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Abstract

We investigate a widely popular Least-Recently-Used (LRU) cache replacement algorithm with
semi-Markov modulated requests. Semi-Markov processes provide the flexibility for modeling strong
statistical correlation, including the widely reported long-range dependence in the World Wide Web
page request patterns. When the frequency of requesting anpigequal to the generalized Zipf's
law ¢/n® « > 1, our main result shows that the cache fault probability is asymptotically, for large
cache sizes, the same as in the corresponding LRU system with i.i.d. requests. The result is asymptoti-
cally explicit and appears to be the first computationally tractable average-case analysis of LRU caching
with statistically dependent request sequences. The surprising insensitivity of LRU caching performance
demonstrates its robustness to changes in document popularity. Furthermore, we show that the derived
asymptotic result and simulation experiments are in excellent agreement, even for relatively small cache
sizes.
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1 Introduction

The basic idea of caching is to maintain high-speed access to a sulkstgrot out of a larger collection of

N documents that cannot be accessed quickly. Originally, caching was used in computer systems to speed
up the data transfer between the central processor unit and slow local memory. The renewed interest in
caching stems from its application to increasing the speed of accessing Internet Web documents.

One of the fundamental issues of caching is the problem of selecting and possibly dynamically updating
the k items that need to be stored in the fast memory (cache). The optimal solution to this problem is often
very difficult to find and, therefore, a number of heuristic, usually dynamic, cache updating algorithms have
been proposed. Among the most popular algorithms are those based on the Least-Recently-Used (LRU)
cache replacement rule. The wide popularity of this rule is primarily due to its high performance and ease
of implementation. LRU algorithm tends to both keep more frequent items in the cache as well as quickly
adapt to potential changes in document popularity, resulting in efficient performance.

In order to further the insight into designing network caching algorithms, it is important to gain a thor-
ough understanding of the baseline LRU cache replacement policy. Basic references on the performance
analysis of caching algorithms can be found in Sectiaf Knuth [19]. In the analysis of LRU caching
scheme there have been two approaches: combinatorial and probabilistic studies. For the combinatorial
(amortized, competitive) analysis the reader is referred to Bentley and McGeoch [3] and Sleator and Tarjan
[25]; recent results and references for this approach can be found in Borodin et al. [5] and Irani et al. [15].
In this paper we focus on the average-case or probabilistic analysis.

Early work on the probabilistic analysis of LRU caching, and the related Move-To-Front (MTF) search-
ing, algorithm with i.i.d. requests dates back to McCabe [20]. This work has been followed by investigations
of Burville and Kingman [6], Rivest [23], Bitner [4], Phatarfod [22], Fill [12], Flajolet et al. [14] and others;

a more extensive list of references and brief historical overview can be found in [16].

Recently, for the independent reference model, in [16] a hew analytically tractable asymptotic approx-
imation technique of the LRU fault probability was developed. However, an equivalent understanding of
LRU performance with statistically dependent request sequences is still lacking. Several papers, including
Rodrigues [24], Dobrow and Fill [10] and Coffman and Jelenkd@], develop representation results for
the LRU cache fault probability, but these results appear to be computationally intractable, as pointed out
in [8]. Despite the lack of analytical tractability, numerous empirical studies, e.g. see [1], emphasize the
importance of understanding the caching behavior in the presence of strong statistical correlation, including
the long-range dependence.

In order to alleviate the preceding problem, this paper provides the first explicit asymptotic characteriza-
tion of the LRU cache fault probability in the case of statistically dependent requests. Our doubly stochastic
Poisson reference model, capable of capturing a broad range of statistical correlation, is described in the
following section. Using this model and the Poisson decomposition/superposition properties, similarly as
in Fill [11], in Section 3 we develop a representation theorem for the stationary search cost distribution.
This representation theorem provides a starting point for our large deviation analysis that, for the case of
generalized Zipf’'s law requests, yields the main results stated in Theorems 2 and 3.

Informally, our main results show that the LRU fault probability is asymptotically invariant to the under-
lying dependency structure of the modulating process, i.e., for large cache sizes, the LRU fault probability
behaves exactly the same as in the case of independent request sequences [16]. This may appear surprising
given the impact that the statistical correlation has on the asymptotic performance of queuing models, e.g.
see [18]. Furthermore, in SectiGrextensive numerical experiments show an excellent agreement between
our analytical results and simulations. The paper is concluded in Segttioth a brief discussion on the
impact of our findings on designing network caching systems.



2 Mode description

ConsiderN items, out of whichk are kept in a fast memory (cache) and the remaiihg & are stored in
a slow memory. Each time a request for an item is made, the cache is searched first. If the item is not found
there, it is brought in from the slow memory and replaced with the least recently accessed item from the
cache. Such a replacement policy is commonly referred to as LRU, as previously stated in the introduction.
The performance quantity of interest for this algorithm is the LRU fault probability, i.e. the probability that
the requested item is not in the cache. Our goal in this paper is to asymptotically characterize this probability.
The fault probability of the LRU caching is equivalent to the tail of the searching cost distribution for
the MTF searching algorithm. In order to justify this claim, we note thalements in the cache, under
the LRU rule, are arranged in increasing order of their last access times. Each time there is a request for
an item that is not in the cache, the item is brought to the first position of the cache and the last element of
the cache is moved to the slow memory. We argue that the fault probability stays the same if the remaining
N — k items in the slow memory are arranged in any specific order. In particular, they can be arranged in the
increasing order of their last access times. The obtained algorithm is then the same as the MTF searching
algorithm. Additional arguments that justify the connection between the MTF search cost distribution and
LRU cache fault probability can be found in [14], [11], and [16]. Hence, we proceed with a description of
the MTF algorithm.
More formally, consider a finite set of itenis= {1,..., N}, and a sequence of requests that arrive at
points{r,, —co < n < oo} that represent a Poisson process of unit rate. At each pointe useR,, to
denote the document that has been requested, i.e., the{g¥ert i} represents a request for documeént
we assume that the sequer{d®, } is independent of the arrival Poisson poifits}. The dynamics of the
MTF algorithm are defined as follows. Suppose that the system starts at the mgwfedth request with
an initial permutatior]y of the list. Then, at every time instant, n > 0, that an item, say, is requested,
its position in the list is first determined; ifis in the kth position we say that the search caBt for this
item is equal tak. Now, the list is updated by moving iteinto the first position of the list and items in
positionsl, ...,k —1, are moved one position down. Note that, according to the discussion in the preceding
paragraphP[CY > k| represents the stationary fault probability for a cache of kize
In the remaining part of this section we describe the dependency structure of the request s€guence
Let {T},,—o0 < n < oo}, Ty < 0 < T3, be a point process with almost surely (a.s.) strictly increasing
points (1,,+1 > T,,) and{Jrp,, —oo < n < oo} a finite-state-space process taking value$lin .., M}.
Then we construct a piecewise constant right-continunedulating process J as

Jy = Jr,, Iif T, <t <Thi.

We assume thal is stationary and ergodic with stationary distributign= P[.J; = k| and independent of
Poisson pointg 7, }. Next, for anyk, m < M, we assume the asymptotic independence

P[J; = k|Jo = m]| — my, as t— oo. (1)

To avoid trivialities, we assume thatin;, 7, > 0.

Foreachl < k < M, let qz(k), 1 < i < N, be a probability mass functiorqgk) is used to denote the
probability of requesting itemwhen the underlying proceskis in statek. Next, the dynamics oR, are
uniguely determined by the modulating procdsaccording to the following equation

)
1 Y

PR = i1,1 <1< nlit <7 = [[ o n> 1, #)
=1



i.e., the sequence of requests is conditionally independent given the modulating procésg herefore,
the constructed request procdds, } is stationary and ergodic as well. We will use

M
gi=PR=1] = Zﬂkqgk)
k=1

to express the marginal request distribution, with the assumptiongthat0 for all 1 < ¢ < N. The
preceding processes are constructed on a probability $pade P).

3 Preiminary results

In this section we first prove, in Lemma 1, that the search cost random vaéigbt®nverges to station-

arity when the request proce$®, } is stationary and ergodic; note that, only in this lemma, we suppose
these more general conditions ¢R,, } than those assumed in the previous section. Then, in the following
subsection we give properties of the stationary search cost distribution in Theorem 1 and Proposition 1. The
remaining part of the section contains the results on MTF searching with i.i.d. requests that will be used in
proving our main theorems.

Lemma 1l If the request process { R, } is stationary and ergodic, then for any initial permutation If, of the
list, the search cost C2¥ converges in distribution to CV asn — oo, where

N oo
CN = Z Z(l + Sl(m - 1))1[R7m = /L-)R’L'(m - 1),R0 = i],

=1 m=1

S;(m) is the number of distinct items, different fromi, among R_,,, ..., R_; and event R;(m) £ {R_; #
i,1 <j<m},m>1; 5;(0)=0,R;(0) =Q.

Proof: For simplicity letC,, = CV. Note that, due to the stationarity of the request proddésg, C,, is

equal in distribution to the search coﬁ") at the moment obth requestr, given that the MTF process
started at time-—,, with initial permutationIIly. Now, each of the summands of the following identity

N
e =3[Ry = (3)
=1

can be represented as

MRy = i] = iu + Si(m — D))1[R_p = i, Ri(m — 1), Ry = i] + C\"1[Rs(n), Ry = i],  (4)

m=1

sinceC(g”) =1+ Si(m—1)oneven{R_,, =i, R;(m — 1), Ry = i}. The second term in the preceding
equality is bounded bW 1[R;(n)], which, by ergodicity, satisfies a.s.

lim N1[R;(n)] = 0.

n—oo

Thus, the last limit, monotonicity of the sum in (4) and identity (3) imply td#‘f converges a.s. 16"V as
n — oo. ThereforeCN converges in distribution t6"¥ asn — oco. O



3.1 Representation theorem

At this point, we will derive a representation theorem for the stationary searchCfosas defined in
Lemma 1. Note that” is uniquely defined by the request procéss, » < 0} and, therefore, it implicitly
depends oR.J;,++,t < 0}. However, sincey is independent froni.J; }, the procesg.J,, 1+, ¢ < 0} is equal
in distribution to{.J;,¢ < 0}. Thus, without loss of generality we can sgt= 0. Next, letr ; be the last
moment of timet < 0 that itemi was requested. Then, an equivalent continuous time representatidh of

IS
N

CN = "(1+ 8i(7" ;s )[Ry = ],
i=1
where, similarly as in Lemma X5;(¢; J) represents the number of distinct items, different frigrthat are
requested in intervgl-¢, 0). Now, using double conditioning and the last identity, we arrive at

(o] N X
P[CN > z] = IE/ ZP% [Si(t;J) > —1,Ry =i,7°1 € (—t,—t +dt)],
0 =1

whereo, is thes-algebras(.J,, —t < u < 0) andP,,[-] = P[-|o¢]. Using the fact that the request process
R, by (2), is conditionally independent given the modulating prockand that the variableS;(¢; J) and
7t | are uniquely determined by the values{dt,,n < —1} and the Poisson arrivals fér< 0 we conclude
that Ry is conditionally independent froii (¢; J) andr? ;, giveno,, and thus

o N
PlCN > 2] = Eﬂ/ ST @Ry, [Si(tT) > - 1,7 € (—t,—t +dt)]. (5)
0 =1

Next, we intend to show that variablégt; J) andr* ; are conditionally independent given To this
end, we exploit the Poisson superposition/decomposition properties of the arrival proced3ulL&}) be
the number of requests for itejrin [—u,0),0 < u < t andB;(t; J) = 1[N;(t; J) > 0]. Then,S;(t; J) can
be represented as

Sit; )= > Bjt;J). (6)
j#i,1<j<N

Now, we show that, for different, processe$N;(u; J),0 < u < t} are mutually independent Poisson
processes given;. In this regard, for any > u > 0, let Vj, be an interval in[—u,0) on which the
modulating process stays constant, i.e.

Vo = [Tapa AO] = [Tn V (—u)],

wherea A b = min(a,b) anda V b = max(a,b). Since, by (2), the request process is conditionally
independent given;, and independent from the Poisson arrival points, the Poisson decomposition theorem
(see Section 4.5 of [7]) implies that the number of requests for jteman intervall/;, givenoy, is a Poisson

variable with expected valuéJT"V"“))Vn. Furthermore, the Poisson variables for differg¢iaind different
intervalsV;, are independent givesy. Thus, givens;, aggregating the independent Poisson requests for
item j over all intervalsV;, C [—u,0], by Poisson superposition theorem (see Section 4.4 of [7]) shows
that V;(u; J) are mutually independent Poisson variables for differenfurthermore, by repeating the
preceding arguments over an arbitrary set of disjoint interfals,, —u,,—1),...,[—11,0),0 < u; <

- < Uy < uy <t it easily follows that, for differentj, {N;(u;J),0 < u < t} are mutually



independent Poisson processes giwenn particular, for any fixed, the Bernoulli variables3;(t; J) are
conditionally independent given with

Py, [Bj(t; J) = 1] = 1 — e~ 4, (7

whereg; = ¢;(t) and7, = 7,(t) are defined as
M L 1 0
qj:;q]( )i, and ﬁk:;/tl[Ju:k]du. (8)

Therefore, sincg 7", > t} = {N;(t;J) = 0}, the conditional independence of variabl¥gt; .J) and
equation (6) show thas;(t; J) andr* ; are conditionally independent given Using this fact and

P,,[8, € (—=t, —t + dt)] = Py, [N;(t — dt; J) = 0, N;(t; J) — N;(t — dt; J) = 1]
= e_‘jitqg‘jft)dt

in (5) we derive the following representation theorem.

Theorem 1 The stationary distribution of the searching cost CV satisfies

)

o N
PICN > o] = E /0 S GG e, [yt 0) > @ — 1], )
=1

with S;(t; J), B;(t; J), and ¢; satisfying equations (6), (7), and (8), respectively.

Remark 1 Throughout this paper we will use the property that the variabigs J), B;(t; J),j > 1, are
monotonically increasing im and B;(t; J),j > 1, are conditionally independent given. This condi-

tional independence, as is apparent from the derivation, arises from the Poisson arrival structure. In general,
when the request times are not Poisson, e.g. discrete time arrivals, these variables may not be conditionally
independent. However, our approach can be extended by embedding the request sequence into a Poisson
process; for i.i.d. requests, the Poisson embedding technique was first introduced in [13]. O

Remark 2 It is clear that the preceding analysis does not rely on the fact that the requests arrive at a con-
stant rate. Thus, our results can be generalized to the case where the arrival rate depends on the state of the
modulating procesd, i.e., the rate can be set #p whenJ; = k. We do not consider this extension, since

it further complicates the notation without providing any significant new insight. O

In the proposition that follows we investigate the limiting search cost distribution when the number of
items N — oco. Now, assume that the probability mass functiqﬁ% 1 <k < M are defined for all > 1.
Using these probabilities, for a given modulating procéssd eacll < N < oo we define a sequence of
request processgd?”Y }, whose conditional request probabilities are equal to



then, for each finiteV, let C™V be the corresponding stationary search cost. In the case of the limiting request
processk,, = RZ°, similarly as in (6), introduces;(¢; J) = Z ;4 Bj(t; J) to be equal to the number of
different items, not equal tg that are requested ir-¢,0); B (t J) is the Bernoulli variable representing

the event that itemi was requested at least oncg, 0). Now we prove the limiting representation result
that provides a starting point for our large deviation analysis in Section 4.

Proposition 1 The constructed sequence of stationary search costs CV converges in distribution to C' as
N — oo, where the distribution of C is given by

C > x / ZquO) q; e ‘ht]P’ [Si(t; J) > — 1] dt. (10)

Remark 3 For the i.i.d. case, this result was proved in Proposition 4.4 of [12]. &

Proof: In order to prove the convergence in distribution, it is enough to show the pointwise convergence of
distribution functions, i.e. for any > 0, P[CY > z] — P[C > z] asN — oco. This is easily achieved
using the Dominated Convergence Theorem. For details see the appendix.

3.2 Resultsfor i.i.d. requests

In this section we state several results that consider LRU caching scheme with independent requests that will
be used in proving our main results. The MTF model with i.i.d. requests follows from our general problem
formulation when the modulating process is assumed to be a constant,Z=e-onstant. In this case the
Bernoulli variables{ B;(t),j > 1} that indicate that an itehwas requested ip-t, 0) are independent with
success probabilitieB[B;(t) = 1] = 1 — e~ %", Then, using the notatiof;(t) = > Bj(t), itis easy to

see that the distribution of the limiting stationary search ¢b6ftom Proposition 1 reduces to

P[C > .’L’] = /OOO iqge*‘ht]})[si(t) >x — 1]dt. (12)
=1

The following two results, originally proved in Lemmasand2 of [16], are restated here for convenience.
In this paper we are using the following standard notation. For any two real funetjiorandb(¢) and fixed

to € RU {oo} we will usea(t) ~ b(t) ast — ty to denotelim,_,[a(t)/b(t)] = 1. Similarly, we say that
a(t) 2 b(t) ast — to if liminf,_;, a(t)/b(t) > 1; a(t) < b(t) has a complementary definition.

Lemma2 Assumethat ¢; ~ ¢/i* asi — oo, witha > 1 and ¢ > 0. Then, ast — oo,

1
Zq et ~—F (2 —> 2,
(0%

whereI' is the Gamma function.

Lemma3 Let S(t) = > .2, B;(t) and assume ¢; ~ ¢/i* asi — oo, Witha > 1 and ¢ > 0. Then, as

t — 00,
m(t) 2 ES(t) ~ T <1 _ 1> chth.
«



The next straightforward lemma will be repeatedly used in the paper.

Lemma4 Let {B;,i > 1} be a sequence of independent Bernoulli random variables, S => "2, B; and
m = E[S]. Then for any ¢ > 0, there exists 6. > 0, such that

P[|S — m| > me] < 2 %™,
Theproof is given in the appendix. <&

Now, we provide a general bound on the search cost distribution for the case when the request probabil-
ities are reciprocal-polynomially bounded. In the following two lemmas, we also allow for some @fsthe
to be equal to zero. In addition, sin€étakes values in nonnegative integers, we assume in the remainder
of the paper, without loss of generality, thais integer valued as well.

Throughout the papel denotes a sufficiently large positive constant, wihiildenotes a sufficiently
small positive constant. The values Hf and h are generally different in different places. For example,
H/2=H,H*=H,H + 1= H, etc.

Lemmab If0 < ¢; < H/i* for somefixed o > 1, then for any = > 1,

P[C > z] <

xa—l :

Proof: If there are finitely many;s that are positive, then we can always find a large enough cache size such
that the fault probability is equal to zero and the bound trivially holds. Hence, without loss of generality we
can assume that > 0 for infinitely many: > 1. Therefore;m(t) = Y72, B;(t) ,/ oo monotonically

ast / oo, implying that the inversen~!(¢) exists for anyt > 0. Next, definer, = (1 — €)(z — 1), for
arbitrarily choserd < ¢ < 1. Now, usings;(t) < S(t) in (11), we derive

(e 9]

m™L (ze) oo 0
P[C > z] < / > gFe WP[S(t) > @ — 1] dt +/ S et at
0 =1 mil(l’e) i=1
£ Il(x) + 12(112‘)

Then, sinceS(t) is a non-decreasing function in

(e 9]

m~t(xe)
L(2) < PS(m~'(z)) > 7 — 1] / S et
0 =1

= P[S(mfl(‘re)) >x — 1] ZQi(l _ e*qim—l(xe))
i=1
<P[S(m ™ (zo) >z —1],

which, bym(m=!(z.)) = (1 — €)(z — 1), Lemma 4, and setting = ¢/(1 — ¢), implies

1
Ii(z) <2e7%% =0 (

— xafl

) as r — oo. (12)



Next,

oo

Ir(x / que a4t gt

_(xezl

— Z qie—‘h‘m_l(xs)
o Zqz (e ) 4 3 g, (13)
E =1

i=x+1

| /\

Sincesup, > (ye ) = e~ ! impliesgym = (z)e %™ ' (#) < e~ foralliandy 3, ¢; < [(H/u®)du
the preceding inequality renders

xe L

ble) < S5+ -

Next, fromg; < H/i® follows m(t) = 3220, (1 — e~ %) < 3°%° (1 — e~ H¥/"); and, using Lemma 3, we
derivem(t) < Hta, implying m~!(z.) > haz®. Therefore

IQ($) S

ro—1 )

which, in conjunction with (12), proves the result. O

Lemma6 If0 < ¢ < H/i% o > 1, then
i 1
> et < BT
=1

Proof: Similarly as in the proof of Lemma 5, the claim follows easily fremp,~q(ye™) = e~ 1, the
assumptiony; < H/i%, and

=

o0 1 e
Z%’eiqit < ; Z ite” ait + Z qis
= = i=[t]
where|y]| is the integer part of; we omit the details. O

4 Main results

In this section we derive our main results in Theorems 2 and 3. These results fully generalize Theorem 3 of
[16] that was proved for the independent reference model. Furthermore, our method of proof, which uses
probabilistic and sample path arguments, provides an alternative approach to the Tauberian technique used
in [16].



4.1 Lower bound

In preparation for our main results, we prove the following lower bound that holds for the entire class of
stationary and ergodic modulating request processes, as defined in Section 2.

Proposition 2 Assumethat ¢; ~ ¢/i* asi — oo and a > 1. Define

K(a) 2 (1 — é) [r (1 — é)}a (15)

where I is the Gamma function. Then, asz — oo
PIC > z] 2 K(a)P[R > z].

Proof: For anyl > e > 0, let {B; “(t),7 > 1} be a sequence of independent Bernoulli random variables
with P[B;(t) = 1] = 1 — e~ @19t G (1) £ 3% B (t) andm_.(t) & ES_.(t) = >5°,(1 —
e—(l—e)qit). Note that, using the independent reference model interpretation from the beginning of Subsec-
tion 3.2, S_.(t) represents the number of distinct items requested in int¢rvell — ¢),0). Therefore,
we can assume that_(¢) is constructed, on a possibly extended probability space, monotonically non-
decreasing ir.
We also define
Ay
v(t) = max |f, —ml, (16)

which for allw € {v(t) < e} andl < k < M implies
(1 —€) < 7 = T (t) < me(1 +e),

and therefore
gi(1—¢€) <4 = qi(t) < qi(1+e), (17)
forall < > 1. This and (7) further imply that for every € {v(t) < €}

Py, [Bi(t; J) =1 =1 — ¢79t > 1 — =799 = P[B¢(¢) = 1].

Therefore, for everyw € {v(t) < e}, (by stochastic dominance, e.g. see Exercise 4.2.2, p.277 of [2]) the
total number of distinct itemS(¢; J) = S;(t; J) + B;(t; J) requested in—t,0) satisfies

P, [S(t: J) > a] = PIS_.(t) > al. (18)

Then, representation expression (10) and equations (17)—(18) render

PC > 1] > E / ZN” U0t [S(15.0) > «] dt
> E/ Zq(Jo (-0 o=as (RIS _ (1) > 2]1[v(t) < €] dt.

Now, using the last expression and monotonicitysof(¢) we derive for any. > 0

P[C > ] > P[S_(gez®) > ] / - ie a(l+otg [ o) =1 () < e]] dt. (19)
g

o,
™ =1

10



The ergodicity ofJ, asymptotic independence from (1) and finiteness of its state space implies that
uniformly in k, [ and allt large enough#(> t.)

Plu(t) < e, Jo = ky Ty = ] > (1 — )mem,
which yields for alli > 1 andt large,
E |\ ql" 1) < 4] = (1 - ). (20)
Next, if we choose

_ (14 2¢)®
0Ol - D

then, it is easy to check that, by Lemman3, (gex®) ~ (1 + 2¢)xz asz — oo, from which, for allz large
(x > =), it follows thatm_.(g.z®) > (1 + €)x. Therefore, by Lemma 4, for all sufficiently large

Ge

PIS_e(gex®) > x] > 1 —e.

Thus, replacing the last inequality and (20) in (19), we conclude that for all farge

P[C > x] > 8 _T_ 32 /OO i(qi(l + €))%t (F)t gy (21)
gem™ j—1

In order to estimate the last integral, we observe that, by Lemma 2, fopail

i(qi(l + 6))2€_Qi(1+€)t > (1 . 6)((1 +C:)C)E T (2 _ é) t_2+é.
=1

Using this last estimate in (21) and computing the integral results in

—€)3 €)c r )
P[C > z] > 8 - 6;2 ((1a+_)1) r (2 3 é) (gux) 1+

which, in conjunction with the definition af, yields, for all sufficiently large:

PIC>a> — L= e
(1+2e)0 (14 ¢)2 = (a =1zt

The last bound and the asymptotic behavior of the request distribBiRn> z] ~ c¢/((a—1)a*~1) further
imply

)
lim inf PIC > a] > (1—¢) -K(a),
v=oo P[R>a] ™ (14 2¢)0-1(1 4 €)=
which, by passing | 0, concludes the proof. O

11



4.2 General modulation

In this section we prove our first main result for the general, stationary and ergodic, underlying pfpcess
as defined in Section 2, with sufficiently fast rate of convergence of its empirical distribution.

Theorem 2 If ¢; ~ ¢/i* @si — oo, a > 1, and for any e > 0

A . %_2
1;1}%%”[[))[]7%@) — 7| > € =0 (t . ) as t — oo, (22)
then

PIC > z] ~ K(a)P[R > z| as z — oo, (23)

with & (c) as defined in (15).

Remark 4 This result and Theorem 3 of the following subsection show that LRU fault probability is asymp-
totically invariant under changes of the modulating process and behaves the same as in the case of i.i.d.
requests with frequencies equal to the marginal distribufiph The constanf< («) is monotonically in-
creasing iny with lim,_; K(a) = 1 andlim,—,~, K(a) = €? =~ 1.78, wherey is the Euler constant; this

was rigorously proved in Theoresnof [16]. <&

Remark 5 In order to illustrate the restriction imposed by condition (22), we consider a class of modulating
processes/ that are obtained by embedding a stationary and ergodic finite-state Markov chain into an
independent stationary renewal process. Within this class, we show that condition (22) excludes those
processes whose autocorrelation functions decay slowerffhah 2, in particular long-range dependent
modulating processes.

Consider a stationary renewal procdds, —co < n < oo}, Ty < 0 < T3. The renewal intervals
{T,, — T,—1,n # 1} are strictly positive i.i.d. variables with common distributibrhaving a finite meap,
and are independent of the interyd}, 7} ). In order for this process to be stationary, the intefgl 7;)
that covers the origin has to have a special distribution, e.g. see Section 1.4.1 of [2] (see also Tolapter

[7D),

o0

P[~Ty >y, Ty > a] = p* /+ (1 = F(u))du; (24)
oty

this is often referred to as Feller's paradox, and the distributidfi f called the excess (residual) distribu-
tion of F'. Next, let{.7, } be an irreducible and aperiodic finite-state Markov chain in stationary regime that
is independent of the renewal procdds }. Now, we construct the modulating proceksccording to

Jy =T for T, <t<Tpi1. (25)

Suppose that for some > 0,d > 0, the inter-arrival distribution satisfi — T} > t] ~ ud3/t'** as
t — oo, implying, by (24),

d
P[T1>t]~t—ﬁ as t — oo.
Then, TheorenT of [17] shows that the autocorrelation function.bEatisfies

p(t) ~P[Ty >t] ast — oo;
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this implies that fol) < g < 1, fl"o p(t) dt = oo, i.e.,J is long-range dependent. On the other hand, since
Jo is independent of,

Pl (t) — mh| > €] > Pl|g(t) — mi| > &, T1 > ¢]
= P||1[Jo = k] — 7| > €|P[T} > 1]

dy y
Nt_:@ as vt — oo,

whered; = dP[|1[Jy = k] — 7| > €]. Therefore, whers < 2 — (1/a),
litminf(tQ*iPHﬁk — | > €]) > litminf(dlt%éfﬂ) > dy,

which violates condition (22). In particular, assumption (22) excludes the long-range dependent processes
with 0 < § < 1since2 — (1/a) > 1.

When the embedding renewal process is Poisson, the class of modulating prdcieese&?5) is equiv-
alent to stationary and ergodic finite-state Markov processes. For Markov processes it is well known that,
e.g. see Section 3.1.2 of [9], the empirical distributituit) converges exponentially fast to its stationary
probability and, thus, estimate (22) holds. In general, by using the large deviation inequality from Corol-
lary 1.6 of [21], it can be shown that, for the previously constructed class of processes, as defined in (25),
condition (22) is satisfied wheR(73 — T1)'+# < oo for # > 2 — (1/a). We do not prove this claim since
in the following subsection, using a different proof, we show in Theorem 3 that the asymptotic result from
(23) holds for a more general class of semi-Markov processes. In particular, in the context of processes
considered in this remark, Theorem 3 will show that the result (23) holds as Idigias 71)'T° < oo
for any 3 > 0. Therefore, Theorem 3 extends to long-range dependent processes. O

Proof of Theorem 2: By Proposition 2 an®[R > z] ~ ¢/((a — 1)2*~1) asz — o0, it sufficies to prove

C

limsup(P[C' > z]z®™1) < K(a)

UsingS(t; J) = Si(t; J) + Bi(t; J) > Si(t; J) and the representation in (10), for aly> 0

hx®

P[C > 2] <E FOPe[St:J) > x—1]dt+E | f(O)Ps[S(t;J) >z — 1] dt
0 h:EO‘
2 [)(z) + Iy(x), (26)
where - -
fy 2 g™ emit <S5 glW =1, (27)
=1 =1

Furthermore, the empirical distributions are uniformly bounded; by "2 | 7. < M ¢® <
@ = ¢;/ ming, m, < oo, sinceminy, m, > 0. Then, we define a sequence of independent Bernoulli random
variables{B;(t),i > 1}, with P[B;(t) = 1] = 1 — e"%* andS(t) = > 2, B;(t); similarly as in the proof
of the lower bound$(#) can be constructed non-decreasing.iNote that for everw, B, [B;(t; J) = 1] <

P[B;(t) = 1] and, therefore, we obtai®,, [S(t; J) > = — 1] < P[S(¢) > = — 1] uniformly in w. Using this
observation and the monotonicity $t), we arrive at

Ii(z) < /Ohxa P[S(t) > x — 1] dt < ha®P[S(hz®) >z — 1]. (28)

13



Now, due to Lemma BES’(t) < Hté, and therefore, we can always fihdsmall enough such that for any
e > 0 and allx large enough

ES(hx®) < (1 —€)(z — 1). (29)
Then, using (28), (29), Lemma 4 and setting ¢/(1 — ¢), we derive ax — oo
L(z) < Hz%e M2 = o < a11> . (30)
X

Then, by using/(t) as defined in (16), we obtain

L@ =F [ fOPISET) >z —1]dt

hx(’

B[ O[St ) >z — 1pE) < ddt+E [ FEP,[SET) >z — 1) > € dt

hx® hax®

£ Ini(x) + Ino(x). (31)

Note that, by assumption of the theorem, for any 0 andt large enoughP[v(t) > €] < 5/?‘5 and,
therefore, using (27), for alt large enough

IQQ(.’E) S/ 51 dt = d .
2= % (1-— )hl_Exa !

Thus, sinced can be arbitrarily small

—) as x — . (32)

Next, we will provide the estimate fdk; (). Similarly as in the proof of the lower bound, we define
Se(t) £ 3, BE(t), where{B£(t),i > 1} is a sequence of independent Bernoulli random variables with
P[BS(t) = 1] = 1 — e~ %(+9% As before,S,(t) can be constructed non-decreasing.ifTherefore, by
stochastic dominance, for everye {v(t) < e},

P,,[S(t;J) > x — 1] < P[S.(t) > z — 1].

Furthermore, since for alb in {v(t) < e} inequality (17) holds, by using (27) we obtain that for any
constantg, > 0

Ii(z) <E / Zq(JO (-0 =0t B[S, (1) > & — 11[p(¢) < €] dt

gex®
< / P[S.(t) > x — 1] dt + / ZE[ (Jo) U*f)] e~ (1-9at gy (33)
0 «

Gex

If we select
(1 —2¢)*

c(l+€)[[(1—2)e’

ge =
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then, due to Lemma &S, (g.z) ~ (1 — 2¢)x, which implies that for allz large enough« > z.),
ESc(gex®) < (1 —€)(xz —1).

Hence, sinces,(t) is non-decreasing, by using the previous inequality and applying Lemma 4 with
¢/(1 — €), we conclude that for large

gex®
/ P[Sc(t) >z — 1] dt < geax“P[Se(gex®) > x — 1] < Hz%e %1397 — ( a11> . (34)
0 T

At this point, it remains to derive an estimate of the second integral in (33). Similarly as in the proof of
the lower bound, sincd satisfies (1), and has finitely many states, for all 1 and¢ large ¢ > )

Elg™qi" ] < (14 ).

1

This implies that forz large enough, the second term in (33) is bounded by

1+e€ © = (-6
(1 — 6)2 / Z((l - G)Qi)2e (1=e)ait dt.
e =1

Bounding the preceding expression is analogous to evaluating the integral in (21), i.e., we use Lemma 2 to
upper bound the sum under the integral for largend then compute the integral for the chogen
Therefore, combining the bound obtained in this way with (34), (33), (32), (31),(30), and (26), we derive

. _ (14 €)% c
lim sup(P[C' > z]z* 1) < K(a ,
vl L (1—2)-1(1 — €)% a ( )(a -1
which, by passing | 0, finishes the proof. <&

4.3 Semi-Markov modulation

In order to cover cases when condition (22) is not satisfied, e.g., those examples from Remark 5 that exhibit
long-range dependence, we assume the following more specific structure of the modulating process. We
consider the class of finite-state, stationary and ergodic semi-Markov procésseshe following para-
graph, we provide an explicit construction of such a process, which is similar to the one presented in Section
1.4.5 of [2] (for an alternative treatment of semi-Markov processes see Chapter 10 of [7]).

Let {p;; } be a stochastic matrix of an irreducible Markov chain with finitely many stafesnd unique
stationary distributio{;, }. For eachl < k < M, let F}, be the cumulative distribution function of some
strictly positive and proper random variablg (0) = 0 and Fj, (o) = 1), having finite mean

Wi = /000(1 — Fk(t))dt < o0.

Next, we construct a point proce$%,,, —co < n < oo}, Typ < 0 < T3, on the same probability space.
First, we construct variableqy, 11, Jy) according to
[e.e]

PlJo =k, =Ty >z, T1 > y| = %/ (1 - Fy(u))du, x>0,y>0, (35)
T+y
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wherey = 224:1 vk Then, we construct a Markov sequenGé,, —oo < n < oo} that is condition-
ally independent from the paifly, 71 ) given Jy. To this end, using the initial stat& and the transition
probabilities{p;; }, we construct a sequence of Markov variablgg, » > 0}; similarly, starting from the
initial state 7, and the reversed transition probabilitiég, = p;;v;/v;}, we create a Markov sequence
{Tn,n <0}.

Now, let {U,,,—oc0 < n < oo} be ii.d. random variables on the same probability space that are
uniformly distributed on[0, 1] and independent from7,}, Ty, 71. Then, given the already constructed
{JIn}, T, T1, the points,,, for n > 1 andn < —1, respectively, are recursively defined by

Tpi1 =Ty + F7H(Uy,) forn > 1,
Ty =Ths1 — F71(U,) forn < —1,

whereF,;l(-) is the inverse of(-). Finally, we define a semi-Markov procegst € R, by
Jp=Tn, forT, <t <Thii.

We also assume thak satisfies the asymptotic independence relation stated in (1), which follows from a
mild assumption of 7,,, (T,,+1 — T,,)} being aperiodic (see Theorem 6.12, page 347 of [7]). We need this
assumption in order to apply Proposition 2 for the lower bound. However, in the context of this section we
would like to point out that assumption (1) can be omitted. This would require a different proof of the lower
bound that uses analogous arguments to those that will be presented in equations (68)-(69) of Section 7.
Here, we state some of the basic properties of the stationary semi-Markov protesswill be used
in the remainder of the paper. From the preceding construction we see that at each of the jumfp, points
the next state of the semi-Markov proceksas well as the length of the sojourn (holding) tiffie; — 1),
are probabilistically determined by the current state Also, the intervaldT,,; — 7, } are conditionally
independent given the process with the conditional distribution forn # 0 given by P[5, 11 — T,, <
z|Jr, = k] = Fx(x) and forn = 0 given by (35). The stationary distribution £ P[.J, = k| of .J satisfies
T = Vkik/ . IN addition, we note that when the sojourn timigs, — 7,, are exponentially distributed,
the constructed proceskis a Markov process. Furthermore, whff,, —co < n < oo} is a stationary
renewal process and7, } is aperiodic, then the constructddeduces to the class of processes described in
Remark 5.
For J as described above, we state our second main result.

Theorem 3 Assume that .J is semi-Markov with max, E[(Ty — T1)'*°|Jp, = k] < oo, for some § > 0. If
g; ~ ¢/i* asi — oo, a > 1, then

PIC > z] ~ K(a)P[R > z] as x — oo,
with K («) as defined in (15).
In preparation for the proof we define the epochs of reversed jump p@ints —7_,,, n > 0; this

notation is convenient sinc€ of (10) depends on} for values oft < 0. In addition, the assumption
maxy, E[(Ty — T1)'*F|Jp, = k] < oo, implies, for alln > 0,

M M
E(Tos1 — T)'*° < S El(To — ) 1 oy, = kb = S E(Ty — T, = K < 0o, (36)
k=1 k=1

and, by (35) and Markov’s inequality,

]P)[']E) > $|J0 = ki] = P[Tl > w‘Jo = k] <

H
i o(1) as x — oc; (37)
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this estimate will be used repeatedly in the proof of Theorem 3.

Heuristic outline of the proof: The lower bound follows from Proposition 2. Hence, in order to
complete the proof, we need to prove the upper bound. To this end, we obserfét}hals defined
in (27), is a random variable measurable with respect toTherefore, usingS(¢;J) > S;(¢;J) and
P, [S(t; J) > z] = E,, 1[S(t; J) > ], the integral representation in (10) is bounded by

P[C > z] < IE/OO FOLS(t;J) >z —1]dt
0

Tb T\_Tl/BJ o0
e[ e[ " |
0 To 7,173

£ I (x) + Io(x) + I3(x). (38)

For a given initial stately, = k, the integral representation i(z) approximately corresponds to the
case of i.i.d. requests, represented in (11), whgie replaced byygk) and the integration is truncated
by a random timeZ,. Thus, if we condition oriZy being respectively greater or smaller thaf* with
appropriately choseh we derive

hx®

M oo 00
L) S / S (@®)2e PSP () > @ — 2Py = k, T > ha®]dt + / P[S(t) > « — 1] dt.
k=170 =1 0

In the preceding bound, if we use the fact tfféf; > =] — 0 asz — oo and Lemma 5 in the first term,
and the monotonicity of(¢) and Lemma 4 in the second integral term, we estinfigte) = o(1/x%~!) as
xr — OQ.

Next, observe that, far large enougthl/gj ~ xl/?’,u. Then, by using%t) < 1 and the definition of
S(t) from the proof of Theorem 2, we conclude

1/3

D(z) < /0 "PIS(t) > o — 1] dt

< 2 BuPS () > z — 1]

1
—0( > as r — oo,
xa—l

where in the last equality we exploited Lemmas 3 and 4.

Finally, due to ergodicity of the proceds for ¢ large enouglg = ¢; and, therefore, from the definitions
of B;(t; J) andS(t; J), we deduce tha$(¢; J) = S(t), whereS(¢) corresponds to the number of distinct
requests in—t, 0) for the case of i.i.d. requests with distributignas defined in Subsection 3.2. Hence, for
x large enough/;(x) is approximately

o0
~

L(z) ~ IE/ FONSET) > 2 — 1) dt

1/3,

~ / S B[ g BIS () > @ — 1] dt
et

QA

/ Z e~ 2PS;(t) > x — 2] dt,
0 =1
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since, by (l)JE[qi(JO)qZ(J‘t)] ~ ¢? andS;(t) > S(t) — 1. The last displayed expression is equal to the case of
i.i.d. requests stated in equation (11) (witheplaced byr — 1) and can be estimated using either Theorem
3 of [16] or our Theorem 2. A rigorous proof of the theorem is much more involved and very technical and,

therefore, we present it in the separate Section 7 of this paper. &

5 Numerical examples

In this subsection, we provide three simulation experiments that illustrate Theorems 2 and 3. We consider the
case where the underlying procekss a two-staté{0, 1}) semi-Markov process with parameters implying
strong correlation. Since the asymptotic results were obtained first by passing the liaf gizifinity

and then investigating the tail of the limiting search cost distribution, it can be expected that the asymptotic
expression gives a reasonable approximatiorPfa¥¥ > k] when bothN andk are large (withN much

larger thank). However, it is surprising how accurately the approximation works even for relatively small
values of N and almost all values df < N.

In each experiment, before we conduct measurements, we &ffounits of warm-up time (approxi-
matelyn ~ 107 requests) for the system to reach stationarity; our preliminary experiments showed that using
larger delays did not lead to improved results. In addition, we increase the accuracy of each simulation by
running each experiment from 2 different initial positions of the list. We select these initial positions uni-
formly at random and according to the inverse order of the items popularity. In all experiments, the measured
results are almost identical for these different initial conditions. The actual measurement time is ¢k to be
units long. In all of the experiments, the measurements are conducted for cachie siz@g, 1 < j < 16,
and are presented with star “*” symbols on Figures 1, 2, and 3, while our approximatienP[R > k], is
represented with the solid line on the same figures.

The total number of documents in all three experiments is sat to 1000. The Markovian transitions
of the two-state modulating process age = p1o = 1. We user” andr! to denote the variables equal in
distribution to the sojourn times corresponding to statesd1, respectively. In the first two experiments
70 andr! are discrete random variables, while in the third experiment they are continuous.

Example 1 In this experiment we choose discrete random variablendr! to be distributed a®[r! =

10i] = P[70 = 104] = a(1/(10i)® — 1/(10(i + 1))?), wherei € {1,...,10*} anda = 10*(1 — 1/(10* +
1)3)~1. In state0, only odd items are requested accordinggfgg1 =HY/(2i + D) (i =0,1,...,499),

¢ =0 (i = 1,...,500), wherel/H = 549 1/(2i+1)!4, while in statel, the probabilities are concen-
trated exclusively on even documerqg,) = HY/(20)* (i = 1,...,500), qg)ﬂ =03 =0,1,...,499),
wherel/H) = 7% 1/(2i)'4. The experimental results are presented in Figure 1. This model corre-

=1
sponds to the case where two different classes of clients request documents from disjoint sets. Even in this

extreme scenario, our approximatiéi(«)P[R > k] matches very precisely the simulated results.

Example 2 Here, we select variables’ and 7! to be distributed a®[r! = 10i] = P[° = 10i] =
b(1/(100)%® —1/(10(i + 1))%®), wherei € {1,...,10*} andb = 10°8(1 — 1/(10* + 1)*®)~L. In state0,

items are requested according to distributifh = H9 /i4, where1/HY = SN 1/il4, and in statd,

the popularity of documents is given lqs}) — H} /i*, wherel/H}, = S°N  1/i%. Our intention in this
experiment is to show that only the heavier tailed probability distribution impacts the LRU performance.
This follows from our asymptotic results and the fact that for ldtge < N, P[R > k| ~ 1.25H, /k%4,
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— log,(K(0)*P(R>K))
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Figure 1: lllustration for Example 1

i.e. the marginal distribution is dominated by the heavier tailed probability distribéﬂ)oﬁl'he simulation
results in this case are presented in Figure 2. As in the preceding experiment, we obtain accurate agreement
between the approximation and simulation.

_1'5,

— log, (K(@)*P(R>K))
+ Simulated Ioglo(P(C>k))

-25 I I I I I I I
0 100 200 300 400 500 600 700 800
k

Figure 2: lllustration for Example 2

Example 3 Now, we illustrate the case wheldr! > t] = e=3, ¢ € [0,00) (exponential distribution)
andP[r? > t] = 1/t%8, ¢t € [1,10°] andP[r® > ¢] = 0 for ¢t > 10°. In state0, items are requested
according to distributiorqgo) = HY /i3, wherel/HS, = >N | 1/i%. In statel, the popularity of documents

is ¢V = HL /i, wherel/HL = 2 1/i4. This experiment shows that even in the case when
Er? = 46 > Er! = 1/3, the tail of the search cost distribution is asymptotically dominated by the heavier
tail of requests in staté. Again, the excellent agreement of the approximation with simulated results is

apparent from Figure 3.
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Figure 3: lllustration for Example 3

6 Concluding remarks

In this paper we investigated the asymptotic behavior of the LRU cache fault probability, or equivalently
the MTF search cost distribution, for a class of semi-Markov modulated request processes. This class of
processes provides both the analytical tractability and flexibility of modeling a wide range of statistical
correlations, including the empirically measured long-range dependence (see [1]). When the marginal prob-
ability mass function of requests follows generalized Zipf's law, our main results show that the LRU fault
probability is asymptotically proportional to the tail of the request distribution. These results assume the
same form as recently developed asymptotics for i.i.d. requests [16], implying that the LRU cache fault
probability is invariant to changes to the underlying, possibly strong, dependency structure in the document
request sequence. This surprising insensitivity suggests that one may not need to model accurately, if at all,
the statistical correlation in the request sequence. Hence, this may simplify the modeling process of the Web
access patterns and further improve the speed of simulating network caching systems.

Our results are further validated using simulation. The excellent agreement between the analytical and
experimental results implies the potential use of our approximation in predicting the performance and prop-
erly engineering Web caches. The explicit nature, high degree of accuracy, and low computational complex-
ity of our result contrast the lengthy procedure of simulation experiments.

7 Proof of Theorem 3

In order to prove the theorem we will need the following technical lemma. Recall the definitifriromn
Subsection 4.3.

Lemma7 If max, E[(7; — 79)'*°|J_7, = k] < oo, then there exists s > 0 such that, uniformly for all
n < sz,

nlp[%—%>x]<o< !

—= as x — oQ.
eo(h)
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Proof of Lemma 7: We construct a sequenge;, i < n} of i.i.d. random variables with

F(@) £ P[Xi > 2] = max (1 - Fi(2)),

whereF(x),1 < k < M, is defined at the beginning of Section 4.3. Theref®f&; > z| > P[7;—7;—1 >
x|J_7;] and

P[T, — 1o > 2] =P i(’]}—’]}_l)>x]

3

S P

=1

[ n n
<P ZXZ- >:c] =P [ZXi—nIEXl >:c—nIEX1] .
Li=1 =1

Now, sincemaxy, E[(7; — 7o) *°|J_7, = k] < oo, we concludeEX; ¢ < H < oo, for any0 < e < § and
some large constarif and therefore, uniformly for alk < sx, we obtain

P[T,, — Ty > ] g]P[ZXi—nEX1>x—st].
=1

Now, by takings > 0 such thatsH = 1/2 and applying Corollary.6 of [21] we conclude the proof. <

Proof of Theorem 3. In view of the heuristic outline of the proof from Subsection 4.3, we proceed by
deriving the upper bounds for the expressidy{s) defined in (38). In order to estimaig(x), we first
condition onZ; being respectively greater or smaller thart:

(e 9]

To
L(z) =E / S (@)2e 0 (S (1) > 0 - 1] dt
0 =1

oo

To To
< E/ Z(qngo>)2e*q§J°>t1[S(t; J) >z —1]1[Ty > ha®]dt + E/ 10S(t; J) >z — 1]1[Ty < ha®] dt
0 ;=1 0
£ Ill(.’E) + Ilg(IE).

Next, we defines™ (t) £ 5., B (1), s®(t) = 57 (t) + B (1), where{B" (t),i > 1} is a
sequence of independent Bernoulli random variables ") () = 1] = 1 — =% *. Then, from the
definition of S(t; J) it follows thatP[S(t; J) > z|Jy = k, t < To] = P[S®¥)(t) > x]. Thus, using this fact,
qﬁk) < g < H/i* Lemma 5, and equation (37), we obtain

E

In(x) < S Py =k, Tp > ha®] / S (q)?e sV (t) > 2 — 2 dt
k=1 0 =
H 1
< MP[Ty > ha®]——= =0 ( a_1> as T — 0. (39)
xr X
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In estimatingl;2(x) we useZ < ha® and exactly the same arguments as in (28)—(30), rendering

Ia(x) < ha*P[S(ha®) >z —1] =0 < al) as xr — oo.
x

Thus, the preceding bound and (39) imply

Li(x)=o0 ( a1_1> as x — oc. (40)
T
Atthis point, we provide an estimate fé(z). If we definel}: (= EfT L FOLS(Tp; ) > z—1]dt,
then
/3]
L) < ) I;() (41)
n=1
and
Tn | Tn
L@ =E [ FOUT > a1 [S(Tos J) > o — 1] dt + IE/ FOLT < ha®[1[S(To: J) >z — 1] dt
Tn,1 Tnfl
£ L1 (xz) + I o).
Next, when we replace the bound
0 J_1.,)
Z (J—Tn e—qz(JO)?be—qi T (t=Tam1) for t € (Tp—1,Tr) (42)

in I , (z) and evaluate the integral, we derive

Z [Ty > ha] (JO) _q( "0 ha (1-— e_quiT")(Tn—Tnfl)).

Then, usingl — e™* < z for x > 0, max(q (JO),qf‘]T")) < ¢ < H/i* andsup,>qye ¥ = e~1, similarly as
in (13), we arrive at

<EZ To>h$ ] (%_%_1)+Ei1[%>h$a](q_z‘)2(7;z_7;z—1)

i=x

MmﬁﬂAM%>mm§. (43)

Since the random variabl€s,, — 7,,—1), n > 1, and1[7Z; > hz“| are conditionally independent givef,
we derive

E(7n — Tn-1)1[To > ha®]] = E[E[7;, — Tn—1|Jo]P[To > ha|Jo]]
< (lg}cag;/[E[T Tn—-1]Jo = k])P[Ty > hx®]
< (1?]1{3? wur)P[Ty > hx]. (44)
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Thus, the proceeding bound, (43), and (37) yield, uniformly,in
. 1
I(z) =0 (LIZ‘_O‘> as = — oo (45)
Next, we compute an estimate fjj,(z). Using (42) and computing the integral Ifi,(z) result in
> J_13,)
I3 o(@) SEY 1T < ha®, S(T;0) > @ — 1]gf et (1 - ema” ™ T T
i=1

P[7o < ha®,S(Tp; J) > x — 1]
P[S(Tp; J) > o — 1,7y < ha®, S(To; J) < ex — 1] + P[Tp < ha®,S(Tp) > ex — 1],  (46)

IN A

since S(t) stochastically dominateS(¢; J). Let S(u,t;J), 0 < u < t, be the number of distinct items
requested in—t, —u); then, it is easy to see th&l(Z,; J) < S(7y;J) + S(7o, 7p; J). Thus, if we choose
h small enough such th&S(hz®) < (ex — 1)/(1 + ¢) for largex, then, by Lemma 4, we obtain (> z.)
:;,2(90) < P[S(Ty,Tn; J) > (1 — €)x] + P[S(hz®) > ex — 1]
<P[S(7,, — To) > (1 — €)x] + He 0", (47)

Now, if we pick » small enough such tha@S(hz®) < x(1 — €)/(1 + ¢) for all large =, we obtain that,
uniformly for all n < 23,

P[S(T, — To) > (1 — €)z] < P[S(ha®) > (1 — €)z] + P[T,, — Ty > ha®] (48)
< P[S(ha®) > (1 — e)a] + iﬂ” [7; Ty > h—ﬂ
=1

1
—hlcx
< He +0(7x0‘2/3> as T — 00,

where in the second inequality we used the union bound, and in the last expression Lemma 4, (36) and
Markov's inequality. This implied; ,(z) = o(1/2*~%/%) asz — oo, uniformly for all n. < 2'/3. There-
fore, in conjuction with (45) and (41), we derive

Iy(x)=o0 (xa1—1> as x — oc. (49)

In order to derive asymptotics fdg(x), we use the fact that the semi-Markov procdsebserved at
its jump points{J_7,,n > 0} is a Markov chain. Define the amount of time thaspends in staté in
%,n = (_7;17 _76) as

I
—

Tk(%,n) £ 1[‘]*Ti+1 = k](,TiJrl - 7;)7

Then, by ergodicity of the Markov chaiy/_r, }, asn — oo,

I
o

n—1

Em(Zo.n) = ZP[‘L%H = KE[Tiy1 — Ti|J-7,, = k] ~ nugpy, = npumy. (50)
=0
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For anyl < k < M, a well-known large deviation result on finite state ergodic Markov chains (e.g., see
Section 3.1.2 of [9]) shows that for amy> 0, there isf, . > 0, such that the number of times, (k) that
J_7; visits statek for 1 < i < n,i.e. N, (k) = > I, 1[J_7, = k], satisfies

P[| Ny (k) — vgn| > en] < e~ %, (51)

Next, let{7Z;(k)} be i.i.d. random variables that are independentgft) and have a common distribution
equal toFy(x) = P[7; — 7Ty < z|J_7; = k]. Then, itis easy to see thaf(7, ) is equal in distribution to
SV ®) 72 (k), and, by (50), for alh largeEm, (7o) < (1 + €)uevin, implying

Np (k)
Plre(Zo.n) < (1 — €)E7(Ton)] < P Z Ti(k) < (1—e ),ukukn:|
2 (1=(¢3/2))vpem 2
< PINa(k) < (1 = 5)ven] + P z; (= Tik)) > S vwpen

(52)

Since the random variables, — 7;(k) are bounded from the rightu{ — 7;(k) < wu), using a large
deviation (Chernoff) bound, e.g. see Theorem 1.5, p.14 of [26], we conclude that the second term in (52) is
exponentially bounded, and, in conjuction with (51), we arrive at

Plri(Ton) < (1= )Brk(Ton)] < e, (53)
for somef,. > 0. Therefore, the probability of the complement of the set

A(n) £ Mi<pen{me(Ton) > (1 — )npuvy}

is exponentially bounded®[A°(n)] < Me= %",

At this point, using the bounds from the preceding paragraph, we estiajedy decomposing it as
i Tnt1 A
1[A%(n)] dt + E Z / St J) > @ — 1[AM)] dt. (54)

n= L 1/3J 1/3J
Now, replacing (42) in the first expression of the preceding inequality, computing the integral and bounding
it by 1, and, then, using the exponential boundis‘(n)] lead to

[e.o] [e.o]

Tn+1 N 1
E ) 1[4 (n)]/[ fyat< > PlA(n)] :0<xa1> as x — oo.
n=|z1/3| n n=|z1/3]
Hence, applying the preceding estimate in (54) and conditioning on the lengthesiult in
n+1 A
) <E Z / S(EJ) > 2 — 1, Ty > ha, A(n)] dt
1/3J
o Tnt1 1
+E Z / f(t)l[S(t;J)>x—1,’]6§hx°‘,.,4(n)]dt+o(xa1)
n=|x1/3| Tn
1
é]31($)+132($)+0<xa1> . (55)
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Next, in estimating/s; (x), note that for allw € A(n)

M
k
ZTk (Ton)a 2 qu Vit = (1 — e)nquE Vi = (1 —e)npg;,
k=1

and therefore, fot € (7,,, 7,,11],
0o (J_ )
n)] < Z qz-(JO)qZ.(J_T"“)e_qz(JO)%e_”nqi(l_e)e—qu Tnt1 (t—Tn)lI:A(n):l' (56)

Therefore, by using (56) ifs; (), then completing the integration and applyihg- ¢ * < z, x > 0, we
derive

nlA
@) <E Y /+ V[To > ha®, A(n)] dt

n—[x1/3J

( )
<E Z Ze ung; (1— e) JO) J0) e ( "“)1[’]6>h:):a](7;1+1—7;1)

’L
n=|z1/3] i=1

s J0) )
< HE [1[76 > hat] Y g e ] ,
=1

where the last inequality uses double conditioniBf, 1 — 7,,|J_7,,| < maxi<p<nr fik, qEJ‘T") < Gi,
and) > 21/3) € —mnai(l=€) — O (1/g;). Hence, upper-bounding the preceding sum, as in (13), and using
P[7To > hx | = o(1) asz — oo, we easily arrive at

I31(x) =0 (xa1_1> as 1z — oo. (57)

In evaluating/ss(x), we condition on the length 6,1 — 7,,:

n+1 A
e Z / S(hJ) > 2 — 1Ty < ha®, Tysr — Ty > ha®, A(n)] dt
1/3J
Tn+1 N
fE Y / FOUS(ET) > & — 1Ty < ha® Ty — T, < ha®, A(m)dt. ~ (58)
n=|x1/3| Tn

Thus, using (56) anqﬁJO) < g;, after upper-bounding and integrating the first term of the preceding equality
we obtain

Tnt1
B> [0S ) > 0 - 1T < bt T Ty > e A()]de
n—[x1/3j Tn
© U1, 1)
< EZ Z gie~(1=Mmnai (1 — = Tntr=T N1 [T 41 — T, > ha®]. (59)

i=1 n=|z1/3]
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Furthermore, we can upper-bound (59) by splitting the sum, using * < 1 andl — e~* < x (both for

(J_

z > 0) andg; i) < g; as follows:

EZ Z qie—(l—G)MHQi(l —e qi Tt (Tn+1_7n))1[’1;l+1 — T, > ha?]
i=1 p=|21/3]

<> @ CTORL - T > hat+ Y0 @ Y, GeTHME(T - T)IT — T > hat)
i=1 p=|21/3| i=r+l  p=|gl/3]

Now, if in the preceeding expression we use the following estimagg:— 7o > ha®] = O(1/2*(119),
E[(7T1 — 70)1[71 — 7o > hx®]] = o(1) asz — oo,
Z Gre—(—mna < / gie (=9 4y < 1/((1 — €)pumin 74

|21/3] [z1/3]—1 k

andg; ~ ¢/i® asi — oo, then in conjunction with (59) the first term of (58) satisfies

n+1 A 1
E Z / St;J) >x—1,7y < ha®, Tp1— ’Z;L>hxa,,4(n)]dt—o<xa_1> asx — oo.
n= I_JII/SJ
(60)
Therefore, replacing expression (60) for the first sum of (58) yields,asoo,
I Z/"HA 7) 1Ty < ha®, Tasr — To < ha®, A(n)] d !
32 - n+1a > T — ) OS xau n+1l — ng xa7 n t+0( a)
1/3J x !
LGI J Tn+l Lgéan Tn+l 0 Tn+1
<E ) / +E ) / +E > / +o (xc”)
n=|z1/3|" " n=|ex"| In n=|gex®| In
1
2 1))+ 1@ + 1)@ o (1 ) )

for someg. > 0 and0 < e < g, (from the later choice of, it will be clear that sucl exists).
In what follows we will evaluate the expressiolé? () from (61). Recalling the definition & (u, t; J)
and using similar arguments as in (46) and (47), it is easy to show

]-[S(,];%Fla‘]) > T — 1776 < hxaalz;ﬂrl _7;1 < hxa] <
1[S(70,7y;J) > (1 — 2¢)x] + 1[S(ha®; J) > ex — (1/2)] + 1[S(7,,, T, + ha®; J) > ex — (1/2)], (62)

and, therefore, replacing (56) Iﬁé) (x) and completing the integration results in

lex™ | Ut )
@) <E Y Zq(JO ~Qanain(y _ema " T = TN [S(Tg, Ts J) > 2(1 — 26))]
n—Lx1/3J =1
+ 2ex*P[S(hz®) > ex — (1/2)],
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whereh is small enough to ensuieS(hax®) < (ex — 1/2)/(1 + ¢) for largex. Next, applying Lemma 4,

max(q\” - "+1)) < Hg, 1 —e® < 2 (z > 0), the fact that(Z,,,; — 7,,) and 1[S(Tg, T; J) >

)1y

(1 — 2¢)z] are conditionally independent giveh;, and (36) renders, as— oo,

lez®] oo
1
I:%) (z) < H Z quef(lfe)nMQiE[E[%+1 — To|J_7,|P[S(70, Tn; J) > (1 —2¢)|J_1,]] + 0 (xa1>
n=|z1/3] i=1
Lez? ]

<H Z qu ~(1=€&)nugi p [5(%—%)>x(1—26)]+0<xa11).

n=la1/3) i=1

Now, by using the argument as in inequality (48) and Lemmas 2 and 7, we deriveras,

e

(1) H 1 1 - 1
I3 (z) < 2(1+6) Z nlfl +o <LIZ‘O‘_1> =0 <{L‘O‘_1 ) (63)
1 «@
n=lo3)

whene is smaller tharsh with s as in Lemma 7.
Now, we estimatelg) (z) by replacing (56) in[:gg) (), completing the integration and applying similar
arguments as in (62) and, therefore ras> oo,

lgez®] oo (J_

Tn
WEE S 3 et

n=|ex®]| i=1

)

Tatr=TaNV1[S (T, Tp; J) > (1—2€)z]+0 ( a1—1> '
X

Then, by usingnax(¢”™, ¢\ ™) < Hgi, 1 — e < z (¢ > 0), (36), the fact thatT,., — 7,) and

1[58(7o,7,; J) > (1 — 2¢)z] are conditionally independent giveh, , we obtain, ag — oo,

|.963j
@ <H Y 3 e [T — T P [$ (5. Tt d) > a(l —20)| J,]
n=|ex] =1

1
+o povm

Lgean 0
qu (1—e nqlu]p [S (%vﬂgex“ﬁ‘]) > x(l — 26)] “+ o0 <xa1_1> .

n=|ex] i=

Define
B( ) m1<k<M{77€(76 Lge x(’J) (1 + €)prviger® }

Then, ast — oo,

lgex®] oo

I:g Z qu —(=e)ung; p P [S (70,7 g0 ;) > (1 — 2€), B(x)]

n=|ex>] i=1

lgez®] oo
PHOY Y e COmE )] o o ) (64

n=lex*] 1=1
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Now, we will evaluate the two sums from the preceding inequality. Due to the weak law of large
numbers,P[7y (7o |g.oe)) > (1 + €)prvrger®] — 0, implying P[B°(z)] — 0 asz — oo, which, in
conjunction with Lemma 2, yields as— oo

Lgsx |_96$J 1
S et o) > ot —o(25). 69

n=|ex®] i=1 "_Lean

Next, we estimate the probabiliy[S(Z, 7| 4..); /) > (1 — 2€)x, B(x)]. Let Bi(u,t;J), 0 < u

be a random variable indicating whether iténs requested ii—t, —u). DefineS*(z) = > 2, B (:): ,
where{B/(x),i > 1} is a sequence of independent Bernoulli random variables Wil}i(x) = 1] =
1— e~ 1+ kL, QEk)uﬂkgexa; similarly as beforeS*(z) is constructed non-decreasingsinThen, for every
w € B(x),

— T T %
UTI.geac(’J [BZ (%’ﬂgean; J) - 1] =1l-e Zk lq k( OrLgee J)
< P[B(z) = 1].
Therefore, by stochastic dominance, for everg B(z)
Por, oy [9(T0: Tigan)i J) > (1= 20)2] <P[S"(2) > (1 - 2e)a] (66)
If we select
(1—4e)®

ge =

)

(1+€)cpl [1-1]°
it is easy to check, using Lemma 3, that forallarge enough

00
(k)

ES*(z) = Y (1 — e+ Timamnsc®a™y < (1 3¢)a.

=1
This inequality, (66), and Lemma 4 imply, after setting- ¢/(1 — 3¢), for all « large enough,
P [S (70, Tjg.u0); J) > (1 = 2¢)z, B(z)] < P[S*(z) > (1 — 2€)z] < He ¥,
for some positive constat. Therefore, by using Lemma 2, the upper bound on the first expression in (64)

is
lgex®] oo

Z Zqu_(l WGP [G* () > (1 — 2€)x] = 0 (xa1—1> as x — oo,

n=|ex®| i=1

which in conjunction with (65) implies

I:g) (r) =0 <:):°‘11> as x — oo. (67)

Finally, after replacing (56) |ﬂ'§2> ), computing the integral, applying— e=* < z, x > 0 and using
double conditioning, we obtain for any integer> 1

)<E Z qu‘m LU £, € (68)
n=|gex] =1
0o 0o Vo) ' Lgez | +(+1)x Jor )

S ]EZ ZE[QZ 0 |Jf'flgézaJJrjX]67(176)H(Lg6x J+.7X)(I'L Z ]E[qz n+1 HJ_ _ |J7’]'LgémaJ+jX];
j=0 i=1 n=|gez® | +jx
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in the last inequality we split the first sum, apply the conditional independengeaofi{J_7, , |gexz®| +
Jx <n < [gex®] + (j + 1)x} givenJ_g . ., and use the monotonicity ef “. Now, by ergodicity
of the Markov chain{.J_7, } (see Theorem.26 on page 160 of [7]) and finiteness of its state spaceyfor
large enough, alf > 0and alli > 1

[gez® |+(5+1)x

M X
(J- ) k
> Bl g Wty = 0= 0 e Y B g = bTom = 1] < (+e)xain
n=|gex®]+ix k=1

Therefore, after summing over glland taking expectation, we derive

o
~qip(1-€) | gex®) X gu(i—er_ 2ikx(1 —¢€)
5 <3 di (e X / qul e BIXCZE)

Now, sincez/(1 — e~*) — 1 asz — 0, we can choos such thaiguy (1 —€) /(1 — e X16(1-6)) < 1 4 ¢
for all i > 4g; thus, we can further upper bou@) ) as

19 () < Hige 0™ 4 / ST @1+ )2 pem 1=t (69)
lgez] 51

At last, since the first term in the preceding expression equalg® ') asx — oo, using Lemma 2 and
the expression fog., we compute

() BE(1 — ) 2+2
I32 ( ) < (O[) (1 + ()1 — ii)al)

lim sup

2—oo P[R > x]

By passinge — 0 in the last inequality and then replacing it together with estimates (67) and (63) in (61),
we derive

: I32()
= L <L .
hcrcn_)solip PR>a] = K(a) (70)
Finally, (70), (57), (55), (40), (49), and Proposition 2 conclude the proof. &
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8 Appendix
Proof of Proposition 1: By Theorem 1, for any finitéV, the stationary search cost is given by
P[CN / qutﬁs)ql e~ NP JSin(t ) > o — 1] dt. (71)

Clearly, the term under the integral in the preceding equation converges to the corresponding term in (10) as
N — oo. Hence, in order to apply the Dominated Convergence Theorem, it remains to show that, uniformly
in NV, the integrand in (71) is bounded by an integrable function. To this englalet > 1, correspond to
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the empirical distribution defined in (8) witifmk) replaced by;z.(fj)v. Then, sinceﬁ N\, lasN — oo,
i=1 44
there existsVy > 1, such thatforallvV > Ny, 1 <¢ < N,andl < k < M,

gt < qfﬁ% < 2",

Thus, the function under the integral in (71) is almost surely bounded by
4 Z q(‘]O Je—dit, (72)

Since —d(e~4it) = e~ @td(30, Zk)f Ju = Kldu) = e~9tg"-"at, and, due to ergodicitygt =
M g™ [0 1[J, = k] du — oo ast — oo a.s., we conclude that the function in (72) is integrable, i.e.,

E / 43 qg et gt = 4B / 3 (et = 4.
0 =1 0 =1

O
Proof of Lemma4: Letm; £ EB;,i > 1. For an arbitran) < e < 1
P[|S —m| > me] =P[S > m(1 +¢€)] +P[-S > —m(1 — ¢)]. (73)
Now, using Markov’s inequality, for an§ > 0 we obtain
EeGS
]P)[S > m(l + 6)] = ]P)[GOS > 69m(1+6)] S m (74)
e m €
Since{B;,i > 1} are independent Bernoulli random variables,
HEQOBZ _ H 6 mz 1 . mz < H ml(e _ m(eefl)’
=1

and, therefore, using (74), we derive
P[S > m(1 + €)] < ™’ ~1-00+0)

We can choosé > 0 such that? — 1 —0(1+¢) = oM <. Similarly, we get that the second expression
of (73) is bounded by—gég)m for some@éz) > 0. By takingf, = min(eél), 09)), we complete the proof>
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