) sm → ∞,

we easily calculate this limit to be equal to m, which can be made arbitrarily large.

(ii) Note that the implementation of the LRU-S algorithm does not require knowledge of

the probabilities {q(k)
i }. The only information needed is the size of the currently requested

document, which is available in most applications. However, the optimality of the LRU-S

algorithm beyond Assumption 3.1 remains an open problem.

Proof. Minimizing the expression in (3.1) is equivalent to optimizing the following

function:

f(p) �
(
c
1/α
1 p

1/α
1 s1 + · · · + c1/α

m p1/α
m sm

)α−1
(

c
1/α
1

p
1−1/α
1

+ · · · +
c
1/α
m

p
1−1/α
m

)
.

Next, define ai � (c
1/α
i /p

1−1/α
i )1/α and bi � (c

1/α
i p

1/α
i si)

1−1/α, 1 � i � M. Then, Hölder’s

inequality implies

f(p)1/α = (aα1 + · · · + aαm)
1
α (b

α
α−1

1 + · · · + b
α

α−1
m )1− 1

α

� a1b1 + · · · + ambm

= c
1
α

1 s
1− 1

α

1 + · · · + c
1
α
ms

1− 1
α

m , (4.2)

where the equality is achieved for aα−1
i = bi, i.e., pi = 1/si, 1 � i � m. For m < i � M,

since the performance of the algorithm does not depend on pi, one can choose arbitrary

randomization probabilities pi, i > m. However, for reasons of consistency, we select

pi = 1/si as well. Furthermore, (4.2) and (3.1) yield (4.1).
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4.1. Asymptotically optimal greedy static algorithm

Consider a static algorithm that maximizes the probability of finding a document in the

cache. In other words, this algorithm places a collection of documents C in the cache such

that the probability
∑

(i,k)∈C q
(k)
i is maximized under the constraint that

∑
(i,k)∈C sk � x.

After this selection is made the content of the cache is never changed. We term this

algorithm optimal static (OS) and denote its fault probability as Po(x). It is intuitively

straightforward that, in the context of the independent reference model, this algorithm

is optimal (minimizes the cache fault probability) among all on-line caching schemes, as

described previously at the beginning of Section 4. To see this more formally, consider

a class of on-line idealized prefetching (IP) algorithms where, after every request, one is

allowed to change the content of the whole cache at no extra cost. Let Pop(x) and Poc(x)

be the limiting long-term average fault probabilities of optimal IP and caching algorithms,

respectively (these averages exist since we will show that Poc(x) = Pop(x) = Po(x)). Clearly,

since the action space of IP algorithms is larger than the one for caching algorithms,

Poc(x) � Pop(x). Also, since IP algorithms can replace the whole content of the cache at

no extra cost, the action of an optimal IP algorithm at the time of (say) the nth request

that minimizes the long-term fault probability is the same as the one that minimizes the

one-step fault probability at the time of the (n + 1)st request. Furthermore, because of the

independence of the requests, it is clear that the OS algorithm minimizes this one-step

fault probability, and thus represents the optimal IP algorithm. Furthermore, since the

OS algorithm belongs to the class of caching algorithms and Poc(x) � Pop(x), OS is also

an optimal on-line caching algorithm.

Now, we introduce a greedy static algorithm that places documents in the cache

according to a decreasing order of q
(k)
i /sk (see p. 263 of [10]) with Pos(x) being the

corresponding fault probability for the cache of size x. Using Assumption 3.1, we show

that the performance of this algorithm is asymptotically equal to the optimal static

algorithm. Without loss of generality assume s1 = min sk = 1. Let a ∨ b = max(a, b) and

a ∧ b = min(a, b).

Lemma 4.3. Under Assumption 3.1,

Po(x) � (c
1/α
1 + · · · + c

1/α
m s

1−1/α
m )α

(α − 1)xα−1
as x → ∞.

Proof. Since q
(k)
1 � q

(k)
2 � . . . , 1 � k � M, the fault probability of the optimal static

algorithm for the cache of size x can be expressed as

Po(x) =

∞∑
i=N∗

1

q
(1)
i + · · · +

∞∑
i=N∗

M

q
(M)
i ,

where N∗
1 − 1, . . . , N∗

M − 1 represent the optimal numbers of stored documents of sizes

1, . . . , sM , respectively, satisfying the constraint N∗
1 − 1 + · · · + (N∗

M − 1)sM � x. From

the assumption of the theorem, for any ε > 0, there exists iε, such that for all i � iε,
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q
(k)
i � (1 − ε)ck/i

α, 1 � k � m. Therefore, we can lower-bound Po(x) as

Po(x) � min
N∗

1 ,...,N
∗
m


 ∞∑

N∗
1 ∨iε

q
(1)
i + · · · +

∞∑
N∗

m∨iε

q
(m)
i




� 1 − ε

α − 1
min

N∗
1 ,...,N

∗
m

m∑
k=1

ck

(N∗
k ∨ iε)α−1

, (4.3)

where the minimum is subject to the constraint N∗
1 − 1+ s2(N

∗
2 − 1) + · · · + sm(N∗

m − 1)� x.

The last constraint is further relaxed by N∗
1 ∨ iε + · · · + smN

∗
m ∨ iε � x + (iε + 1)

∑M
k=1 sk ,

and therefore (4.3) is further lower-bounded by

Po(x) � 1 − ε

α − 1
min
u1 ,...,um

m∑
k=1

ck

uα−1
k

,

subject to
∑m

k=1 uksk � x + ∆, ∆ = (iε + 1)
∑m

k=1 sk , uk � N∗
k ∨ iε. Then, by allowing the

uks to be real-valued, the minimum becomes potentially even smaller. Thus, solving the

continuous optimization problem using Lagrange multipliers results in

lim inf
x→∞

xα−1Po(x) � (1 − ε)
(c

1/α
1 + · · · + c

1/α
m s

1−1/α
m )α

(α − 1)
,

which, by passing ε → 0, proves the result.

In the following theorem we show that the performance of the proposed greedy static

and optimal policy are asymptotically the same.

Theorem 4.4. Under Assumption 3.1,

Pos(x) ∼ Po(x) ∼ (c
1/α
1 + · · · + c

1/α
m s

1−1/α
m )α

(α − 1)xα−1
as x → ∞.

The following lemma will be used in the proof of Theorem 4.4.

Lemma 4.5. Let Nk(x) be the number of documents of size sk , 1 � k � M, that is placed

in the cache of size x according to the greedy static rule. Assume that document classes

with finite probability support, i.e., those having q
(k)
i = 0 for some i, are enumerated between

n0 < k � M. Then, for sufficiently large x, all documents with positive probabilities of size

sk , n0 < k � M are placed in the cache, while for 1 � k � n0

lim
x→∞

Nk(x) = ∞. (4.4)

Proof. It is easy to see that, for each k, Nk(x) is nondecreasing in x and therefore

limx→∞ Nk(x) exists for all 1 � k � M. Furthermore, since
∑

k Nk(x)sk + 1 > x, there exists

1 � k∗ � M, such that (4.4) holds. Then, for any 1 � l � M and all x, the greedy algorithm

implies

0 �
q

(l)
Nl (x)+1

sl
�

q
(k∗)
Nk∗ (x)

sk∗
.
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This inequality, since limx→∞ q
(k∗)
Nk∗ (x) = 0, implies that either q(l)

Nl (x)+1 ≡ 0 or q(l)
Nl (x)+1 ↓ 0 over

positive values as x → ∞. The former corresponds to classes l (n0 < l � M) having finite

probability support, while the latter is only possible if 1 � l � n0 and (4.4) holds.

Proof of Theorem 4.4. Let n0, Nk(x), 1 � k � M, be defined as in Lemma 4.5. Assump-

tion 3.1 implies that, for any 1 > ε > 0 and all 1 � j � n0, there exists iε, such that for all

i � iε

(1 − ε)ck
iα

� q
(k)
i � (1 + ε)ck

iα
for k = 1, . . . , m, (4.5)

and

q
(k)
i � ε

iα
for k = m + 1, . . . , n0. (4.6)

In addition, by Lemma 4.5, for all sufficiently large x, Nj(x) > iε, 1 � j � n0. Next,

by exploiting Lemma 4.5 and expressions (4.5) and (4.6), we upper-bound Pos(x) for

sufficiently large x, obtaining

Pos(x) =

∞∑
i=N1(x)+1

q
(1)
i + · · · +

∞∑
i=Nn0

(x)+1

q
(n0)
i

�
∫ ∞

N1(x)

(1 + ε)c1

uα
du + · · · +

∫ ∞

Nm(x)

(1 + ε)cm
uα

du + · · · +

∫ ∞

Nn0
(x)

ε

uα
du

=
1 + ε

α − 1

m∑
k=1

ck

(Nk(x))α−1
+

ε

α − 1

n0∑
k=m+1

ck

(Nk(x))α−1
. (4.7)

Furthermore, the greedy rule implies, for every 1 � k, l � n0, k �= l,

q
(k)
Nk(x)

sk
�

q
(l)
Nl (x)+1

sl
,

which, in conjunction with (4.5) and (4.6), yields

(
(1 − ε)cl

(1 + ε)c1sl

)1/α

N1(x) − 1 � Nl(x) �
(

(1 + ε)cl
(1 − ε)c1sl

)1/α

N1(x) + H, l = 1, . . . , m, (4.8)

(
(1 − ε)ε

c1sl

)1/α

N1(x) − 1 � Nl(x) �
(

(1 + ε)ε

c1sl

)1/α

N1(x) + H, l = m + 1, . . . , n0. (4.9)

Hence, the total size of all documents stored in the cache can be bounded as

x − max
k

sk � N1(x) + s2N2(x) + · · · + sn0
Nn0

(x) + · · · + sMNM(x)

� N1(x) + s2µ2N1(x) + · · · + sn0
µn0

N1(x) + H, (4.10)
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and

µj �
(

(1 + ε)cj
(1 − ε)c1sj

)1/α

for j = 1, . . . , m, and (4.11)

µj �
(

(1 + ε)ε

c1sj

)1/α

for j = m + 1, . . . , n0.

Thus, (4.10) and (4.11) imply

N1(x) � x − H

1 + s2µ2 + · · · + sn0
µn0

, (4.12)

which, in combination with the lower bounds (4.8) and (4.9), leads to

Nk(x) � µk(x − H)

1 + s2µ2 + · · · + sn0
µn0

for k = 2, . . . , n0. (4.13)

Therefore, after upper-bounding (4.7) using the inequalities (4.12) and (4.13), multiplying

them with xα−1, letting first x → ∞ and then ε ↓ 0, we obtain

lim sup
x→∞

xα−1Pos(x) � (c
1/α
1 + · · · + c

1/α
m s

1−1/α
m )α

α − 1
,

which, in conjunction with Lemma 4.3, proves the result.

The following easy consequence of the preceding results shows that the LRU-S

algorithm is within a constant factor from the optimal static one.

Corollary 4.6. Under Assumption 3.1, the asymptotic ratio between the fault probabilities

of the LRU-S and optimal static algorithm satisfies

lim
x→∞

Ps(x)

Po(x)
= K(α).

Proof. This follows from Theorems 3.2, 4.2 and 4.4.

Remark. The constant K(α) can be understood as a relative penalty that the LRU

algorithm pays in relation to the optimal static one for occasionally placing the infrequent

items in the cache. Once in the cache, these items can stay there for a long time and

therefore lower the LRU relative performance.

4.2. Optimizing the latency of document retrieval

In the Web environment, it may be desirable to minimize the expected latency of document

retrieval, instead of the cache fault probability. In a first approximation, one can assume

that the time to deliver a document from the cache is basically zero, while the transmission

time of a document of size sk from its original location depends on its size and is equal

to φk . Then, using the same notation as in Section 2, it can be shown that the stationary

limiting (as N → ∞) expected delay Φ(x) satisfies

Φ(x) = E
(
φI01[S (I0)

R0
(T ) + sI0 > x]

)
,
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since {S (I0)
R0

(T ) + sI0 > x} represents the event that the currently requested document

(R0, I0) is not in the cache. Note that in a different framework, φk may stand for some

other cost of not finding document of type k in the cache.

Now, by mimicking the proof of Theorem 3.2, it is easy to show that under Assump-

tion 3.1,

lim
x→∞

Φ(x)xα−1 =
K(α)

(α − 1)

(
c
1/α
1 p

1/α
1 s1 + · · · + c1/α

m p1/α
m sm

)α−1
(
φ1c

1/α
1

p
1−1/α
1

+ · · · +
φmc

1/α
m

p
1−1/α
m

)
.

Then, as in Theorem 4.2, it can be demonstrated that the performance of the randomized

LRU scheme is optimized if the probabilities pk are selected according to

pk = d
φk

sk
,

where d = minj sj/φj . In addition, this optimized algorithm is asymptotically within a

constant K(α) from the corresponding optimal static arrangement. Since the derivation

of these results involves a straightforward repetition of the preceding analysis, we omit

the details. This algorithm that selects the randomization probabilities to be proportional

to φk/sk was also considered in [11]. Interestingly, when the latency φk for fetching

a document from its original location is linearly proportional to the document size, it

appears that the best policy is the traditional (non-randomized) LRU scheme.

5. Concluding remarks

In this paper we investigated a class of randomized LRU caching algorithms under

the independent reference model with Zipf’s law request probabilities that were recently

empirically observed in the Web access patterns. These low complexity algorithms were

recently proposed in [11] to mitigate the effect of variable document sizes on Web caching.

For this class of algorithms, we provide an explicit asymptotic characterization of the cache

fault probability as the cache size grows. Then, using this asymptotic result, we show that

the randomized LRU algorithms achieve the best performance when the randomization

probabilities are selected inversely proportional to document sizes; this algorithm is termed

LRU-S. The relative gain of LRU-S in comparison to the ordinary LRU algorithm can be

arbitrarily large, as pointed out in the remark after Theorem 4.2. Thus, the minor increase

in implementation complexity is compensated well with potentially high improvement

in performance. In addition, we show that LRU-S is within a constant factor from the

optimal static algorithm.

Finally, we would like to point out that the majority of the Web access traffic is

highly correlated, and therefore the use of the independent reference model may be

inappropriate. In this regard, we recently studied in [8] the performance of the traditional

LRU system (same document sizes) in the presence of statistical correlation in the request

sequence. We model the correlation using semi-Markov modulated processes that provide

the flexibility for modelling strong statistical correlation, including the widely reported

long-range dependence in the Web page request patterns. When the marginal frequency

of requesting documents follows the generalized Zipf’s law distribution, our main result
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from [8] shows that the cache fault probability is asymptotically, for large cache sizes,

the same as in the corresponding LRU system with i.i.d. requests. Therefore, since the

analysis of the randomized LRU is very similar to the one of the traditional LRU, it is

almost certain that Theorems 3.2 and 4.2 hold for the class of, possibly highly correlated,

semi-Markov modulated request sequences.
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Appendix

In this section we state three lemmas that are used in proving Theorem 3.2. Lemmas A1

and A2 correspond to Lemmas 1 and 2 of [7], while Lemma A3 is Lemma 4 of [8].

Lemma A1. Assume that qi ∼ c/iα as i → ∞, with α > 1 and c > 0. Then, as t → ∞,

∞∑
i=1

(qi)
2e−qit ∼

c
1
α

α
Γ

(
2 − 1

α

)
t−2+ 1

α ,

where Γ is the Gamma function.

Lemma A2. Let qi ∼ c/iα as i → ∞, with α > 1 and c > 0. Then, as t → ∞,

∞∑
i=1

(1 − e−qit) ∼ Γ

(
1 − 1

α

)
c

1
α t

1
α ,

where Γ is the Gamma function.

Lemma A3. Let {Bi}i�1 be a sequence of independent Bernoulli random variables,

S =
∑∞

i=1 Bi and m = E[S]. Then, for any ε > 0, there exists θε > 0 such that

P[|S − m| > mε] � 2e−θεm.
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