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Abstract

Power law distributions have been repeatedly observed in a wide variety of socioeco-
nomic, biological and technological areas, including distributions of: wealth, species-area
relationships, populations of cities, values of companies, sizes of living organisms and, more
recently, documents and visitors on the Web, etc. In the vast majority of these observa-
tions, e.g., city populations and sizes of living organisms, the objects of interest evolve due
to the replication of their many independent components, e.g., births-deaths of individuals
and replications of cells. Furthermore, the rates of replication of the many components are
often controlled by exogenous parameters causing periods of expansion and contraction,
e.g., baby booms and busts, economic booms and recessions, etc. In addition, the sizes
of these objects often either have reflective lower boundaries, e.g., cities do not fall bellow
a certain size, low income individuals are subsidized by the government, companies are
protected by bankruptcy laws, etc; or have porous/absorbing lower boundaries, e.g., cities
may degenerate, bankruptcy protections may fail and companies can be liquidated.

Hence, it is natural to propose reflected modulated branching processes as generic mod-
els for many of the preceding observations of power laws that are typically observed in
proportional growth environments. Indeed, our main results show that the proposed math-
ematical models result in power law distributions under quite general polynomial Gértner-
Ellis conditions. The generality of our results could explain the ubiquitous nature of power
law distributions. Furthermore, an informal interpretation of our main results suggests
that alternating periods of expansion and reduction, e.g., economic booms and recessions,
are primarily responsible for the appearance of power law distributions.

Our results also establish a general asymptotic equivalence between the reflected branch-
ing processes and the corresponding multiplicative processes. Furthermore, in the course
of our analysis, we observe a duality between the reflected multiplicative processes and
queueing theory. Essentially, this duality demonstrates that the power law distributions
play an equivalent role for reflected multiplicative processes as the exponential/geometric
distributions do in queueing analysis.
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1 Introduction

Power law distributions are found in a wide range of domains, ranging from socioeconomic to
biological and technological areas. Specifically, these types of distributions describe the city
populations, species-area relationships, sizes of living organisms, value of companies, distribu-
tions of wealth, and more recently, sizes of documents on the Web, visitor access patterns on
Web sites, etc. Hence, one would expect that there exist universal mathematical laws that
explain this ubiquitous nature of power law distributions. To this end, we propose a class of
models, termed modulated branching processes with reflective or absorbing lower barriers that,
under quite general polynomial Gartner-FEllis conditions, result in power law distributions.

Empirical observations of power laws have a long history, starting from the discovery by
Pareto [58] in 1897 that a plot of the logarithm of the number of incomes above a level against
the logarithm of that level yields points close to a straight line, which is essentially equivalent
to saying that the income distribution follows a power law. Hence, power law distributions
are often called Pareto distributions; for more recent study on income distributions see [16],
52, 211, [62], 63]. In a different context, early work by Arrhenius [4] in 1921 conjectured a power
law relationship between the number of species and the census area, which was followed by
Preston’s prediction in [61] that the slope on the log/log species-area plot has a canonical value
equal to 0.262; for additional information and measurements on species-area relationships see
[18, 60} [44]. Interestingly, there also exists a power law relationship between the rank of the
cities and the population of the corresponding cities. This was proposed by Auerbach [8] in 1913
and later studied by Zipf [71], after whom power law is also known as Zipf’s law. Ever since,
much attention on both empirical examinations and explanations of the city size distributions
have been drawn [71] 34 26, [66, 59, [2]. Similar observations have been made for firm sizes [3],
language family sizes [70], and even the gene family and protein statistics [33] [67), 51, 13]. It
is maybe even more surprising that many features of the Internet are governed by power laws,
including the distribution of pages per Web site [31], the page request distribution [20], [12],
the file size distribution [23] 7], Ethernet LAN traffic [46], World Wide Web traffic [19], the
number of visitors per Web site [32] (1], the distribution of scenes in MPEG video streams [36]
and the distribution of the indegrees and outdegrees in the Web graph as well as the physical
network connectivity graph [24] @, 45, 53]. In socio-economic areas, in addition to income
distributions, the fluctuations in stock prices have also been observed to be characterized by
power laws [27) [47]. This paragraph only exemplifies various observations of power laws; for a
more complete survey see [54].

Hence, these repeated empirical observations of power laws, over a period of more than a
hundred years, strongly suggest that there exist general mathematical laws that govern these
phenomena. In this regard, after carefully examining the situations that result in power laws,
we discover that most of them are characterized by the following three features. First, in the
vast majority of these observations, e.g., city populations and sizes of living organisms, the
objects of interest evolve due to the replication of their many independent components, e.g.,
birth-deaths of individuals and replications of cells. Secondly, the rate of replication of the
many components is often controlled by exogenous parameters causing periods of baby booms
and busts, economic growths and recessions, etc. Thirdly, the sizes of these objects often
have lower boundaries, e.g., cities do not fall bellow a certain size, low income individuals are
subsidized by the government, companies are protected by bankruptcy laws, etc.

In order to capture the preceding features, it is natural to propose modulated branching
processes (MBP) with reflective or absorbing barriers as generic models for many of the obser-
vations of power laws. Indeed, one of our main results, presented in Theorem B shows that
MBPs with reflective barriers almost invariably produce power law distributions under quite



general polynomial Gdartner-Ellis conditions. The generality of our results could explain the
ubiquitous nature of power law distributions. Furthermore, an informal interpretation of our
main results, stated in Theorems [3] and [ of Section [3, suggests that alternating periods of
expansions and contractions, e.g., economic booms and recessions, are primarily responsible
for the appearance of power law distributions. Actually, Theorem [ shows that the distribu-
tion of the reflected MBP is exponentially bounded if the process always contracts. From a
mathematical perspective, we develop a novel mathematical technique for analyzing reflected
modulated branching processes since these objects appear new and the traditional methods for
investigating branching processes [7] do not directly apply; a preliminary version of this work
has appeared in the extended abstract in [39].

Formal description of our reflected modulated branching process (RMBP) model is given
in Section 2l In the singular case when the number of individuals born in each state of
the modulating process is constant, our model reduces to a reflected multiplicative process. In
Subsection 2T we establish a rigorous connection (duality) between the reflected multiplicative
processes (RMPs) and queueing theory. We would like to point out that this duality, although
a minor point of our paper, makes a vast literature on queueing theory directly applicable
to the analysis of RMPs. As a direct consequence of this connection, in Subsection 2.1] we
translate several well known queueing results to the context of RMPs. Informally, these results
show that the role which exponential distributions play in queueing theory, and in additive
reflected random walks in general, is represented by power low distributions in the framework
of RMPs/RMBPs. Furthermore, this relationship appears to reduce the debate on the relative
importance of power law versus exponential distributions/models to the analogous question of
the prevalence of proportional growth versus additive phenomena. Interestingly, the power law
distribution satisfies the memoryless property in the multiplicative world, playing an equivalent
role to the memoryless exponential distribution in the additive world. Indeed, if P[M > z] =
™% a >0,z > 1, then, for z,y > 1, we obtain P[M > zy|M > z] = P[M > y].

Furthermore, this duality immediately implies and generalizes many of the prior results
in the area of RMPs and power laws. Some of these prior results include the work of Levy
and Solomon that appears to be the first to show how power laws can be obtained by adding
a reflection condition to a multiplicative process [48, 49 [47]; this was further analyzed by
Sornette and Cont in [69], where a formal connection with the classical theory of i.i.d. additive
random walks was established. Furthermore, we would like to point out that the reflective
nature of the barrier, assumed in the previous studies, is not essential for producing power
law distributions. Indeed, one only needs a positive lower barrier, e.g., porous, absorbing or
reflective one, which is a natural condition since no physical object or socioeconomic one can
approach zero arbitrarily close without repelling from it or simply disappearing. In many
areas, objects of interest may not have a strictly reflecting barrier, but rather a porous one,
e.g., cities may degenerate, bankruptcy protection may sometimes fail and a company can be
liquidated. In these cases, the power law effect follows from the well-known queueing results on
cycle maximum that we briefly stated in Subsection This observation presents a rigorous
explanation for the previous study in [11] that argued heuristically how multiplicative processes
with absorbing barriers can result in power laws.

In addition, while the reduction of RMBPs to RMPs is apparent in the special case when
constant number of individuals are born in each state of the modulating process, our main
result, Theorem Bl reveals a deeper general asymptotic equivalence between the power law
exponent of a RMBP and the corresponding RMP. In other words, Theorem [3] discovers the
asymptotic insensitivity of the power law exponent on the conditional distributions of the
reflected branching process beyond their conditional mean values.

In some domains, e.g., the growth of living organisms, the objects always grow (basically



never shrink) up until a certain random time. Huberman and Adamic [31] also propose this
model as an explanation of the growth dynamics of the World Wide Web by arguing that the
observation time is an exponential random variable. This notion has been revisited in [62] and
generalized to a larger family of random processes observed at an exponential random time [64].
In this regard, in Subsection 5.1.2] we study randomly stopped modulated branching processes
and show, under more general conditions than the preceding studies, that the resulting variables
follow power laws.

In regard to the previously mentioned situations with absorbing barriers, we study MBP
in Subsection [5.2] with an absorbing barrier and show that it leads to power law distributions
as well. The result, under somewhat more restrictive conditions, is basically a direct corollary
of Theorem Bl on RMBPs. We argue that these types of models can be natural candidates for
describing the bursts of requests at popular Internet Web sites, often referred to as hotspots.

Based on our new model, we discuss two related phenomena: truncated power laws and
double Pareto distributions. We argue that one can obtain a truncated power law distribution
by adding an upper barrier to RMBP, similarly as the truncated geometric distributions appear
in queueing theory, e.g., finite buffer M/M/1 queue. Furthermore, by the duality of RMBP
and queueing theory, we give two new natural explanations of the origins of double Pareto
distributions that have been observed in practice. In the queueing context, it has been shown
that the tail of the queue length distribution exhibits different decay rates in the heavy-traffic
and large deviation regime, respectively [57]; similar behavior of the queue length distribution
was attributed to the multiple time scale arrivals in [35]. We claim that the preceding two
mechanisms, when translated to the proportional growth context, provide natural explanations
of the double Pareto distributions.

Finally, we would like to mention that there might be other mechanisms that result in power
law distributions, e.g., the randomly typing model used to explain the power law distribution
of frequencies of words in natural languages [54] and the highly optimized tolerance studied
in [I5]. Very recently, the new power law phenomenon in the situations where jobs have
to restart from the beginning after a failure was discovered in [25] and further studied in
[68] [6]; equivalently in the communication context, the retransmission based protocols in data
networks were shown to almost invariably lead to power laws and, in general, heavy tails in
[38] (411, 40, 43, [42]. For a recent survey on various mechanisms that result in power laws see
[54].

The rest of the paper is organized as follows. After introducing the modulated branching
processes in Section 2] we study the duality between the queueing theory and the multiplicative
processes with reflected barriers in Subsection 2.1] and absorbing barriers in Subsection 2.2]
respectively. Then, we present our main results in Section [Blon the logarithmic asymptotics of
the stationary distribution of the reflected modulated branching process and the corresponding
multiplicative one, which is followed by the study of the exact asymptotics under the more
restrictive conditions in Section Ml As further extensions, we discuss three related models in
Section [, i.e., randomly stopped processes in Subsection 5.1, modulated branching processes
with absorbing barriers in Subsection and truncated power laws in Subsection 5.3l In the
end, Section [6] presents some of the technical proofs that have been deferred from the preceding
sections.

2 Reflected Modulated Branching Processes

In this section we formally describe our model. Let {J,},~_oc be a stationary and ergodic
modulating process that takes values in positive integers. Define a family of independent, non-



negative, integer-valued random variables { B ()}, —0o < i,j,n < oo, which are independent
of the modulating process {.J,,}. In addition, for fixed j, variables {B(j), B, (j)} are identically
distributed with u(j) = E[B(j)] < occ.

Definition 1. A Modulated Branching Process (MBP) {Z,}2°, is recursively defined by

Zn,
n+1 Z BZ (1)
where the initial value Zy is a positive integer. For increased clarity, we may explicitly write
{ZLY} when Zy = 1.

Definition 2. For any | € N and an integer valued Ay, a Reflected Modulated Branching
Process (RMBP) {A,,}72 is recursively defined as

An
Apy1 2 max ( > Bi(J), 1 ) (2)
=1

Remark 1. These types of modulated branching processes with a reflecting barrier appear to
be new and, thus, the traditional methods for the analysis of branching processes [7] do not
seem to directly apply.

Remark 2. A more general framework would be to define

Zn

Zn+1 = ; B,,(Ju(t))dv(t), 3)

for any real measure v, and, similarly,

An
Apt1 = max </0 B (J,(#))dv(t), 1 ), (4)

where [ > 0 and B!(J,(t)) is v-measurable. We refrain from this generalization since it
introduces additional technical difficulties without much new insight.

Now, we present the basic limiting results on the convergence to stationarity of Z,, and A,,.

Lemma 1. If Elog u(Jy) < 0, then a.s., we have

lim Z, = 0.

n—~0o0

Proof. For all n > 1, let W, = Z,,/TI%_,, where 11 = T[], u(J;). It is easy to check that W,
is a positive martingale with respect to the filtration F,, = o(J;, Z;,0 < i < n — 1). Hence, by
the martingale convergence theorem (see Theorem 35.5. of [10]), a.s., as n — oo,

W, — W < .

Next, since {.J,, } is stationary and ergodic, so is {u(J,)}, and therefore, a.s.,
log ITY
281 Zlog,u ;) — Elogu(Jp) <0 asn — oo.

Thus, I1%_; — 0 as n — oo, which, by recalling Z,, = W, I1°_,, finishes the proof. U

n—1



Next, let Z_,, be the number of individuals at time 0 in an unrestricted branching process
that starts at time —n with [ individuals; when needed for clarity, we will use the notation
7', to explicitly indicate the initial state [.

Lemma 2. Assume Elog u(Jy) < 0, then, for any a.s. finite initial condition Ay, A, converges
i distribution to .
A =max7_,.
n>0

Proof. First, assume that Ag = [ and let Z* be the number of individuals at time n in an
unrestricted branching process that starts at time k& with [ individuals. Then, by stationarity

of {J,}, we have Z* 4 Zj—p. Clearly,

l
Ay = max ( S Bi(n),0 ) L max{ Z_1, 2 },
i=1

and, by induction and stationarity, it is easy to show
d
An = max( Z_n, Z—(n—1)7 2o, 2o )7
which, by monotonicity, yields
P[A, > 2] — P[A > x| asn — oc.

Now, if AL0 is a process defined on the same sequence {B?(.J,)} with the initial condition
Ag > [, then, it is easy to see that

Ao > A, > 1, for all n,
implying
P[AYO > z] > P[A,, > 2]. (5)

Next, we define the stopping time 7 to be the first time when Aﬁo hits the boundary [, then,
the preceding monotonicity implies that A, = AXo for all n > 7. Using this observation, we
obtain

P[AD > 2] = P[A% > 2,7 > n] + P[AY > 2,7 < n)
<P[AY > 27 > 0]+ P[A, > z,7 < n]
< P[r > n]+P[A, > z]. (6)
Next, by Lemmal[I] 7 is a.s. finite and, thus, by (5] and (@), we conclude

lim P[A, > z] = lim P[A} > z] = P[A > .

n—~0o0 n—~o0

2.1 Reflected Multiplicative Processes and Queueing Duality

Note that in the special case B! (J,) = J,, reflected modulated branching processes reduce
to reflected multiplicative processes with J, being integer valued. In general, by using the
definition in (), J,, can be relaxed to take any positive real values. Hence, in this subsection
we assume that {J,, },>0 is a positive, real valued process.



Definition 3. For ! > 0 and My < oo, define a Reflected Multiplicative Process (RMP) as
My+1 =max( M, - J,, 1), n=>0. (7)

RMP has been previously proposed and studied in literature [69) 49, [48] 26] 23] as the
explanation of the origin of power laws. In this section we show a direct connection (duality)
between RMP and queuing theory, by which most of the previously obtained results on RMP
follow directly from the well-known queuing results.

Without loss of generality we can assume [ = 1, since we can always divide () by | and
define M,lL = M,/l. Now, let X,, = logJ, and @, = log M,, with the standard conventions
log0 = —oo and e~* = 0. Then, for [ = 1, equation () is equivalent to

Qn-i-l = maX(Qn + Xna 0)7 (8)

which is the workload (waiting-time) recursion in a single server (FIFO) queue.

Lemma 3. IfElogJ, <0, then M,, converges in distribution to an a.s. finite random variable
M that satisfies

M 4 sup1l,, 9)
n>0
where Iy = 1,11, = H_l Ji,m > 1.

i=—n

Proof. By the classical result of Loynes [50], @), defined by (&), converges to an a.s. finite
stationary limit @ if EX,, = Elog J,, < 0 and, furthermore,

d
Q = sup Sy,
n>0

where Sy =0 and S5,, = Z_l X;. This implies the convergence of M, and

i=—n

d
M £ ¢8Pnz05n — qup e = sup1l,,.
n>0 n>0

O

The following theorem is a direct corollary of Theorem 1 in [29]; see also Theorem 3.8 in
[17] and, for a more recent presentation, we refer the reader to [28].

Theorem 1. Let {J,},>1 be a stationary and ergodic sequence of positive random variables.
If there exists a function U and positive constants o and £* such that

1) n7tog E[(I1,,)%] — ¥(a) as n — oo for | a — a* |< &*,
2) W is finite and differentiable in a neighborhood of o with ¥U(a*) =0, ¥'(a*) > 0, and
3) E [(IL,)* ¢] < oo, for n > 1 and some € > 0,

then low PL1S
lim log PLM > a] = —a". (10)

T—00 log z



Remark 3. We refer to conditions 1) — 3) as the polynomial Gritner-Ellis conditions. Note
that condition 2) can be relaxed such that ¥ is only differentiable at o* and condition 3) can
be weakened to e = 0 [29]. Since these two conditions are necessary for Theorem [Blin Section [3]
to hold, we keep the current form to provide a unified framework. Also, it is worth noting
that the multiplicative process I1I,, without the reflective boundary would essentially follow the
lognormal distribution, as it was recently observed in [30] (this is similar to the fact that the
unrestricted additive random walk is approximated well by Normal distribution). However, we
would like to reemphasize that the lower boundary [ is not just a mathematical artifact, but
a very natural condition since no physical object can approach zero arbitrarily close without
either repelling (reflecting) from it or vanishing (absorbing); the absorbing boundary will be
discussed in the following Subsection 221

Remark 4. For the case when the sequence {J,} is i.i.d., the connection between reflected
multiplicative processes and the classical theory of additive random walks was earlier observed
in [69], where it is shown that o* satisfies E [Jlo‘*] = 1. However, our observed equivalence
with the queueing theory, especially in the general stationary and ergodic framework, appears
novel.

Here, we illustrate the preceding theorem by the following examples. Assume that {A,},{C,}
are two mutually independent sequences, and let J, = e»~C». Then the quantity Q, =
log M,,, where M,, is defined in (), satisfies

Qn—i—l = (Qn + An - Cn)+ (11)

The first two examples assume that {A,},{C,} are two i.i.d. sequences, the third example
takes {.J,} to be a Markov chain, and in the last example, {J,} is modulated by a Markov
chain {X,,}.

Example 1. If {A,},{C),} follow exponential distributions, P[C), > z] = e™#* , P[A4,, > z| =
e ™ and A < p, then @, represents the waiting time in a M/M/1 queue. By Theorem 9.1 of
[5], the stationary waiting time in a M/M/1 queue is distributed as

PlQ > z] = ée_(“_)‘)””, x>0,
I
which equivalently yields a power law distribution for M,

A

with power exponent oo = p — .

Example 2. If {A,},{C,} are two i.i.d Bernoulli processes with P[4, = 1] = 1 — P[4, =
0] =p, PI[C, =1 =1—-P[C,, = 0] = ¢q, p < q. Then, the elementary queueing/Markov
chain theory shows that the stationary distribution of @,, as defined in (1), is geometric
PQ > j] = (1 = p)p?,j > 0, where p = p(1 — ¢)/q(1 — p) < 1. Therefore,

P[M > 2] = P[Q > log ] = pl°e®) 2 > 1.

Since logz — 1 < [log z] < logx, it is easy to conclude that

1 1
xlog(l/p) < ]P)[M = IIJ‘] < pxlOg(l/p) )



Example 3. If {J,} is a Markov chain taking values in a finite set ¥ and possessing an
irreducible transition matrix Q = (q(¢,j)); jex, then the function ¥ defined in Theorem [I] can
be explicitly computed. Define matrix @, with elements

qa(i,g) = q(i,4)i%, i,j € X.
By Theorem 3.1.2 of [22], we have as n — oo,
n” ' log E[(I1,)*] — log (dev(Qa)) ,
where dev(Q,,) is the Perron-Frobenius eigenvalue of matrix Q4. To illustrate this result, we

take ¥ = {u,d} where u = 1/d > 1, and ¢(d,u) = q,q(d,d) =1 —q,q(u,d) = p,q(u,u) =1 —p
where p > ¢. It is easy to compute

= (" 0 M)

and, by letting log (dev(Q4)) = 0, we obtain

o — og(l —q) —log(1 — p)
log u )

Example 4 (double Pareto). If {J,, = J(X,} is modulated by a Markov chain X,,, we argue
that P[M > z] can have different asymptotic decay rates over multiple time scales. This
phenomenon was investigated in [35] in the queueing context and formulated as Theorem 3
therein. To visualize this phenomena, we study the following example. Consider a Markov
process X, of two states (say {1,2}) with transition probabilities p1o = 1/5000, po; = 1/10,
and P[J(1) = 1.2] =1 -P[J(1) = 0.6] = 0.5, P[J(2) = 1.7] = 1 — P[J(2) = 0.25] = 0.6. The
corresponding simulation result for 5 x 107 trials is presented in Figure [l We observe from
this figure a double Pareto distribution for M, which provides a new explanation to the origins
of double Pareto distributions as compared to the one in [65].

Markov Modulated Multiplicative Process
10° & T : —

N R [ —e— Simulation
\ po | == - Approximation
10_ E N N Ll N N N N N N =

07 N EEE A i

P[M>x]
S
1

10° : e : E

10' L L
10 10 10 10

Figure 1: Tlustration for Example @ of the double Pareto distribution.



2.2 Multiplicative Processes with Absorbing Barriers and Cycle Maximum

As briefly discussed in the introduction, we explained that the reflective nature of the barrier
is not essential for producing power law distributions. Indeed, one only needs a positive lower
barrier, e.g., porous, absorbing or reflective one, which is a natural condition since no physical
objects or socioeconomic ones can approach zero arbitrarily close without repelling from it
or simply disappearing. To illustrate the situations when the objects can vanish, we name a
few examples, e.g., cities may degenerate, bankruptcy protection may sometimes fail and a
company can be liquidated. In these cases, the power law effect follows from the well-known
queueing result on cycle maximum that is stated in Theorem [2 below. We also discuss in
Subsection [5.2] a more complicated situation when newly generated objects in the system can
arrive/appear or leave/disappear.

Following the notation from Chapter VIII of [5], for a sequence of positive i.i.d. random
variables {.J,,}n>1, denote by G4 the ladder height distribution of the random walk {S, =
S log Ji b1 with [|G4 || = P[S, < 0 for all n > 1], and define the stopping time 7 £ inf{n :
S, <0,n > 1} with the corresponding cycle maximum M, = sup{[[l_; J; : 1 < n < 7}; here
we assume, without loss of generality, that the absorbing barrier is equal to 1.

Theorem 2. If the sequence {log J, }n>1 is nonlattice, satisfying E[log Ji] < 0, E[J{] = 1
and o > 0, then
o _ (-G (L —Efe )

1. ]P) Mq— > @ = 0 *
b0 [ 2l oF [ e * G (dx)

Proof. The result is a direct consequence of Corollary 5.9 on p. 368 of [5]. O

3 Main Results

This section presents our main results in Theorems Bl and @ In this regard, we define B £

supy, B(k) and, to avoid technical difficulties, assume p £ inf; p(j) > 0. With a small abuse of
notation, as compared to the preceding Subsection2.1], we redefine here II,, = H;:l_n w(Ji), n >
1, IIp =l and M = sup,,>q1l,. In this paper we use the following standard notation. For any
two real functions a(t) and b(t), we use a(t) = o(b(t)) to denote that limy .o a(t)/b(t) = 0,
and a(t) = O(b(t)) to denote that lim; .. a(t)/b(t) < oco; when needed for increased clarity,
we may explicitly write a(t) = o(b(t)) as t — oo.

Theorem 3. Assume that the process {Il,,} satisfies the polynomial Gértner-Ellis conditions
(conditions 1) — 3) of Theorem[), and E[e?P] < oo for some 6 > 0, then,

log P[A log P[M
i 08PA>a] . logP[M >a] . (12)

T—00 log z—00 log x

Remark 5. Note that conditions 1) and 2) of Theorem [Il imply that there exists j such that
u(j) > 1, since otherwise we have sup, ¥(a) < 0, which would contradict ¥(a*) = 0 and
U’(a*) > 0 in condition 2). The following theorem covers the opposite situation when the
previous condition is not satisfied, i.e., sup; u(j) < 1.

Theorem 4. If sup; u(j) <1 and E[e?B] < oo for 0 > 0, then, P[A > 2] = O (e757) for some
&> 0, implying
log P[A
i c8PlA>2] (13)

T—00 log x

10



Remark 6. Informally speaking, these two theorems show that the alternating periods of
contractions and expansions, e.g., economic booms and recessions, are primarily responsible
for the appearance of power law distributions; in other words, if there are no periods of expan-
sions, i.e., the condition sup, y1(j) < 1 of Theorem [l is satisfied, then A has an exponentially
bounded tail that is lighter than any power law distribution. Furthermore, the first equality in
([I2) of Theorem [ reveals a general asymptotic equivalence between the reflected modulated
branching process and the corresponding reflected multiplicative process, showing that the
power law exponent o* is insensitive to the high order distributional properties of B(j) beyond
the conditional mean p(j).

Remark 7. A careful examination of the proofs reveals that the existence of the exponential
moments for B could possibly be relaxed to E [Ba] < oo for a > «*. However, such an ex-
tension would considerably complicate the proofs. Furthermore, in most practical applications
the distributions of {B(j)} are typically very concentrated. For the preceding reasons, we do
not consider such extensions.

In the following subsections, we present the proofs of Theorems Bl and [l

3.1 Proof of Theorem [3

The proof of Theorem [3]is composed of the upper bound and the lower bound that are presented
in the following two subsections, respectively.

3.1.1 TUpper Bound

Since the proof is based on the change (increase) of boundary [, we denote this dependence
explicitly as A’ = A. According to Lemma [ the initial value of {A,} has no impact on A
and, therefore, in this subsection we simply assume that Al = . Before stating the proof of
the upper bound, we establish some necessary lemmas.

The first lemma shows that, most likely, the supremum of Z,, occurs for an index n < .

Lemma 4. For any B > 0, the branching process Zfl defined in (1)) satisfies,

- 1
ZP[Z£L>$:|:O<33_,3> as T — 00.

n>x

Proof. Similarly as in the proof of Lemma [Il note that for 119 ; = H?:_Ol wu(J;), the stochastic
process W,, = Zﬁl/H0 n > 1 is a martingale with respect to the filtration F,, = o(J;, Z;,0 <

n—1»
i < n —1) that satisfies E[W;] = 1. Therefore, by recalling I, = [],__ u(Ji), we obtain, for
any € > 0,

P[Z! > z] = PW,II,_1 > 2] = P[(W,e ") (I1°_, ") > z]
PW,e " > 1] + P[IL,e*" > x]

<
< E[Wpe "] + P[[L,e™" > z]. (14)

Next, by using the martingale property E[W,,| = E[W;] = 1, we derive

i~ i~ e ET 1
Z E[W,e "] = Z e " < =0 (x_5> as T — 00. (15)

n>x n>x

11



Then, recalling condition 1) of Theorem [3] we can choose J,e > 0 small enough and ng large
enough such that ¥(a*—§)+2¢(a*—6§) = —¢ < 0and n~!log E [H&{”*“”] < U(a*—0)+e(a*—0)
for n > ng, which implies, for x > ny,

> B [ 0] et o

0o © _(n
D Pl >a] < 3 2@ =0) <> %

n>r n>x n>x
e 1
§W20<x_ﬁ> as r — oo. (16)
Finally, by using (I4]), (I5) and (@), we complete the proof. O

The following lemma relates A,, to the corresponding multiplicative process.

Lemma 5. Let ¢ > 0 and AL, be the reflected branching process, as defined in (3), then

P [Aﬁl > m] <P [max (1 +¢) > x/l} +nP [Blo’a] )

1<j<n

where T; =TI, p(;) and Bi® = Ujs{ 0y Bi(Jn) > jn(Jn)(1 +¢) }.

Proof. Observe that
P [A; > x] —P [A’n > 1, (Bff_l)c] 4P [A’n > :c,zsigil]

n—1

<P AZ; Bl y(Jn-1) >z ¢ | {ZI;B;_l(Jn_l) > x} (Bf;il)c +P [Bf;il}
P [ { A (o)1 +8) > a } U { 1) (1 +€) > 2/ }] +P [B{ﬂ
<P { M ntn+9 >0} U (ate+2) > o), (85,)°]
+P |B,| +P By
<P [ { AL ot (Tn )i Tp2)(1 + )2 > & }
U {max(,u(Jn_l),u(Jn_g)(l +8)2 w(n )1 +e)) > 2/l H + 2P [Bfﬂ ,

IN

where BY is the complement of set B. Now, by continuing this inductive argument one can
easily obtain
J

P [Ail > x] <P [max (1+¢) H,u(Jn_i) > x/l

+nP [Bé’e} ,
1<j<n P

which, by stationarity of {u(J,)}, yields

P [Aln > :c] <P L@% IL(1+¢e) > x/z} +nP [Bga] .

O

Now, we show that the “error” event Bé’e in the preceding lemma has a negligible probability
for large [ relative to any power law distribution.

12



Lemma 6. By setting I, = |2°], 0 < § < 1 in the definition of Bf)’”’a in Lemma [3, we obtain
P [Béz’e} =0 <e‘5x6) for some & > 0, implying that for any 3 > 0,

1
P[Bé””’e] =o0 (x_ﬁ> as T — 00.

The proof of this lemma is presented in Subsection
The following lemma allows us to increase the lower barrier in order to prove the upper
bound.

Lemma 7. Assume that A and A2 are defined on the same sequence {B(J,)} with initial
conditions l1 and lo, respectively. If 1 > lo, then, for all n > 0,

l l
Al > Al

Proof. The result holds trivially for n = 0. Now we prove the result using induction. Suppose
that it is true for all 0 < k < n, and for k=n+1,

A2
AnJrl = max ( ZB’ I ) > max ( ZB%(Jn) ) Affﬂv
i=1

which implies the lemma is true for all n > 0. ]
Now, we are ready to complete the proof of the upper bound.

Proof (of the upper bound of Theorem[3): Choosing I, = [2¢] > 1,0 < € < 1, using Lemma [7]
and then Lemma Bl we derive

P[Al>$} =P _Sl>1[1)Zl >:17] <IP’[AH>x]—|—]P’ Sule >:17]
] >
<P Alw >x]+Z]P’[ }
>z

<P |supIl;(1+¢) >a2'°
>

2 Ii(z) + I(z) + I3(2). (17)

+aP |By<| + Y P |7} > a

j>z

Now, define a new process {u°(Jy,) = pu(Jn)(1 +€)}p>1 and I, = H;__n,u (J;). Then, for
¢ small enough, we have

1) nl1log E(II5)® — ¥ (a) = ¥(a) + alog(l +€) as n — oo for | a — a* |< ¥,

2) V€ is finite in a neighborhood of o, o} < a*, and differentiable at o} with ¥(of) +
aflog(l4+¢) =0, ¥'(af) > 0, and

3) E [(II5)%¢] < oo for n > 1.
Therefore, by Theorem [I, we obtain

log P I (1 + rl=e
11 Og [Supz>1 ( E) ] — _(1 _ E)a* (18)

T—00 log T <

13



which, in conjunction with Lemma [ and Lemma [6] yields

I(z) + I3(z) = o(I1(x)). (19)
Then, combining (I7), (I8) and (I9)) yields
!
log P[A" > x] < log ((1+0(1))I1(x)) ot asz— oo
log x log x

Since ¥*¢(a) is continuous in a neighborhood of a* in both a and ¢, we derive

: * %
lim o = a7,

e—0
implying, —
lim M < —a*. (20)
T—00 log =

3.1.2 Lower Bound

Similarly as in the proof of the upper bound, we use the following lemmas. The following three
easy results, specifically Corollary [Il allow us to obtain a lower bound for A while, maybe
somewhat counterintuitively, increasing the lower barrier /.

Lemma 8. For any x1,r2,y1,Y2,
max( z1 + 22, y1 +y2 ) <max(z,y1 ) +max(z2,y2 ).

Proof.

max( x1 + 22, y1 + y2 ) < max( max(z1,y1) + x2 , max(z1,y1) +y2 )

= max(z1,y1) + max(za, y2).
]

Lemma 9. If {A%'} and {A}?} are defined on the same modulating sequence {Jy, }n>0 and two

i.1.d. sequences {Bﬁ;l(j)}, {Bff(j)}, respectively, then,

AVLtY2 iAy1 + AY2
n — n n -

Proof. We use induction to prove this lemma. Start with n = 1, and by Lemma [§] we obtain

y1t+y2 Y1 y1+y2
AP = max < > Bi(Jo), yi +v2 ) = max ( D Bi(Jo)+ D Bi(Jo), yi+us )
i=1 =1 =y1+1
Y1 Y1+Yy2
< max < > By(o), ) + max < > Bi(o), 2 )
i=1 i=y1+1

d
= AY" + AP

14



The proof is completed by induction in n,

AV +y2 d APLHAD?
A =max< > Bl w +y2> < max( > Bild) v +y2>
i=1 =1

d
y1 Yo
< Aphg A

Corollary 1. If {Aylw-}lgjgy are conditionally i.i.d copies of AL given {J;}1<i<n, then,

Y
1
D A
s

Now, we basically establish that the supremum of II; occurs most likely for small indexes
i < hlogx.

IN =

A

Lemma 10. Assume that condition 1) of Theorem[3 is satisfied, then, for 0 < e <1 and any
B > 0, there exists h > 0 such that, when x — oo,

sup TL;(1 —e) > x] =0 (%) :

i>hlogx

P

Proof. Using condition 1) of Theorem [, we can choose 0 < a < a* with n~!log E[II%] —
U(a) < 0 and ng large enough, such that E[II$] < ¢", 0 < ¢ < 1, n > ng. Thus, for
h=—3/log¢ >0 and x > e"/h,

P| sup Hi(l—e)im]s S PMLsa< S EE}q]g 3 i—a:0<xiﬁ>

i>hlogx i>hlogx i>hlogx i>hlogx

O

Finally, the last lemma shows that Zle i (Jn) can not deviate by much from ju(.J,) for
large j.

Lemma 11. For 1> 6, > 0 and C5° £ Ujsid S Bi(Jn) < ju(Jn)(1 =€) }, we obtain, for
any B> 0,
s 1
Plef™ ] =o(=5).
0 0 B
The proof of Lemma [I1] is presented in Subsection Next, we can prove the lower bound

of Theorem [l

Proof (of the lower bound of Theorem [3): First, using Corollary [I we obtain, for any integer
y=1,

1 P> Y_ AL > y
]P)[Aln > .’L’] Z ]P,[Ail > x] — yP[An > :E] 2 [ j=1""nj y:E] 2 P[ATL > yl‘] . (21>
Yy Yy Yy

15



For I, 2 p(J)u(Jig1) - - - pi(Jn1), 0 < & < 1 and C5° defined in Lemma [T} we derive

P[AY > yz] >P| sup IIL(1—e)" ¢ > az] —Plcye] - —P[CY]
Lo<i<n—1
=P | sup I;(1—¢)' > az] — nP[CY 7]

L1<i<n

>P |supI;(1 — &) > x} - P [supHi(l —e)' > az| —nP[CY7]
Li>1 i>n

2 -1, I (22)

Next, similarly as in the proof of the upper bound, define a new process {u.(Jp,) = p(Jp)(1—
€)}n>1 and let T, =[], pe(J;). Then, for e small enough, we have

1) nl1log E(II5)® — ¥ (a) = ¥(a) + alog(l —€) as n — oo for | a — a* |< ¥,

2) U¢(«) is finite in a neighborhood of o, af > o* and differentiable at o with ¥(a}) +
aflog(l—¢e) =0, ¥(a}) >0, and

3) E [(II5)%¢] < oo for n > 1.
Therefore, by Theorem [I we obtain

. logPlsup;»; I;(1 — €)' > ]
lim =

T—00 log x
Now, by setting y = [2°],0 < 6 < 1, n = |z] in @), @2), and using Lemmas [0 and [T}, it is
easy to see that

= —a. (23)

£

I + I3 = o(1y), (24)
which, by (22 and (24]), further implies
log P[A > z] > log P[A!, > 2] > log(I} — I — I3) — dlogz = log((1 — o(1))1;) — & log .
From the preceding inequality and (23]), we obtain
lim logPIA > 2] N (25)
P00 log
Since W&(«) is continuous in a neighborhood of o* in both « and e, we have lim._,oa} = o*.

Then, passing ¢,6 — 0 in (28] completes the proof of the lower bound, which, in conjunction
with ([20), finishes the proof of Theorem [l O

3.2 Proof of Theorem [4

Proof. Using the same arguments as in deriving (I7)) in the proof of the upper bound of
Theorem [B] we obtain, for [, = [z] >l and 0 <e < 1,

P[A>a] <P Al >:17} P

sup Zl_j >z
i>|=]

§]P’_AIL”;J >:17} + Z P[Z;>:E}
'_ i>|z]

<P |supIl;(1+e) >1
j>1

+aP [B5°] + f: P[2} > o]
i>|x)
2 Ii(2) + Io(2) + I3(x). ] (26)
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Recalling II; = Hi_:j—l p(J;) and noting sup; u(j) < 1, we can choose ¢ > 0 such that
sup; u(j)(1 +€) < 1, which implies I1(z) = 0. And, by using Lemma [l we obtain I(z) =
o(e~¢%) for some & > 0.

Next, using similar arguments as in deriving (I4) in the proof of Lemma [4 we obtain, for
e>0andj>1,

P [Z]l > x] <E [Wje_Ej] + P [HjeEj > :E] ,

which, by recalling sup; 41(j) < 1 and choosing ¢ small enough such that P[[I;e® > x] = 0 for

x > 1, yields,
Is(x) < Z (W; e ) = Z e = _”)
i>|z] i>|z]

Finally, combining (26]) and the bounds on I;(x), Iz(z) and I3(x) finishes the proof. O

4 Exact Asymptotics

This section presents the exact asymptotic approximations of the RMPs and RMBPs in the
following two subsections, respectively.

4.1 On the Exact Asymptotics of Reflected Multiplicative Processes

The following theorems are direct translations from the corresponding queueing theory results.
Theorem [l is based on the large deviation result that studies the situation when M is large,
and Theorem [0 is derived from the heavy traffic approximation of a GI/GI/1 queue where we
study the limiting behavior of a sequence of multiplicative processes with the multiplicative
drift tending to one. These two theorems are basically corollaries of Theorem 5.2 in Chapter
XIIT and Theorem 7.1 in Chapter X of [5], respectively.

For a sequence of positive i.i.d. random variables {.J,, },,>1, define G4 to be the ladder height
distribution of the random walk {S,, = >"7" ; log J; }n>1 with ||G4|| = P[S, <0 for all n > 1].

Theorem 5. If the sequence {log J,}n>1 is nonlattice, satisfying E[log J1] < 0, E[J{] = 1
and o > 0, then

1—
lim P[M > x]z® |G|
T—00 o [F ze* * Gy (dx)
Proof. The result is a direct consequence of Theorem 5.3 in Chapter XIIT of [5]. O

Remark 8. If S, is lattice valued, see Remark 5.4 of Chapter XIII on p. 366 of [5].

Now, we study the limiting behavior of a sequence of multiplicative processes indexed by
an integer k where J*), ST(Lk) and M) are properly defined for all k > 1.

Theorem 6. If {J(k), J,(Lk)} . are positive and i.i.d. for each fized k with my, 2 E [log J(k)] ,
o} £ Var [log J(k)] , the random walks {S,(Lk) =3 log Ji(k)} - satisfy my, < 0, limg_, oo Mg =

0, limy,_,. 02 > 0, and (log J(k))2 s uniformly integrable for all k, then, for y > 1,
lim P (M(’“)_mk/g’% >yl =1/
k—o0 '

17



Proof. From Theorem 7.1 in Chapter X on p. 287 of [5], we have, for z > 0,

lim P —m—flogM(k) > z| =e %,

k—oo O}
which, by letting z = log y, finishes the proof of Theorem [l O

Remark 9. The preceding two theorems essentially provide a new general explanation of
the measured double Pareto phenomenon (e.g., see [55] [65]) since they rely on two universal
statistical laws: the first one being based on the large deviation theory and the latter being
implied by the central limit theorem.

4.2 On the Exact Asymptotics of Reflected Branching Processes

Deriving the exact asymptotics for RMBPs is a difficult problem. However, in the scaling
region when the boundary [ grows as well, albeit slowly, one can derive an explicit asymptotic
characterization. In this subsection, assume that {J, J, },,>1 are i.i.d. and let G4 be the ladder
height distribution of the nonlattice random walk {S,, = > log u(J;)}n>1 with ||G4| =
P[S, <0 foralln >1] < 1.

Theorem 7. IfE [eeS“pk‘B(k)_“(k”] < 00 for some § > 0, pu = inf; p(j) > 0, Eflog u(J)] < 0,
E[u(J)*] =1 and o* > 0, then, for any v > 0,

. 1—[|G4|
lim P[A /1, > 2]a® = )
Lo > (log 2)3+7 A/l ] a* fooo xe *Gy (dx)
The proof of this theorem is presented in Subsection[6.3l Here, we illustrate the exact asymp-
totics of the reflected branching process with the following simulation example.

Example 5. Assume that {J,,},>1 is a Bernoulli process with P[J,, = 1] = 0.4 = 1—-P[J,, = 0]
and the i.i.d. random variables { B (1)};>1, { B(0)}i>1 follow Poisson distributions with means
1.5 and 0.6, respectively. The simulation results of 107 samples, for [ = 1, 5,13, 21, are drawn
in Figure 5l From the figure we can clearly see that P[A!/l > x] approaches the limiting value
very quickly, i.e., for [ = 13 and [ = 21, the plots of P[A!/l > z] are basically indistinguishable.

5 Discussion of Related Models

Based on the study of reflected modulated branching processes, we address two related models:
randomly stopped processes and modulated branching processes with absorbing barriers.

5.1 Randomly Stopped Processes

In this subsection we discuss randomly stopped multiplicative and branching processes, respec-
tively.

5.1.1 Randomly Stopped Multiplicative Processes

The following two theorems show that randomly stopped multiplicative processes and reflected
multiplicative processes are intimately related and, to a certain extend, basically equivalent
under more restrictive conditions. By following the approach of Chapter VIII of [5], we study
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Exact Asymptotics of Reflected Branching Processes

10°
—=— Lower barrier =1
Lower barrier=5 |
Lower barrier = 13
-1] —— Lower barrier = 21
10 - - :
< 107k
N
<
o
10k
107k
-5
lo L L L I}
10° 10" 10° 10° 10

Figure 2: Simulation of P[A!/l > 2] versus = parameterized by .

the ladder heights of a multiplicative process. For any RMP with i.i.d positive multiplicative
increments, the random variable M, as defined in Lemma Bl can be represented in terms of
the ladder heights. To this end, define II £ [, J; and the ladder height process {H,};>1 of
{Sn =0 log Ji}n>1 with |G| = P[S, <0 for all n > 1] < 1 and Hf £ eHi.

Theorem 8. Suppose that {J, J,}n>1 is a positive i.i.d. sequence with E[log J] < 0, then,
N
M £ [ g, (27)
i=1

where N is independent of {Hf }i>1 and follows a geometric distribution PN > n] = ||G4+|".

Proof. Based on the well-known Pollaczek-Khinchin representation (see Chapter VIII of [5])

N
logM £ 5" 1,
i=1

where N is independent of {H;} with P[N > n] = ||G4||", it immediately follows that
N N
P[M > z] =P [eZmHi > x} =P [HH > x] .
i=1

O

Conversely, we can prove that if the observation time has exponential tail, the stopped
process has a power law tail under quite general conditions. Note that here we do not require
{J.} to be an i.i.d. sequence.
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Theorem 9. Let N be an integer random variable independent of {J,} with

log P[N
fim 08PN =2
T—00 x
For a positive ergodic and stationary process {Jy }n>0, if n~tlogE [(Hg)a] ) < 00 as

n — o0 in a neighborhood of o > 0, ¥(«) is differentiable at o* with U(«
and E [(H%)a ] < oo forn > 1, then,

)_)\ \1/( ) >0

logP [IIQ, > «
lim M =—a". (28)
T—00 log x
Remark 10. This theorem generalizes the previous results from [31] [62], 64], where only i.i.d.
multiplicative increments are considered.

Proof. First, we prove the upper bound. For a fixed « that is in the neighborhood of a* and
0 < & < A, there exists n. such that E[(II9)"] < e(¥(@+)n and e=(A=9n > PN > n] >
e~ for all n > n.. Since U(a*) = X and ¥'(a*) > 0, we can choose §,& > 0 small enough
such that U(a* — ) — A+ 2e = —£ < 0. Thus, noting that N is independent of II,,, we obtain

N>a: Z]P’ H0>x]
<ZIP> H0>az]+§:P[N2n]IP[H2>x]
ne E|(I9)* ot —
B . [( Bl & oo Sl
n=1 n=ne

1 I & en
<O )+ D ™
n=ne
which implies
— logP [H?V > m]

lim ——————= = —a" 4.
L—00 log x

Passing § — 0 in the preceding equality completes the proof of the upper bound.

The proof of the lower bound is presented in Subsection [6.4] which uses the standard
exponential change of measure argument. O

Actually the following theorem shows that randomly stopped multiplicative processes and
reflected multiplicative processes are basically equivalent under more restrictive conditions.
This equivalence is established using classical results on M/GI/1 queue. In this regard, we
assume that {J,},>1 is an i.i.d. process, I1Y is the corresponding multiplicative process, N is
a geometric random variable that is independent of II2 with P[N > n] = p",0 < p < 1, and
G(t),t > 0 is a complementary cumulative distribution function.

Theorem 10. Iffor some o > 0 and G(t fooo e YVG(y)dy = pt I Gly)dy, [°ye* ¥G(y)dy <

00, and P [log J; < x] fo y)dy/ fo y)dy,xz > 0, then, we can always construct a RMP
such that M < H?V, and, in partzcular,
. a* (1 - P) f()oo
leH;OIP) (M > z]z® leH;OIP) % > 2] 2@ Oé*,OfOOO e IG () dy
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Proof. We give a constructive proof based on the connection (duality) between the M/GI/1
queue and the geometrically stopped multiplicative process.

Consider a M/GI/1 queue with the service distribution P[S > t] = G(¢),* > 0 and Poisson
arrivals of rate A = p/E [S],E[S] < co. Then, by the Pollaczeck-Khinchine formula (see, e.g.,
Theorem 5.7 on p. 237 of [5]), the stationary workload @ of this M/GI/1 queue is equal in
distribution to Zf\il H;, where N,{H;};>1 are independent with P[N > n] = p",n > 0 and

Jo PIS > slds [y G(s)ds
E[S] IS

PH; <zx] = =Pllog J; < z], = >0,

which implies

P[Q > logz] = [ZH >10gx] =P [ZlogJ >10g:13] =P[O} > z]. (29)

=1 =1

By applying Cramér-Lundberg theory for the M/GI/1 queue (e.g., see Theorem 5.2 in Chapter
XIIT of [5]), we obtain

. . p) [y G(y)
lim P[Q > logz]z® = 0
T—00 o pfo yea yG( )
which, by (29]), completes the proof. O

5.1.2 Randomly Stopped Branching Processes

In the following theorem, we extend Theorem [ of the preceding subsection to the context of
randomly stopped branching processes. Define I12 £ [T we(J3).

Theorem 11. Suppose that N is independent of B:(j) > 1 for all n,i,j. Then, under the
same conditions as in Theorem [9 with E [(H%)a] < oo forn >1 and V(a) being differentiable
in a neighborhood of o > 0, we obtain, for {Z,}n>0 defined in (1) with a bounded initial value
ZO < zp < 00,
logP[Z log P[I1Y

i 18PN > 2] logPITy >af .

500 log T—00 log x
In order to avoid repetitions of similar arguments as in the proof of Theorem B we defer the
proof of this theorem to Subsection

5.2 Branching Processes with Absorbing Barriers

For many dynamic processes, e.g., city sizes, quite often when the sizes of the objects fall below
a threshold, the whole object disappears, e.g., urban decay. Therefore, it is natural to study
branching processes with absorbing barriers. As already discussed in Subsection [2.2], we know
that a single object with an absorbing barrier can result in power law distributions based on
the duality with the queueing cycle maximum. In this subsection, we study a more complicated
situation where the newly generated objects can join the system and evolve together. This
naturally models the arrivals to popular Web sites (hotspots), since information (news) is
distributed according to a branching process, e.g., user A passes the information to B and C;
further B may inform D, etc. Empirical examination shows that Web requests follow power
law distributions, e.g., see [32, [I].

For a lower barrier I > 0 and the modulated branching process {Z!},>1 with Z} = I
specified in Definition [, define stopping time P £ inf{n > 0: Z. <[}, where the modulating
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process {J,,} is a sequence of i.i.d. random variables. This branching process, denoted by Zp,
vanishes completely after P; it is easy to prove that E[P] < oo when E[log u(Jp)] < 0.

Let the arrivals {4, },~_oc be a sequence of i.i.d. Poisson random variables with E[A,] =
g > 0 that is independent of other random variables. At time n, A, objects are generated
and join the system, each evolving according to an i.i.d. copy of the modulated branching
process Zp. Suppose that the system has reached its stationarity with N, objects being in
the system at time n, and then, by Little’s Law, E[N,] = ¢E[P]. Furthermore, assume that
object j observed at time n = 0, if any, is generated at time (—P]T) with a size Z! pr, Where

J
the random variables {P;} are i.i.d. and follow the equilibrium distribution of P. Then, the
total size of all objects Z; observed at time n = 0 in stationarity can be represented as

No
Zs - Z Zl_P'r
J
J=1

Next, we show that Z; follows a power law. The proof of the following theorem is essentially
a corollary of Theorem [Bl Recall B = sup;, B(k).

Theorem 12. Under the conditions described in this subsection, if {u(Jn)} satisfies inf; u(j) >
0, Eflog u(J1)] < 0, E[u(J1)* ] = 1,a* > 0 and E[e?P] < 0o for some § > 0, then,
. logP[Zs > x] .
lim —-——————— = —qa".
T—00 log =
Proof. We begin with the upper bound. Notice that when the system reaches stationarity, N,
follows the Poisson distribution, and therefore, there exists H > 0 such that

o*

P[Ny > [Hlogz] :0<x1 > (30)

Denoting by {A;}i>1 the i.i.d. copies of the random variable A defined in Lemma/[2] we obtain

PlZe>a] <P | Ai>w

| H log z |
<P Z A; > x| + PNy > |Hlogz]]
i=1

< HlogxP [A>

Hlog:z:] + P[Ny > |H log x|], (31)

which, in conjunction with Theorem [l and equation ([B0), yields

— logP[Zs > x]
lim ————
T—00 log z

< —a. (32)

Next, we proceed with the lower bound. Construct a new process that has the same arrivals
{A,} as described before but only allows at most one object to exist in the system. The
construction goes as follows: all the new arrivals will be dropped if there is an object present
in the system; similarly, when newly generated objects arrive to the empty system, only one
object will be accepted while others will be dropped; the object, if any, evolves according to
an i.i.d. copy of the modulated branching process Zp. Denote the total size of the object in
the new system at time n by Z,,, and observe that Z,, forms a renewal process. Then, taking
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out all the empty (idle) periods of the new system and concatenating the remaining periods
sequentially yields a process equal in distribution to a reflected modulated branching process
{A,.}, as defined in ([2]). Therefore, when the new system is in stationarity, we obtain, by the
independence of {A,,} and Zp,

P[Zs > z] > P[Z, > z] =P[Z, > 0]P[A > z],

which, by Theorem [3] yields

logP|Z,
i 08PIZ >l (33)
T—00 10g117
Finally, combining ([B82]) and (B3] finishes the proof. O

5.3 Truncated Power Laws

Truncated power laws have been observed empirically in many practical situations where the
studied objects have natural upper boundaries. Here, we want to point out that by using
the duality between the modulated branching processes and the queueing theory, one easily
obtains truncated power laws when adding both a lower and an upper barrier to the modulated
branching process. To illustrate this point, recall that M/M/1/b queue with a finite buffer b
results in a truncated geometric distribution for the number of customers in the queue, and by
the duality, it essentially follows that in a proportional growth world with both a lower and
an upper barrier, truncated power laws can naturally arise, playing a similar role as truncated
exponential /geometric distributions do in an additive world.

6 Proofs

6.1 Proof of Lemma

The following easy lemma, which is part of Lemma 1.4 of [56], is used in the proof of Lemma

6l

Lemma 12. Let X be a random variable satisfying
P[X >b] =0,b >0 and E[X?] < oo,

then, for 0 < h <1/b,
log E[e"X] < hE[X] + eE[X?]h?/2.

Proof. 1t is easy to prove that, for all y <1,
eV <1+y+ey?/2,
which, by noting that AX <1 a.e., yields

log E[e"X] < logE[1 + hX + e(hX)?/2] < hE[X] + eE[X?]h%/2.

Now, we present the proof of Lemma, [
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Proof. First, by recalling B 4 B! 2 sup, B! (k), we can bound the probability of the subset
{>>" 1 Bi(Jo) > w(Jo)(1 +&)n} of Bf)””’e by the following inequalities

P(n) 2P| Bi(Jo) > u(Jo)(1 + e)n
z’ 1

<P ZBO Jo)1 (Bi(Jo) < k) +ZBO (BY > k) > u(Jo)(1+e)n
=1

+P

<P ZBOJO B0J0)<l<:)>u(J0)( 2>n

;Bél (B) > k) > %]
= Il(n) + Ix(n). (34)

Next, for any 8 > 0 such that E [eeé] < 00, we can choose k large enough such that
E [€6B1(B>k):| /69E€/2 < €_€H€/4 < 1, implying

n

E [6031(B>k)]
| < e, (35)

Ir(n) < NEE

Regarding I1(n), note that X;(j) £ B{(j)1 (Bj(j) < k) — E[B{(j)1 (Bi(j) < k)] satisfies
E[XZ(J())L]()] =0 and — k% < XZ(J()) < k‘,
which, by using Lemma [2 and denoting o3, = E[(X;(Jo))? | Jo] < k?, yields, for 0 < 6 < 1/k,

E [eexz‘(Jo)

2 p2
JO] < eeaJO‘g /2 < 66k202/2.

Thus, by recalling p = inf; u(j) > 0, we obtain

%))

L(n) <P LE:; Xi(Jo) > %] < e_eﬁ;nE [(E |:69Xi(JO)

Ouen  ek?6°n
<exp|— - + 5 )

which, by setting 6 = Haek‘_z /2 and choosing k large enough to ensure 0 < 6 < 1/k, yields

In
Ii(n) <exp (—%) . (36)

Therefore, from (34), B5) and [B8)), we obtain, for I, = |2°],0 < § < 1, some ¢ > 0 and any
6 >0,as x — o0,

Pl < ros O (E ) 20 (ow) <o 55)
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6.2 Proof of Lemma [I7]

For k. > 0,i > 1, we define X7 (j) = E [B{(j)1 (Bj(j) < k)| —Bj(4)1 (Bj(j) < ke) and obtain
E[X7 (Jo)|Jo] =0 and — k. < X7 (Jo) < ke,

which, by using Lemma [I2] and noting that E[(X¢(Jy))? | Jo] < k2, yields, for 0 < 6 < 1/k.,

E [eéXf(Jo) Jo} < ock202/2.

Next, the condition E[e?B] < 00,6 > 0 implies that {B(j)} is uniformly integrable with
respect to 7, and thus, for any € > 0, there exists k., such that

sup (u(7) —E[B(G)L(B() < k)) < =

where p £ inf; p(j) > 0. Therefore, for 6 > 0,

P(n) 2P | Bi(Jo) < u(Jo)(1 —e)n

Li=1

n

=P |> (=X7 (Do) < (u(Jo) — E[B()1(B()) < ko)) — 5&”]

Li=1

<P zn:Xf(Jo) > %] < exp (— HEHH> E [(E [eexg(Jo)

‘ 2
Li=1

0 2,092
< exp <_ epn N kZed n> .

2 2

Then, by choosing k. large enough such that 6 = euek; 2/2 < 1/k., we obtain

2
Pl <o (25" ).

which implies, for any § > 0 and 0 < § < 1,

6.3 Proof of Theorem [T

The proof of this theorem relies on the following lemmas; the first one is based on Theorem 3.7.1
of [22].

Lemma 13. {X;(j)}ijez are zero mean independent random wvariables that are identically
distributed for fized j with X; = sup; | X;(j) |. Fiz a sequence an, — 0 such that na, — oo as

n—oo. If E [eaX’} < oo for 8 > 0, then, there exist ng,h > 0, such that for all n > ng and
any random variable J € 7,

" n _h
]P’[ZXZ-(J)> E] <e an,
=1
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Proof. Define ¢ ;(w) =E [e“Xi(J )| J ] and use Taylor expansion to derive

¢ ()

51 W 0<(<w<h.

@s(w) = s(0) + ¢ (0)w +

Noting that ¢7(0) = 1, ¢/;(0) = 0 and ¢/}j(¢) = E [X2(J)eXil)) | J] <E [X 2 GX] 2 Ky, we
obtain, for 0 < w < 6,
01(w) <14 Kow?,

which implies,
’ [ZXN) >y 3] < CEVIE (ps(@)"] < VIR (L4 Kg?)" < ¢V R Ko,
i=1 n

Since there exists ng such that § > 1/(2Ky\/na,) for all n > ny, we can choose w =
1/(2Ky+/nay,), which implies, for n > ny,

1 _h
E Xi( <e ‘Kgon =¢ an,
n

where h = 1/(4Ky) > 0. O
Lemma 14. For any l € N, define

%éU{ZBl >kuJ)<1+ﬁ‘1l‘%>}

k>1 =1

and

k>l

U{ZB’ <1wJ)(1—H—1l—%)}.

If1 > (log z)3™, v > 0, then, under the conditions of Theorem ], we obtain, for any 3 > 0,

P[] =o(55) and plet] =0 ().

Proof. Defining a,, = n~/3 and observing that na,, is monotonically increasing in n, we obtain
l = i 1 1
P[@JSZP ZB W) > ki) (1470
k=l L
<§: ZBZ ) > ku(Jy) 1+l L
- I wu\V kag

k=l
[k

<SPS (Bil) - ) > fk]
k=l

L i=1

which, by applying Lemma [T3] yields

! — - = hk1/3 1
P[@n]gg e % < Z e =o0|—5 | asz — o0.
T
k=l

k>(log )3+
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By the same argument,

]P’[@@l <§:]P’ Zk:BZ(J)<k (J)(l—l L)
n_k:l z:1nn e pVL-a
00 k
< P[Z(Wn)—B;(Jn)b =
k=l i=1 Ak

O

Following the proof of Lemma [ with minor modifications, we can prove the following
stronger result.

Lemma 15. For any 3 > 0, there exists h > 0 such that the branching process defined in (1)

satisfies
- 1
E P[Zfl>$}:o<$—6> as r — 00.

n>hlogx
Now, we proceed with the proof of Theorem [l

Proof (of Theorem[7): First, we establish the upper bound. Setting ¢ = E_ll_% in Lemma [0,
we obtain

P [Ail > lm] <P Lgljagnﬂj (1 +B_1l_%)j > 4 +nP [%} ’

where 7} is defined in Lemma[I4l For [ > (logx)*7, we obtain

P[Al >zx} —P|supZ_; > Iz g]P’[Aln>lx] P

Jj=1

supZ_; > lw
i>n

+nP [@3]+§:P[z§>zx},

<P [ sup II; (1 —l—ﬁ_ll_%)] >
i>n

1<j<n

which, by setting n = |hlog x| with h being chosen as in Lemma [I5] and applying Lemmas [14],

15, yields,
< : >
+o0 -
:1;06

1 —hlogx 1
<P|suplli >z |14+ —————— +o|l —|.
s ( g(logw)””/?’) <w‘1>

P [Al > laz} <P sup 1l (1 —i—H_ll_%)] >
_lgjghlogx

1 >—hlogx

liog 27778 =1, we

Finally, by using Theorem [l and observing that lim, ..o (1 +

obtain

T . 1—[|G4|
1 P AL > ]2 < .
= (1§g>3+w [ / ZE} Yo w Jo© we* "G (dx)

xr — 00
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Next, we prove the lower bound. Recall that ITf, £ H;‘:—Z-l p(J;) and II; = Hg—'—1 w(J;5).
Then, for [ > (logx)3*Y and n = |hlogz| where h is chosen as in Lemma [I5] we have

Pl i) 2P| s (1) e p ] - o p [l

10<i<n—1

=P | sup II; (1 — E_ll_%)i > x} —nP [é"é}

[1<i<n

[ hlogx i
> P |supll; <1 — ,u_ll_%> ¢ > m} -P [supﬂi <1 — ,u_ll_%> > az] —nP [@@é]
Li>1 - i>n -

2L —I—1Is, (37)

where @@é is defined in Lemma [I4l By Lemma [0, we obtain,

—0 (x%) , (38)
= o (;) . (39)

Thus, combining ([B7), (B8) and ([B9), we obtain
1 hlogx 1
! > . - - _
P [An > lm] >P ?glfﬂj (1 E(logaz)HW?’) >z o\ o)

which, by using the same argument as in the proof of the upper bound, yields
1—[|G4|
oF [T xe* Gy (dx)

L <P| sup II; >«
i>hlogx

and by Lemma [T4]

lim P [Al/l > :E:| ¢ >
1> (logz)+7

xr — 00

6.4 Proof of the Lower Bound of Theorem

For 0 < 3s < A, § > 2¢/(A—3¢) and log z > n,, recalling that e=*~9)" > P[N > n] > e~ (A +e)n,
we obtain, for large x,

(1+6)logx
M T e N M LT
Vi) NS W) |7

1 + 25 10 T _O+e)(A+d)loga _(A—e)(A+2%)logz
P ( Jogz] _

V) _ e V(o)

_ (+e)(d+9) logz
>(1—¢e o (a%) ,

which implies that there exists § < ¢ < 2§ such that n, = [(1 + {)(logz)/¥’(a*)] satisfies
(1 - 5)‘Ij,(04*)€_()‘+8)(1+6) log /¥’ (a*)

= >
P[N = n,] > gz (40)
Therefore, using (40) and denoting log J; by X;, we obtain
P > 2] > P[N = n,]P [Z log J; > log a;]
i=1
(1 — &)W ()~ (At (146) log /W' (a®) [ Nz v'(a")
> P X; > x 41
= 5log o ; 1+06 " (41)
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Next, we perform an exponential change of measure for the probability on the right-hand
side of (4I]). Let P} be the probability measure on R™ defined by the probability measure P of
the stationary and ergodic process {X;}i>1

P (dxy, -+ ,dx,) = eo‘*s”_\p”(a*)[@(d:pl, s dry),

where S, = > | X; and ¥,,(a) £ log E[e®"] satisfying n™1W, (o) — ¥(a) in the neighbor-
hood of a*. Thus,

" U’ (a*)
]P’[;X,-> v

= E*

n

/ *
[e_o‘*S”Jrq/"(a*)l <Sn > V(o )n>]

) \If’(a*)5>]

% (1+25)\I/l(a*) * S
—af T 4V, (o n !
1+6 ( )]P’* |:‘— — \I/ ((1*)

> Ej, [e—a*San(a*)l <(& — ¥'(a”)
n

>e

Then, by Claim 1 on page 17 of [14], we know

Sn Lo U'(a*)o
Gl e

< }Hlasxﬁoo,

P, [
which, in conjunction with (4Il) and (42]), implies

log P [TI}, > 2] NCEDIET) a* (1 + 20)? N (1+0)¥(a*)

it logz  © V(o) 146 V(o)

Finally, by passing €, — 0 in the preceding equality and noting ¥(«*) = A, we prove the

lower bound. O

6.5 Proof of Theorem [11]

The second equality is implied by Theorem [, and we only need to prove the first one. We
begin with proving the upper bound. Recalling the definition of Bff in Lemmafland, for n > 1,

0 < ¢, & < 1, choosing ¢ > zy > Zy, we obtain

P[220 > 2] <P |25 > o]

r n—1
<P |2 > 2, (B}“"/’”’E)C P
=0

U B ]

=0

<P :Hg(l )" > :cl‘é} + nP [B(Em’e] ,

which, by the independence of N and {B¢(5), J,,}, implies
P[Zy > 2] <P [H?V(l +eoV > :clﬂ +E[N]P [ggr%] . (43)

Next, define a new process {II5, = 19 (1 + ¢)"}. Tt is easy to see that, for € small enough,
the sequence {II¢ } satisfies n~!log E [(II5)*] — ¥(a) + alog(1 +¢). Therefore, by Theorem [,
we obtain 0 N e

logP |IT (1 + €)™ > 2z'~
R LALL R Ak sl B Y (44

T—00 log x
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where o satisfies ¥(a}) + of log(1 +¢) = 0. Combining (43]), (44) and Lemmal[f, we obtain

— logP|Z
i 08PN >a] g0
L—00 log

which, by passing ¢,£ — 0, completes the proof of the upper bound.
Now, we prove the lower bound. For 0 < £ < 1,n > 0, noting

26 1 2£
P[Z, > 2] > Lx—sij’[Z}L >a] > —P [Z}L BN xfoj] ,

and recalling the definition of Cff in Lemma [I1], we derive

n—1
255 > ), ) (c}r%)c]
=0
1

> o <IP’ [Hg(l —&)" >z] —nP [C(EméJ’SD )

1
P(Zy > ] 2 —F

which, by the independence of N and {B¢ (5), J,,}, implies

P[Zy > 2] > % (IP M9 (1 — &N > 2] —E[N]P [cgm”fD :

Then, by using the same approach as in the proof of the upper bound and Lemma [I1] we can
easily show that

log P[Z
i 08PN >l
F—o00 log z
Finally, by combining the upper bound and the lower bound, we finish the proof. O
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