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Abstract

We extend Goldie’s (1991) Implicit Renewal Theorem to enable the analysis
of recursions on weighted branching trees. We illustrate the developed method
by deriving the power tail asymptotics of the distributions of the solutions R
to

N N

R2Y CiRi+Q, RZ <\/ CiRi> VQ,

i=1 i=1

and similar recursions, where (Q, N, C1, C2, . ..) is a nonnegative random vector
with N € {0,1,2,3,...}U{o0}, and {R;}ien are iid copies of R, independent
of (Q,N,C4,Cq,...); here V denotes the maximum operator.
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1. Introduction

This paper is motivated by the study of the nonhomogeneous linear recursion

N
RE > CiRi+Q, (1)

i=1

where (Q,N,Cq,Cs,...) is a nonnegative random vector with N € NU {o0}, N =
{0,1,2,3,...}, P(Q > 0) > 0, and {R;};en is a sequence of iid random variables,
independent of (@, N,Cq,Cs,...), having the same distribution as R. This recursion
appeared recently in the stochastic analysis of Google’s PageRank algorithm, see [27,
19] and the references therein for the latest work in the area. These types of weighted
recursions, also studied in the literature on weighted branching processes [25] and
branching random walks [8], are found in the probabilistic analysis of other algorithms
as well [26, 24], e.g., Quicksort algorithm [13].

In order to study the preceding recursion in its full generality we extend the implicit
renewal theory of Goldie [14] to cover recursions on trees. The extension of Goldie’s
theorem is presented in Theorem 3.1 of Section 3. One of the observations that allows
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this extension is that an appropriately constructed measure on a weighted branching
tree is a renewal measure, see Lemma 3.1 and equation (9). In the remainder of the
paper we apply the newly developed framework to analyze a number of linear and
non-linear stochastic recursions on trees, starting with (1). Note that the majority of
the work in the rest of the paper goes into the application of the main theorem to
specific problems.

In this regard, in Section 4, we first construct an explicit solution (17) to (1) on
a weighted branching tree and then provide sufficient conditions for the finiteness
of moments and the uniqueness of this solution in Lemmas 4.4 and 4.5, respectively.
Furthermore, it is worth noting that our moment estimates are explicit, see Lemma 4.3,
which may be of independent interest. Then, the main result, which characterizes the
power-tail behavior of R is presented in Theorem 4.1. In addition, for integer power
exponent (« € {1,2,3,...}) the asymptotic tail behavior can be explicitly computed as
stated in Corollary 4.1. Furthermore, for non integer «, Lemma 4.1 yields an explicit
bound on the tail behavior of R. Related work in the literature of weighted branching
processes (WBPs) for the case when N = oo and @, {C;} are nonnegative deterministic
constants can be found in [25] (see Theorem 5), and more recently, for real valued
constants, in [5]. However, these deterministic assumptions fall outside of the scope of
this paper; for more details see the remarks after Theorem 4.1 in Section 4.2.

Next, we show how our technique can be applied to study the tail asymptotics of

the solution to the critical, E [Zf;l Ci] = 1, homogeneous linear equation

N

RE Z CiR;, (2)

i=1

where (N, Cy, Cy, . ..) is a nonnegative random vector with N € NU{oco} and {R; };¢n is
a sequence of iid random variables independent of (N, Cy, Cs, . ..) having the same dis-
tribution as R. This type of recursion has been studied to a great extent under a variety
of names, including branching random walks and multiplicative cascades. Our work is
more closely related to the results of [23] and [17], where the conditions for power-tail
asymptotics of the distribution of R with power exponent o > 1 were derived. In
Theorem 4.2 of Section 4.2 we provide an alternative derivation of Theorem 2.2 in
[23] and Proposition 7 in [17]. Furthermore, we note that our method yields a more
explicit characterization of the power-tail proportionality constant, see Corollary 4.2.
For the full description of the set of solutions to (2) see the very recent work in [3].
For additional references on weighted branching processes and multiplicative cascades
see [2, 23, 22, 28, 24] and the references therein. For earlier historical references see
[20, 16, 12].

As an additional illustration of the newly developed framework, in Section 5 we

study the recursion
N
RZ <\/ CiRi> VQ, (3)
i=1

where (Q,N,C1,C5,...) is a nonnegative random vector with N € N U {co},
P(Q>0) > 0 and {R;}ien is a sequence of iid random variables independent of
(Q, N, C1,Cs,...) having the same distribution as R. We characterize the tail behavior
of P(R > x) in Theorem 5.1. Similarly to the homogeneous linear case, this recursion
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was previously studied in [6] under the assumption that @ = 0, N = oo, and the
{C;} are real valued deterministic constants. The more closely related case of @ =0
and {C;} > 0 being random was studied earlier in [18]. Furthermore, these max-type
stochastic recursions appear in a wide variety of applications, ranging from the average
case analysis of algorithms to statistical physics; see [1] for a recent survey.

We conclude the paper with a brief discussion of other non-linear recursions that
could be studied using the developed techniques, including the solution to

N
RZ2 (\/ CiRi> 1 Q.
=1

The majority of the proofs are postponed to Section 7.

2. Model description

First we construct a random tree 7. We use the notation §) to denote the root
node of 7, and A,, n > 0, to denote the set of all individuals in the nth generation
of T, Ag = {0}. Let Z, be the number of individuals in the nth generation, that is,
Zn = |An|, where | - | denotes the cardinality of a set; in particular, Zy = 1.

Next, let Ny = {1,2,3,...} be the set of positive integers and let U = | Jr,(N4)* be
the set of all finite sequences i = (i1, %2, . . ., %), where by convention N = {@} contains
the null sequence (). To ease the exposition, for a sequence i = (iy,42,...,9;) € U we
write iln = (41,42, ...,4,), provided & > n, and i|0 = () to denote the index truncation
at level n, n > 0. Also, for i € A; we simply use the notation i = iy, that is, without
the parenthesis. Similarly, for i = (i1,...,4,) we will use (i,j) = (i1,...,%n,J) toO
denote the index concatenation operation, if i = ), then (i,j) = j.

We iteratively construct the tree as follows. Let N be the number of individuals
born to the root node ), Ny = N, and let {N;}icp,i29 be iid copies of N. Define now

A= {i €N, :1<i<N},
Ay = {(i1,d2, .. yin) €U (i1, .+ yin-1) € An_1,1 <in < Ny i ) ) (4)

It follows that the number of individuals Z,, = |A,| in the nth generation, n > 1,
satisfies the branching recursion

Zn= Y M.

icA, 1

Now, we construct the weighted branching tree 7¢ ¢ as follows. The root node 0 is
assigned a vector (Qp, Ny, Cp.1), C(p,2),--.) = (Q,N,C1,C,...) with N € NU {oo}
and P(Q > 0) > 0; N determines the number of nodes in the first generation of
T according to (4). Each node in the first generation is then assigned an iid copy
(Qi, Ni, C(i1y, Ci2y, - - - ) of the root vector and the {N;} are used to define the second
generation in T according to (4). In general, for n > 2, to each node i € A,,_1, we
assign an iid copy (Qi, Ni,Ci,1),C(i,2),-..) of the root vector and construct A, =
{(,d,) 1 i€ Ay_1,1 < ip < Nj}s the vectors (@5, Ni, Ci,1), Cli2),---), 1 € Ay are
chosen independently of all the previously assigned vectors (Qj, Nj, C(5,1), C(3,2)s - - - ),
J € Ay, 0 <k <n—2. For each node in T c we also define the weight I1; . ; ) via
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the recursion

IL;, = Cyy, Weiy,in) = Clin i) Wiin i)y 122,

,,,,, in) 18 equal
to the product of all the weights C(.) along the branch leading to node (i1,...,d,),
as depicted in Figure 1. In some places, e.g. in the following section, the value of @
may be of no importance, and thus we will consider a weighted branching tree defined
by the smaller vector (N, C1,Cq,...). This tree can be obtained form 7o ¢ by simply
disregarding the values for )(.) and is denoted by 7.

m=1 Zo=1
Hl H2 H3 Z1 = 3
®
Ha) 2 ey Iy 3,2 Hs,3) Zy =06
[ J [ ] [ J [ J [ ] [ ]

FIGURE 1: Weighted branching tree

Studying the tail behavior of the solutions to recursions and fixed point equations
embedded in this weighted branching tree is the objective of this paper.

3. Implicit renewal theorem on trees

In this section we present an extension of Goldie’s Implicit Renewal Theorem [14]
to weighted branching trees. The observation that facilitates this generalization is the
following lemma which shows that a certain measure on a tree is actually a product
measure; a similar measure was used in a different context in [9]. Its proof is given in
Section 7.1 for completeness. Throughout the paper we use the standard convention
0%log0 =0 for all @ > 0.

Lemma 3.1. Let To be the weighted branching tree defined by the nonnegative vector
(N,Cy,Cs,...), where N € NU{oo}. For anyn € N and i€ A,, let V; =logIl;. For
a > 0 define the measure

pn(dt) = e E

> 1(Viedt)], n=1,2...,

ieA,

and let n(dt) = pi(dt). Suppose that there exists j > 1 with P(N > j,C; > 0) > 0
such that the measure P(logC; € du,C; > 0,N > j) is nonarithmetic,
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0<E [ZZ\LI C® log C’i} < oo and E [Zf\il C’f] = 1. Then, n(-) is a nonarithmetic

probability measure on R that places no mass at —oo and has mean

00 N
/ un(du) = FE ZCJ"‘ log C;
j=1

—00

Furthermore, p,(dt) = n*™(dt), where n*™ denotes the nth convolution of n with itself.

We now present a generalization of Goldie’s Implicit Renewal Theorem [14] that will
enable the analysis of recursions on weighted branching trees. Note that except for the
independence assumption, the random variable R and the vector (N,Cq,Cs,...) are
arbitrary, and therefore the applicability of this theorem goes beyond the recursions
that we study here. Throughout the paper we use g(z) ~ f(z) as * — oo to denote
limy o 9(2)/ £ () = 1

Theorem 3.1. Let (N,Cy,Cs,...) be a nonnegative random vector, where N € N U
{oo}. Suppose that there exists j > 1 with P(N > j,C; > 0) > 0 such that the
measure P(logC; € du,C; > 0,N > j) is nonarithmetic. Assume further that

0 < FE {Z;\le cs long] < oo, E {Zf;l C]a} =1, FE {Z;Vd C]} < oo for some

0 < v < a, and that R is independent of (N,C1,Cy,...) with E[R?] < oo for any
O0<p<a. lf

oo N
/ P(R > t) — Z (C;R > t)| [t*7tdt < oo, (5)
O :

then
P(R>t)~ Ht™,  t— o0,

where 0 < H < oo is given by

1 >0 al
H= / v ' P(R>v) - F ZlCR>U) dv.
Jj=1

B[x ClogCy]

REMARKS: (i) As pointed out in [14], the statement of the theorem only has content
when R has infinite moment of order «, since otherwise the constant H is zero. (ii)
Similarly as in [14], this theorem can be generalized to incorporate negative weights
{C;} at the expense of additional technical complications. However, when the {C;} > 0
and R is real-valued, one can use exactly the same proof to derive the asymptotics of
P(—R > t); we omit the statement here since our applications do not require it. (iii)
When the {log C;} are lattice valued, a similar version of the theorem can be derived by
using the corresponding Renewal Theorem for lattice random walks. (iv) It appears,
as noted in [14], that some of the early ideas of applying renewal theory to study the
power tail asymptotics of autoregressive processes (perpetuities) is due to [21] and [15].
The proof given below follows the corresponding proof in [14].

Proof of Theorem 3.1. Let Tc be the weighted branching tree defined by the non-
negative vector (N,C1,Cs,...). For each i € A, and all k& < n define Vy;, = log Il
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note that Il is independent of Ny, but not of Nj, for any 0 < s < k — 1. Also
note that iln = i since i € A,. Let Fi, k > 1, denote the o-algebra generated
by {(Ni,C(i71),C(i72), . ) i€ Aj,O < _] < k— ].}, and let ]:0 = J(@,Q), Hi|0 = 1.
Assume also that R is independent of the entire weighted tree, 7. Then, for any
t € R, we can write P(R > e') via a telescoping sum as follows (note that all the
expectations in (6) are finite by Markov’s inequality and (11))

P(R > ¢

= i: E| Y 1(R>e)| —E > 1R > € (6)
k=0

(i|k) €Ak (ilk+1)€Ak41

+E| Y 1(I,R> )

(iln)eAn
n—1 AP
= ZE Z I(Hi‘kR > €t) — Z 1(Hi|kC(i\k7j)R > et)
k=0 | (ilk)eA, j=1
+E| Y 1(I,R> ')
(iln)€An
n—1 Nik
=Y E| Y E|UR>e7Yr) =3 1(CpupyR > e ™) Fi
(i[k) €A J=1
+E| Y 1(I,R> ). (7)
(iln)eAn

Now, define the measures ., according to Lemma 3.1 and let

n N
va(dt) = pi(dt),  gt)=e* | P(R>e")—E | 1C;R>e| |,
k=0 Jj=1

r(t)=e”P(R>e') and  Gu(t)=¢™E| Y  1(IL,R>¢")
(iln)eAn
Recall that R and (Ny, Cijk,1); Cifk,2), - - - ) are independent of Fy, from where it
follows that
Nijx
F 1(R > 6t_Vi““) — Z 1(C(i\k,j)R > et_vi‘k) Fil = €a(Vi“‘_t)g (t — Vi|k) .
j=1

Then, for any t € R and n € N,

rt) =Y B | Y et = Vig) | +0a(t) = (9% vn-1)(t) + 6a(t).

k=0 | (i|k)EAy
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Next, define the operator f(t) = ffoo e~ (=% f(u) du and note that

#(t) = (§* V1) (t) + on(t). (8)

Now, we will show that one can let n — oo in the preceding identity. To this end,
let n(du) = p1(du), and note that by Lemma 3.1 n(-) is a nonarithmetic probability
measure on R that places no mass at —oo and has mean,

Mé/ n(du) = Zc log C;| > 0.

—co J=1

Moreover, by Lemma 3.1,

HEY eE| > 1(Viped)| => n™(dt) (9)
k=0 k=0

(ilk)e Ak

is its renewal measure. Since p # 0, then (|f| * v)(t) < oo for all ¢ whenever f
is directly Riemann integrable. By (5) we know that ¢ € Lq, so by Lemma 9.1
from [14], g is directly Riemann integrable, resulting in (|g| * v)(t) < oo for all ¢.

Thos, (g} »v)(e) = & [Zi?;o X imea, €
E [Zzio 2 (ilk)e Ay e?Vik gt — Vi|k)] exists and, by Fubini’s theorem,

Z Yo Mgt — Vi)

k=0 (i]k)€ A

9t — X/i|k)\] < oo, which implies that

(g*v)(t

:ZE Z e®Virg(t — Vig) | = lm (g * ) (2).

n— o0
k=0 | (i|k)€Ax

To see that 6, (t) — 0 as n — oo for all fixed ¢, note that from the assumptions
0 < B[X), CologCy| < oo, B[L, €| = 1, and B[S}, 7] < oo for some

0 < v < a, there exists 0 < 8 < a such that £ [Zjvzl C’ﬂ < 1 (by convexity). Then,
for such §,

¢
on(t) = / e~ (tmweanp Z 1 (I, R > €*) | du

(iln)eA,

<elo=Pitp Z / 1|nR >e ) du

( iln)eAn

min{t,log(I1;, R)}

g | 3 / ¢ty

| (iln)eAn

(a=B)t
e

< E IL;,,R)° | . 10
<3 > (Wy,R) (10)

(iln)eA,
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It remains to show that the expectation in (10) converges to zero as n — oo. First
note that from the independence of R and 7,

E| > [W,R’| =ERIE| Y (M),

(ijn)€A, (iln)€An

where E[RP] < oo, for 0 < 8 < a. For the expectation involving II;},, condition
on F,_1 and use the independence of (Njj,—1, Cijn—1,1), C(ijn—-1,2),---) from F,_1 as
follows

Nijn—1
E| Y y'| =E Yoo B D M)’ Oy | Fam
(in)eAn Gln-Dedn1 | i=1

Nijn-1

B B
=E Yo @Wip)’E| Y Cljporg| Faa
7j=1

(iln—1)€A, 1

[~
=1

(iln—1)eAn_1

n

N
=|FE Z Cf (iterating n — 1 times). (11)
7j=1

Since E [Zj\le C’ﬂ < 1, then the above converges to zero as n — oco. Hence, the

preceding arguments allow us to pass n — oo in (8), and obtain

Now, by the key renewal theorem for two-sided random walks, see Theorem 4.2 in
7],

et 1 oo
e_f’/ v*P(R > v)dv =7(t) — ;/ g(u)du = H, t — 0.
0 —o00

Clearly, H > 0 since the left-hand side of the preceding equation is positive, and thus,
by Lemma 9.3 in [14],

P(R>t)~Ht™,  t— oo.
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Finally,

1 o u
H= f/ / e~y (t) dt du
P J—oo -0
1 [~ <
=— e'g(t) e " dudt
HJ - t

o

98 N
:l/ e | P(R>e")—E Zl(C’jR>et) dt

0o N
= p/ v* ' | P(R>v) - F Z 1(C;R > v)| | dv.
0

4. The linear recursion: R = Ef;l C;R; +Q

Motivated by the information ranking problem on the Internet, e.g. Google’s PageR-
ank algorithm [19, 27], in this section we apply the implicit renewal theory for trees
developed in the previous section to the following linear recursion:

N
Rg ZCiRi +Q, (12)

=1

where (Q,N,Cy,Cs,...) is a nonnegative random vector with N € N U {oc},
P(Q > 0) > 0, and {R;};en is a sequence of iid random variables independent of
(Q,N,C1,Cs,...) having the same distribution as R. Note that the power tail of R
in the critical homogeneous case (@ = 0) was previously studied in [23] and [17]. In
Section 4.3 we will give an alternative derivation of those results using our method and
will provide pointers to the appropriate literature.

As for the nonhomogeneous case, the first result we need to establish is the existence
and finiteness of a solution to (12). For the purpose of existence we will provide an
explicit construction of the solution R to (12) on a tree. Note that such constructed
R will be the main object of study of this section.

Recall that throughout the paper the convention is to denote the random vector
associated to the root node () by (Q, N,C1,C,...) = (Qp, Ny, Cip,1), C0,2 - - - )-

We now define the process

Wo=Q, W,=>Y QI n>1, (13)

icA,

on the weighted branching tree 7 ¢, as constructed in Section 2. Define the process
{R™},,5¢ according to

R™ =%"Wi, n>0, (14)
k=0
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that is, R is the sum of the weights of all the nodes on the tree up to the nth
generation. It is not hard to see that R("™) satisfies the recursion

RM™ = Z C(@,j)R;n_l) +Qp = Z CjR;n_l) +Q, n>1, (15)
J=1 Jj=1

where {Rﬁ”_l)} are independent copies of R("~1 corresponding to the tree starting
with individual j in the first generation and ending on the nth generation; note that

Rg_o) = ();. Similarly, since the tree structure repeats itself after the first generation,
W,, satisfies

Wy = Z QiHi

icA,

- Z Co.r) Z Qk,...rin) H Cl,....iz)
j=2

k=1 (ky.ooyin)EAR

N
2 ZCkW(nq),k, (16)

where {W(,,_1) 1} is a sequence of iid random variables independent of (N, Cy,Cy,...)
and having the same distribution as W,,_1.
Next, define the random variable R according to

(oo}
R2 lim R™ =YW, (17)

n— o0
k=0

where the limit is properly defined by (14) and monotonicity. Hence, it is easy to
verify, by applying monotone convergence in (15), that R must solve

N@ N
R = Z C(@J)R;m) +Qp = Z CjR;OO) + Q,
j=1 j=1

where {R§w)}j€N are iid, have the same distribution as R, and are independent of
(Q,N,C1,Co,...).

The derivation provided above implies in particular the existence of a solution in
distribution to (12). Moreover, under additional technical conditions, R is the unique
solution under iterations as we will define and show in the following section. The
constructed R, as defined in (17), is the main object of study in the remainder of this
section.

4.1. Moments of W,, and R

In this section we derive estimates for the moments of W,, and R. We start by
stating a lemma about the moments of a sum of random variables. The proofs of
Lemmas 4.1, 4.2 and 4.3 are given in Section 7.2.
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Lemma 4.1. For any k € NU {oo} let {C;}k_, be a sequence of nonnegative random
variables and let {Y;}¥_, be a sequence of nonnegative iid random wvariables, inde-
pendent of the {C;}, having the same distribution as Y. For § > 1 set p = [B] €
{2,3,4,...}, and if k = oo assume that Y-, C;Y; < 0o a.s. Then,

k B k B
(Z@Yi) ~Sewy | < (B e (ZC>

i=1

REMARK: Note that the preceding lemma does not exclude the case when

E [(Zf_l cmﬂ — o0 but E {(zf_l Cm)ﬁ - Zf_ﬁ@n)ﬁ} < .

We now give estimates for the S-moments of W,, for § € (0,1] and 8 > 1 in Lem-
mas 4.2 and 4.3, respectively. Throughout the rest of the paper define

P8 :E[ZﬁilC’f] for any 5 > 0, and p = p;.

Lemma 4.2. For0< <1 and alln >0,

EW;] < E[Q%)pj

B
Lemma 4.3. For 8 > 1 suppose E[Q®] < o0, F {(Zi\;l Ci) < 00, and pV pg < 1.

Then, there exists a constant Kg > 0 such that for alln > 0,
EWZ < Kg(pV pp)"™.

Now we are ready to establish the finiteness of moments of the solution R given by
(17) in Section 4. The proof of this lemma uses well known contraction arguments,
but for completeness we provide the details below.

Lemma 4.4. Assume that E[Q®] < oo for some B > 0. In addition, suppose that
either (i) pg <1 if0 < B <1, or (i1) (pVps) <1 and E {(Zf\il Ci)ﬂ} <ooiff>1.
Then, E[RY] < oo for all 0 < v < f8, and in particular, R < oo a.s. Moreover, if
8>1, R™ Ly R, where Lg stands for convergence in (E| - %)/ norm.
REMARK: It is interesting to observe that for B > 1 the conditions pg < 1 and
<ZZJ\L1 Ci>ﬁ < oo are consistent with Theorem 3.1 in [2], Proposition 4 in [17]

and Theorem 2.1 in [23], which give the conditions for the finiteness of the S-moment
of the solution to the related critical (p; = 1) homogeneous (@ = 0) equation.

Proof. Let
_)ps ifg<1
v pg, ifp>1.

Then by Lemmas 4.2 and 4.3,
EWP < Kn® (18)
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for some K > 0. Suppose 8 > 1, then, by monotone convergence and Minkowski’s
inequality,

n B n 8
E[R°1=E lim (Z Wk> = lim B (kz Wk>
=0

k=0

- 1/8)" > ’
< lim (Z (E[W,f]) ) <K (Z nk/5> < o0.

k=0 k=0

This implies that B < oo a.s. When 0 < 8 < 1 use the inequality (3 ,_, yk)ﬁ <

ZZ:O y,f for any y; > 0 instead of Minkowski’s inequality. Furthermore, for any
0<y<B,

ER=E [(Rﬂ)v/ﬂ < (BR")" < .

That R(™ ﬂ; R whenever 3 > 1 follows from noting that E[|R™ — R|F]
=FE [(Z;";nﬂ Wk)ﬁ} and applying the same arguments used above to obtain the
bound E[|[R™ — R|P] < Kn**t1/(1 —n'/B)~.

Next, we show that under some technical conditions, the iteration of recursion (12)
results in a process that converges in distribution to R for any initial condition Rf. To
this end, consider a weighted branching tree Tg ¢, as defined in Section 2. Now, define

R: 2R LW (RY), n>1,
where R("~1) is given by (14),

= ) Rj;IL, (19)

icA,

and {Ré,i}ieU are iid copies of an initial value R, independent of the entire weighted
tree Tg,c. It follows from (15) and (19) that, for n > 0,

il = ZC R(" VL Q4+ Wosi (RY) ZC R(n e Z Ro; HC(L Sin) | FQ:
j=1 icA, ;

(20)
where {Rg-n*l)} are independent copies of R("~1 corresponding to the tree starting
with individual j in the first generation and ending on the nth generation, and A, ; is
the set of all nodes in the (n + 1)th generation that are descendants of individual j in
the first generation. It follows that

N
= Ol +Q,
j=1

where { R}, ;} are the expressions inside the parenthesis in (20). Clearly, { R}, ;} are iid
copies of R* thus we show that R} is equal in distribution to the process derived by
iterating (12) with an initial condition Rjj. The following lemma shows that R} = R for
any initial condition R} satisfying a moment assumption, where = denotes convergence
in distribution.
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Lemma 4.5. For any initial condition R > 0, if E[Q?], E[(R})?] < oo and ps =
E [Zf\;l CZB] <1 for some 0 < 5 <1, then

R} = R,

with E[RP] < co. Furthermore, under these assumptions, the distribution of R is the
unique solution with finite S-moment to recursion (12).

Proof. Since R™ — R a.s., the result will follow from Slutsky’s Theorem (see
Theorem 25.4, p. 332 in [10]) once we show that W,,(R§) = 0. To this end, note that
Wi (1), as defined by (19), is the same as W, if we substitute the Q; by the R ;.
Then, for every € > 0 we have that

P(W,(R5) > €) < e PE[W,(R})”]
e_ﬁng[(Ré)B] (by Lemma 4.2).

Since by assumption the right-hand side converges to zero as n — oo, then R} =
R. Furthermore, E[R’] < co by Lemma 4.4. Clearly, under the assumptions, the
distribution of R represents the unique solution to (12), since any other possible
solution with finite S-moment would have to converge to the same limit.

REMARKS: (i) Note that when E[N] < 1 the branching tree is a.s. finite and no
conditions on the {C;} are necessary for R < co a.s. This corresponds to the second
condition in Theorem 1 of [11]. (ii) In view of the same theorem from [11], one could
possibly establish the convergence of R = R < oo under milder conditions. However,
since in this paper we only study the power tails of R, the assumptions of Lemma 4.5

are not restrictive. (iii) Note that if £ [va:l Cf‘} =1 with o € (0, 1], then there might
not be a 0 < f < « for which F {Zf\il Cﬂ < 1, e.g., the case of deterministic C;’s
that was studied in [25].

4.2. Main result

We now characterize the tail behavior of the distribution of the solution R to the
nonhomogeneous equation (12), as defined by (17).

Theorem 4.1. Let (Q,N,C1,Cs,...) be a nonnegative random vector, with N € N U
{0}, P(Q > 0) > 0 and R be the solution to (12) given by (17). Suppose that there ex-
ists j > 1 with P(N > j,C; > 0) > 0 such that the measure P (log C; € du,C; > 0, N > j)

is nonarithmetic, and that for some a > 0, E[Q] < o0, 0 < E [Zfil Cilog C;| < o0

and E {Zfil C’f‘] = 1. In addition, assume
1. E [Zf\il C’i] <land E [(Zil C’i)a} < 00, if a > 1; or,

1+e€
Q.E{(Zﬁlcf‘/(lﬁ)) }<oof0rsome()<e<1,if0<a<1,

Then,
P(R>t)~ Ht™ %, t — o0,
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)a

where 0 < H < oo is given by
1 <
H= e {ZL C?logCi} /0 vt (P(R >v)—E
E[(XX, CiRi+Q) - £, (CiR)e]
aF [$, G log Ci] '

1(CiR > 1})

=1

REMARKS: (i) The nonhomogeneous equation has been previously studied for the
special case when ) and the {C;} are deterministic constants. In particular, Theorem 5
of [25] analyzes the solutions to (12) when @ and the {C;} are nonnegative deterministic
constants, which, when vazl C¥ =1, a > 0, implies that C; < 1 for all ¢ and
> Clog C; <0, falling outside of the scope of this paper. The solutions to (12) for
the case when ) and the C;’s are real valued deterministic constants were analyzed in
[5]. For the very recent work (published on arXiv after the first draft of this paper)
that characterizes all the solutions to (12) for @ and {C;} random see [4]. (ii) When

a > 1, the condition E [(Zfil C,») } < o0 is needed to ensure that the tail of R is

not dominated by N. In particular, if the {C;} are iid and independent of N, the
condition reduces to E[N?%] < oo since F[C?] < oo is implied by the other conditions;
see Theorems 4.2 and 5.4 in [19]. Furthermore, when 0 < « < 1 the condition

E {(Zil C’i)a} < oo is redundant since E [(Zf\il Ci)a} <E {Zf\il Cza] =1, and
the additional condition E {(Z?Ll C’?/(He)) 1+j < oo is needed. When the {C;} are

iid and independent of N, the latter condition reduces to E[N'T¢] < oo (given the other
assumptions), which is consistent with Theorem 4.2 in [19]. (iii) Note that the second
expression for H is more suitable for actually computing it, especially in the case of
« being an integer, as will be stated in the forthcoming Corollary 4.1. When o > 1
is not an integer, we can derive an explicit upper bound on H by using Lemma 4.6.

[0
Regarding the lower bound, the elementary inequality (Zle xi) > Zle x$ for
a>1and x; > 0, yields

H > Blo] > 0.
aF [Ef\il C% log C’i]

«
Similarly, for 0 < a < 1, using the corresponding inequality (Zle xz> < Zle xy

for 0 < @ <1, 2; > 0, we obtain H < E[QO‘]/(QE {Zil C¢log CZ-D. (iv) Let us
also observe that the solution R, given by (17), to equation (12) may be a constant
(non power law) R =r > 0 when P(r =Q +r Zfi1 C;) = 1. However, similarly as in
remark (i), such a solution is excluded from the theorem since P(r = Q+r Zf\il C) =1
implies E[) ", Clog C;] < 0,a > 0.

Before proceeding with the proof of Theorem 4.1, we need the following two technical
results; their proofs are given in Section 7.3. Lemma 4.6 below will also be used in
subsequent sections for other recursions. With some abuse of notation, we will use
throughout the paper maxj<;<n @; to denote sup; ;.41 @i in case N = oo.
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Lemma 4.6. Suppose (N,Cy,Cs,...) is a nonnegative random vector, with N € NU
{o0} and let {R;}ien be a sequence of iid nonnegative random wvariables indepen-
dent of (N,C1,C4,...) having the same distribution as R. For a > 0, suppose that
Zilil(C’iRi)a < 00 a.s. and E[R®] < oo for any 0 < 8 < . Furthermore, assume

1+e
that E {(Zf\il C?/(He)) } < 0o for some 0 < e < 1. Then,

/ ( P(max C;R; >t>>t°‘_1dt
1<i<

N [eY
1 Z a

N
Zl (CiR; > )
=1

< 00.
«@

Lemma 4.7. Let (Q,N,C1,Cs,...) be a nonnegative vector with N € NU{oo} and let
{R;} be a sequence of iid random variables, independent of (Q, N,C1,Cs,...). Suppose

that for some o > 1 we have E[Q%] < oo, E [(Zil CZ-) ] < 00, E[RP] < ¢ for any
0<fB<a, and Zf\il C;R; < 00 a.s. Then

N

N [e3%
<Z CiRi + Q) - (CiR)"

i=1

< 0.

Proof of Theorem 4.1. By Lemma 4.4, we know that E[R?] < oo for any 0 < 8 < a.
To verify that F {Zf;l C;’} < oo for some 0 < v < «a note that if a > 1 we have, by
the assumptions of the theorem and Jensen’s inequality,

(] o[ (£)]- (5] <

forany 1 <y <a. If 0 < o <1, then for v = a(l +€¢/2)/(1 + €) < a we have

14e/2
1+4€ 1+te

N N 14€/2 r/ N
a/(1+¢€) a/(14¢€)
E E C!/| <FE < E C; > <|E ( E C; ) < 0.
i=1 i=1 i=1

The statement of the theorem with the first expression for H will follow from
Theorem 3.1 once we prove that condition (5) holds. To this end, define

<E

N
R* =) CiRi+Q.

i=1
Then,

P(R>t)—E

il CiR; >t)]

i=1

’P(R>t)—P(maX C;R; >t)’
1<i<N

_|_

N
Z I(CZRz > t)‘| .

P(max CiR; >t>
1<i<
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Since R 2 R* > maxi<i<n CiR;, the first absolute value disappears. For the second
one, note that

E

N
Zl (CiR; > t)
=1

N
Z 1(CZR1 > t)
i=1

P(max CiR; >t>

1<i<

=F E[l(maxC’R >t)} 0.
1<4<

Now it follows that

P(R>t)—E

N
> L(CiR; >tH
=1

P(R>1t)— P(maxCR >t>
1<i<N

+ FE Z (C’ZRz > t)

i=1

1<i<N

—P(maxCR >t) (21)

Note that the integral corresponding to (21) is finite by Lemma 4.6 if we show that
the assumptions of Lemma 4.6 are satisfied when o > 1. Note that in this case we can
choose € > 0 such that «/(1 + ¢) > 1 and use the inequality

k k B
fo < (Z sr:Z) (22)

for 8> 1, z; > 0, k < oo to obtain

N 1+e€ N «@
<Z cﬂ“*”) <E (Z Ci> < .
i=1 i=1
Therefore, it only remains to show that
/ (P(R >t)—P < max C;R; > t>> t* 1 dt < oo. (23)
0 1<i<N

To see this, note that R 2 R* and 1(R* > t) — 1(maxj<;j<ny C;R; > t) > 0, and
thus, by Fubini’s theorem, we have

/ (P(R >1t)—P < max C;R; > t)> tldt = lE {(R*)O‘ - ( max C’iRi) } .
0 1<i<N « 1<i<N

If 0 < o < 1, we apply (22) to obtain

E |:(R*)a - < max CZR1> :| S E
1<i<N

)

N a
Q +;(C¢Ri) - (11<11122X CR)
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which is finite by Lemma 4.6 and the assumption E[Q%] < cc.

«
If @« > 1, we have (Zle :cz) > Zle x$, x; > 0, k < oo, implying that we can
split the expectation as follows

— > (CiRy)

=1

N a
Z (CiRy)" — ( max CiRi)
1<i<N

i=1

iy (s cn)] -2

+ FE

3

which can be done since both expressions inside the expectations on the right-hand
side are nonnegative. The first expectation is finite by Lemma 4.7 and the second
expectation is again finite by Lemma 4.6.

Finally, applying Theorem 3.1 gives

P(R>t)~ Ht™ %,

where H = (E [$}, €7 log cj])_l vt (PR >v) = B[, 1(CR > v)] ) do.

To obtain the second expression for H note that

o N
/ ot P(R > v) Z (CjR >v) dv
0 :

2/ v IR
0

N
1<ZOiRi+Q>U) ZIC'R >v]dv
i=1 i=1

0 N N
= E / va‘1<1<ZCiRi+Q>v> > UCiR; >v>dv] (24)
0 i=1 i=1
SN CiRi+Q N ,CiR;
=F / v* o — Z/ vo‘_ldv] (25)
0 = Jo
1 N « N
— <Z CiR; + Q) —> (CiRy)*
i=1 i=1

where (24) is justified by Fubini’s Theorem and the integrability of

N N
! (ZC’iRi +Q > v) —> 1(CiR; > v)

=1 i=1

N
a—1 . _ R.
<w (1 (ZlCR +Q>v> 1(1r§nizg§vCle>v>>

N
(ZlCR > v —1<max C;R; >11>>,
<i<N

=1
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which is a consequence of (23) and Lemma 4.6; and (25) follows from the observation
that

N N

v* ] (Z CiR; +Q > v) and vl Z 1(C;R; > v)
i=1 i=1

are each almost surely absolutely integrable with respect to v as well.
This completes the proof.

As indicated earlier, when « > 1 is an integer, we can obtain the following explicit
expression for H.

Corollary 4.1. For integer o > 1, and under the same assumptions of Theorem 4.1,
the constant H can be explicitly computed as a function of E[R], E[C*], E|Q¥], 0 <
k< a—1. In particular, for a =1,

EQ]
E [Zfil C;log CZ} ,

H =

and for a = 2,

BQ*) +2B[RIE [Q LY, Ci] +2B[R)*E |2, Y., €6

H=
28 [2), C2log €1

)

EQ]
1-F {sz\il CZ} .

Proof. The proof follows directly from multinomial expansions of the second expres-
sion for H in Theorem 4.1.

E[R] =

4.3. The homogeneous recursion
In this section we briefly describe how the methodology developed in the previous
sections can be applied to study the critical, F [Zf\il C’l} = 1, homogeneous linear

recursion

N
REY"CiR;, (26)
i=1

where (N, C1, Cs, . ..) is a nonnegative random vector with N € NU{co} and {R;}ien
is a sequence of iid random variables independent of (N, C,Co,...) having the same
distribution as R. This equation has been studied extensively in the literature under
various different assumptions; for recent results see [23, 17, 2] and the references therein.

Based on the model from Section 4 we can construct a solution to (26) as follows.
Consider the process {W,, },>¢ defined by (13) with Q; = 1. Then, the {W,,} satisfy in

distribution the homogeneous recursion in (16) and, given that E [Zfil Cl} =1, we

have E[W,] = 1. Hence, {W, },>0 is a nonnegative martingale and by the martingale
convergence theorem W, — R a.s. with E[R] < 1. Next, provided that

N N N
> CilogC; <Z cz-) logt <Z Ci>
=1 1=1 1=1

FE <0 and F < 00




Implicit Renewal Theory on Trees 19

it can be shown that E[R] = 1, see Theorem 1.1(d) in [2] (see also Theorem 2 in [23]);
logt 2 = max(logz,0). Furthermore, as argued in equation (1.9) of [2], it can easily
be shown that this R is a solution to (26). Note that the same construction of the
solution R on a branching tree was given in [2] and [23]. Since the solutions to (26)
are scale invariant, this construction also shows that for any m > 0 there is a solution
R with mean m; or equivalently, it is enough to study the solutions with mean 1.
Moreover, under additional assumptions it can be shown that this constructed R is
the only solution with mean 1, e.g. see [22, 23, 17]. However, it is not the objective of
this section to study the uniqueness of this solution, rather we focus on studying the
tail behavior of any such possible solution (since our Theorem 3.1 does not require
the uniqueness of R). As a side note, we point out that (26) can have solutions if
E [Zfil Cﬂ =1 for some 0 < 8 < 1, as studied in [22, 17].

A version of the following theorem, with a possibly less explicit constant, was
previously proved in Theorem 2.2 in [23] and Proposition 7 in [17]; they also study
the lattice case. Regarding the lattice case, as pointed out earlier in the remark after
Theorem 3.1, all the results in this paper can be developed for this case as well by
using the corresponding renewal theorem.

Theorem 4.2. Suppose that there exists j > 1 with P(N > j,C; > 0) > 0 such that
the measure P(log C; € du,C; > 0,N > j) is nonarithmetic. Suppose further that for

some a > 1, E [(Zfil C’,»)a} < oo, E {Zil C&log® C;| < o0 and E [Zf\il Cl} =
E [Zf\il Cf“] = 1. Then, equation (26) has a solution R with 0 < E[R] < oo such that

P(R>t)~ Ht™ %, t — oo,

where 0 < H < oo is given by

N

> L(CiR > )

i=1

H = _ 1 / vo‘_1<P(R>v)—E
E [Zi:l C¢ log Cz} 0

>dv

_F [(Zi]il CiRi)a - 2511(01‘30‘*}
- aF [Zfil C¢log C’,} .

Furthermore, if P(N >2) >0, N = Ef\il 1(C; > 0), then H > 0.

Proof. By the assumptions, the function ¢(0) £ E {Zil Cﬂ is convex, finite, and
continuous on [1,a], since ¢(1) = p(a) = 1. Furthermore, by standard arguments,
it can be shown that both ¢'(8) and ¢"(#) exist on the open interval (1,a) and, in
particular,

¥"(0) = E

N
Z C?(log C;)?
i=1

Clearly, ¢'(0) > 0 provided that P(C; € {0,1},1 < < N) < 1. To see that this is
indeed the case, note that F [vazl C’z} = 1 implies that P(C; = 0,1 <i < N) < 1,
which combined with the nonarithmetic assumption yields P(C; € {0,1},1 <i < N) <
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1. Hence, there exists 1 < 61 < 02 < a such that ¢'(01) < 0 and ¢'(62) > 0, implying
by the monotonicity of ¢'(-) and monotone convergence that

N N
0<¢/(a=)=E|Y ClogC;| <E|> Clog* Ci] <oo and (27
i=1 i=1
N
¢'(1+) =E | Y CilogC;| <0.
=1

The last expression and the observation E [(Zfil Ci> log™ (Zfil Clﬂ < oo (implied

by E [(Zfil Cl->a] < o0) yields, as argued at the beginning of this section, that
recursion (26) has a solution with finite positive mean, see Theorem 1.1(d) and equation
(1.9) in [2] (see also Theorem 2 in [23]).

Next, in order to apply Theorem 3.1, we use (27) and E[R?] < oo for any 0 < 3 < a;
the latter follows from Theorem 3.1 in [2] and the strict convexity of ¢(-) argued above
(see also, Proposition 4 in [17] and Theorem 2.1 in [23]). The rest of the proof, except
for the H > 0 part, proceeds exactly as that of Theorem 4.1 by setting @ = 0.

Regarding the H > 0 statement, the assumption P(N > 2) > 0 implies that there
exist 1 <n <ooand 1 <43 <iys <n+1suchthat P(N =n,C;; > 0,C;, > 0) >0,
which further yields, for some § > 0,

P(N > i270i1 > (5, Ci2 > (S) > 0. (28)
Next, by using the inequality (z; + x2)® > x¢ + 25 for 21,22 > 0 and a > 1, the
second expressions for H in the theorem can be bounded from below by
E[UN > i5) (Ciy Riy + Cip Riy)” = (Ciy Riy)* = (Ciy Riy)*)]

H>
- B |2, O log Ci

(29)

To further bound the numerator in (29) we define the function
f@)y=01+z)—-1—2%—cx*™¢,

where 0 <e<a—1,0<c<2Y—1and y=a—1—e It can be shown that f(xz) >0
for z € [0, 1], since f(0) =0 and f'(z) > az?((14+1/z)" =1 —¢) > 0 on [0,1]. Hence,
by using the inequality f(z) > 0, we derive for z; > 0,29 > 0, max{z1, 22} > 0 and
x = min{xy, x2}/max{zy, z2}

(1 + 22)* — 27 — 2§ = (max{xy, 22 ) (1 +2)* =1 —2z%)
> c(max{zy,x2})%x* "¢ > c¢(min{zy, z2})";

the inequality clearly holds even if max{z1, 22} = 0 since both of its sides are zero.
Thus, by applying this last inequality to (29) and using (28), we obtain

cE[1(N > i3) (min{C;, R;,,Ci, R, })"]

ol [Zf\; C¢ log C’i]
S cd*P(N > iy,Cy, > 6,Ci, > §)E[(min{R;,, Ri, })“]
- B |2, O log Ci]

H>

> 0.

This completes the proof.
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REMARKS: (i) Note that the assumptions of Theorem 4.2 differ slightly from those
of Theorem 4.1 in the condition 0 < E [Ef\il C¢ log C’i] < 00, which is implied

by E [Zfil C¢log™ Cl} < o0, the strict convexity of p(f) = E [Zf\il C’f} and the
hypothesis that ¢(1) = ¢(«) = 1, as argued in the preceding proof. (ii) The assumption
P(N > 2) > 0 is the minimal one to ensure the existence of a nontrivial solution, see
conditions (HO) in [22] and (C4) in [2]. Otherwise, when P(N < 1) = 1, W, is a simple
multiplicative random walk with no branching; clearly, in this case our expression for
H reduces to zero. Also, if P(Zﬁl C; = 1) = 1, R can only be a constant; see
the remark above Theorem 2.1 in [23]. However, this last case is excluded from the
theorem since P(Zfil C; = 1) = 1 implies C; < 1 a.s., which, in conjunction with
ola) = 1,a > 1, yields P(C; € {0,1},1 < i < N) = 1, but this cannot happen due
to the nonarithmetic assumption. (iii) Note also that condition (C3) in [2] (equivalent
to P(C; € {0,1},1 < i < N) < 1 in our notation) is implied by the nonarithmetic
assumption of our theorem. Interestingly enough, if this last condition fails, Lemma 1.1
of [22] shows that equation (26) has no nontrivial solutions. (iv) As stated earlier, a
version of this theorem was proved in Theorem 2.2 of [23], by transforming recursion
(26) into a first order difference (autoregressive/perpetuity) equation on a different
probability space, see Lemma 4.1 in [23]. However, it appears that the method from
[23] does not extend to the nonhomogeneous and non-linear problems that we cover
here, since the proof of Lemma 4.1 in [23] critically depends on having both E[R] =1

and B [, 6] = 1.
Similarly as in Corollary 4.1, the constant H can be computed explicitly for integer

a > 2.

Corollary 4.2. For integer o > 2, and under the same assumptions of Theorem 4.2,
the constant H can be explicitly computed as a function of E[R*], E[C*], 1 <k < a—1.
In particular, for a = 2,

B E [vazl Z;‘V:i-u Cicj}
E [ZX, c2logci]

Proof. The proof follows directly from multinomial expansions of the second expres-
sion for H in Theorem 4.2.

We also want to point out that for non-integer general o > 1 we can use Lemma 4.1
to obtain the following bound for H,

(2 E-)”" Ve [(Sa)]

H<
okl [Zf\;l C¢ log C’i]

)

where p = [a].
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5. The maximum recursion: R = (\/i\;l CiRi> vV Q

In order to show the general applicability of the implicit renewal theorem, we study
in this section the following non-linear recursion:

N
RZ <\/ OiRi> Vv Q, (30)

where (Q,N,C1,Cs,...) is a nonnegative random vector with N € N U {oc},
P(Q > 0) > 0 and {R;}ien is a sequence of iid random variables independent of
(Q,N,C1,Cs,...) having the same distribution as R. Note that in the case of page
ranking applications, where the {R;} represent the ranks of the neighboring pages,
the potential ranking algorithm defined by the preceding recursion, determines the
rank of a page as a weighted version of the most highly ranked neighboring page.
In other words, the highest ranked reference has the dominant impact. Similarly to
the homogeneous linear case, this recursion was previously studied in [6] under the
assumption that @ = 0, N = oo, and the {C;} are real valued deterministic constants.
The more closely related case of @ = 0 and {C;} > 0 being random was studied earlier
in [18]. Furthermore, these max-type stochastic recursions appear in a wide variety of
applications, ranging from the average case analysis of algorithms to statistical physics;
see [1] for a recent survey.

Using standard arguments, we start by constructing a solution to (30) on a tree and
then we show that this solution is finite a.s. and unique under iterations and some
moment conditions, similar to what was done for the nonhomogeneous linear recursion
in Section 4. Our main result of this section is stated in Theorem 5.1.

Following the same notation as in Section 4, define the process

Vo=\ @I, n>0, (31)
icA,

on the weighted branching tree 7¢ ¢, as constructed in Section 2. Recall that the
convention is that (Q, N, C1,Cy,...) = (Qp, Ny, C(g,1), Cp,2), - - - ) denotes the random
vector corresponding to the root node.

With a possible abuse of notation relative to Section 4, define the process { R("™) tn>0
according to

R™W=\/W,  nx>o.
k=0

Just as with the linear recursion from Section 4, it is not hard to see that R(") satisfies
the recursion

N@ N
R™ = \/ CopR" V| vQu=|\ RV |ve, (32)
j=1 j=1

where {R§-n71)} are independent copies of R("~1 corresponding to the tree starting
with individual j in the first generation and ending on the nth generation. One can
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also verify that

Ny n N
D
Vi=\Conxy V  Quin [[Chiin=V CtVin-1)s
k=1 (Kyerin) €An j=2 k=1

where {V(,_1) 1} is a sequence of iid random variables independent of (N, Cy,Cs,...)
and having the same distribution as V,,_;.
We now define the random variable R according to

R% lim R™ = \/ V. (33)
k=0

n—oo

Note that R("™) is monotone increasing sample-pathwise, so R is well defined. Also, by
monotonicity of R, (32) and monotone convergence, we obtain that R solves

R= [\ CopB™ | vau={\ Cr™ | va.
j=1

j=1

where {R;oo)}jeN are iid copies of R, independent of (Q, N,Cq,Co,...). Clearly this
implies that R, as defined by (33), is a solution in distribution to (30). However, this
solution might be co. Now, we establish the finiteness of the moments of R, and in
particular that R < oo a.s., in the following lemma; its proof uses standard contraction
arguments but is included for completeness.

Lemma 5.1. Assume that pg = E {Zfil Cﬂ < 1 and E[QP] < oo for some 3 > 0.
Then, E[RY] < oo for all 0 < v < 8, and in particular, R < oo a.s. Moreover, if
g>1, R™ L R, where Lg stands for convergence in (E| - |*)/? norm.

Proof. By following the same steps leading to (11), we obtain that for any & > 0,

BV =\ o/} <E |3 @'nl| = BQ%). (34)
icAg icAg
Hence,
BR=E |\ V| <B | v < H9
k=0 k=0 1=ps

implying that E[RY] < oo for all 0 < vy < .

That R™ % R whenever B > 1 follows from noting that E[|[R™ — R|f] <
E [(\/z‘;nﬂ Vk)ﬁ} < E {Zi‘;nﬂ Vkﬂ] and applying the preceding geometric bound
for £ [Vkﬁ ]

Just as with the linear recursion from Section 4, we can define the process {R}} as

R: 2RV VYV (R, n>1,
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where

Va(Rs) = \/ RjsIL, (35)
icA,

and {Ré,i}ieU are iid copies of an initial value Rj, independent of the entire weighted
tree Tg,c. It follows from (32) and (35) that

N n N

il = \/ C; R§.n_1) v \/ Ry ; H Ciin) | VQ = \/ CiR;, ;v Q,

j=1 i€A,, k=2 j=1

where {R;"_l)} are independent copies of R("~1) corresponding to the tree starting
with individual j in the first generation and ending on the nth generation, and A, ;
is the set of all nodes in the (n + 1)th generation that are descendants of individual j
in the first generation. Moreover, {R, ;} are iid copies of Ry, and thus, R}, is equal
in distribution to the process obtained by iterating (30) with an initial condition Rj.
This process can be shown to converge in distribution to R for any initial condition Rj
satisfying the following moment condition.

Lemma 5.2. For any R} > 0, if E[QP], E[(R§)?] < oo and pg < 1 for some 3 > 0,
then

*

R; = R,

with E[Rﬁ] < 00. Furthermore, under these assumptions, the distribution of R is the
unique solution with finite B-moment to recursion (30).

Proof. The result will follow from Slutsky’s Theorem (see Theorem 25.4, p. 332 in
[10]) once we show that V,(Rj) = 0. To this end, recall that V,,(Rf) is the same as
Vy, if we substitute the @; by the Rg ;. Then, for every € > 0 we have that

P(Va(Ry) > €) < € PE[V,(Rp)”]
< PpREI(RY)"]  (by (34)).
Since by assumption the right-hand side converges to zero as n — oo, then R} =
R. Furthermore, E[RB] < oo by Lemma 5.1. Clearly, under the assumptions, the

distribution of R represents the unique solution to (30), since any other possible
solution with finite S-moment would have to converge to the same limit.

Now we are ready to state the main result of this section.

Theorem 5.1. Let (Q,N,C1,Cs,...) be a nonnegative random vector, with N € NU
{0}, P(Q > 0) > 0 and R be the solution to (30) given by (33). Suppose that
there exists j > 1 with P(N > j,C; > 0) > 0 such that the measure P(logC; €
du,C; > 0,N > j) is nonarithmetic, and that for some a > 0, E[Q%] < o0, 0 <

E [Zfil C¢ log C’i] < oo and E [Zfil Cf} = 1. In addition, assume

1. F [(ZZ]\; Ci)a} < oo, ,ifa>1; or

1+4+€
2.E{(Zf\ilc’f‘/(l+e)) }<ooforsom60<e<l,if0<a<l,



Implicit Renewal Theory on Trees 25

Then,
P(R>t)~Ht™®  t— o0,

where 0 < H < oo is given by

H= < 1 / vt ( (R>v)—FE
E {Zi:1 cr logCi] 0

E [(VL CiRi)a A% ZfV:l(CiRi)“}
ok [Zf;l C¢ log Cl} ’

N
Zl C;R > v)
=1

)m

Proof. By Lemma 5.1 we know that E[R’] < oo for any 0 < 8 < . The same
arguments used in the proof of Theorem 4.1 give that E [Ef\il C; ] < oo for some

0 < v < a. The statement of the theorem with the first expression for H will follow
from Theorem 3.1 once we prove that condition (5) holds. Define

_<@C£JVQ

i=1

Then,

P(R>t)—FE

‘P(R>t)—P(mzzx CiR; >t>’

1<%

il CiR; >t)]

_|_

P(max CiR; >t>

1<i<

N
Zl (CiR; >t]
=1

Since R 2 R* > maxi<i<ny CiR;, the first absolute value disappears. The integral
corresponding to the second term is finite by Lemma 4.6, just as in the proof of
Theorem 4.1. To see that the integral corresponding to the first term,

/ (P(R>t)—P(max CiR; >t>>t“‘1dt,
0 1<i<

is finite we proceed as in the proof of Theorem 4.1. First we use Fubini’s Theorem to

obtain that
/ (P(R>t)—P<max CiR; >t>)t°“1dt
0 1<i<
1 N ¢
:E{(R )a—<max CR) }
1<:<

N N «
<\/ CZR1> V Qa - (\/ Csz>
=1 =1

£Q]

Q
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Now, applying Theorem 3.1 gives

P(R>t) ~ Ht™,

where H = (E {Z;V:l C log CjD*l [ (P(R >0) - B[N 1CR > U)D dv.

The same steps used in the proof of Theorem 4.1 give the second expression for H.

6. Other recursions and concluding remarks

As an illustration of the generality of the methodology presented in this paper, we
mention in this section other recursions that fall within its scope. One example that
is closely related to the recursions from Sections 4 and 5 is the following

N
RZ (\/ c@) +Q, (36)

where (@, N, C1,Ca,...) is a nonnegative vector with N € NU {oo}, P(Q > 0) > 0,
and {R;}ien is a sequence of iid random variables independent of (Q, N, C1,Co,...)
having the same distribution as R. Recursion (36) was termed “discounted tree sums”
in [1]; for additional details on the existence and uniqueness of its solution see Section
4.4 in [1].

Similarly as in [14], it appears that one could study other non-linear recursions on
trees using implicit renewal theory. For example, one could analyze the solution to the
equation

RZ i (CiRi+ BA/R:) + Q.
i=1

where (Q, N,C1,Cs,...) is a nonnegative vector with N € NU {o0}, P(Q > 0) > 0,
and {R, R;};>1 is a sequence of iid random variables independent of (Q, N, Cy,Cs, ... ).
Here, the primary difficulty would be in establishing the existence and uniqueness of
the solution as well as the finiteness of moments.

7. Proofs

7.1. Implicit renewal theorem on trees

We give in this section the proof of Lemma 3.1.

Proof of Lemma 3.1. Observe that the measure F [Ef\il 1(log C; € du, C; > O)] is

nonarithmetic (nonlattice) by our assumption since, if we assume to the contrary that
it is lattice on a lattice set L, then on the complement L¢ of this set we have

N
0=FE|) 1(logC; € L*,C; > 0)| > P(logC; € L*,C; > 0,N > j) >0,
i=1

which is a contradiction. Hence, 7 is nonarithmetic as well, and it places no mass at
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—oo due to the exponential term e*". To see that it is a probability measure note that

oo 0o N
/ n(du) = / e*"E Z 1(log C; € du)
_ =

=F Z/ e 1(log C; € du) (by Fubini’s Theorem)
[~

=E |y Cc¢| =1
j=1

Similarly, its mean is given by

0o N
/ un(du) = E Z Cjlog C;
j=1

— 00

To show that w, = n*™ we proceed by induction. Let F,, denote the o-algebra
generated by {(Ni7C’(i’1),C(i72)7 .)i€eAd;0<i<n— 1}, Fo = o(0,9), and for
each i € A, set V; = logll;. Hence, using this notation we derive

t

S
fins1 ((—00,8]) :/ e™E | Y 1(Vi+1log Ci ) € du)

—o0 licA, j=1
t [ N;
:/ B | S B[SOV +log C ) € du)| F
> [i€An j=1
t N;
- E Zea%/ E | 1(logCpy) € du—Vi)| F
icAn e j=1
=F Z eVin((—oo,t — Vi])
ieA’Vl
= [ alt=oest = ulpa(av)

where in the fourth equality we used the independence of (N, C(j 1), Cf2), - .. ) from
Fn. Therefore pin,41(dt) = (1 * p,)(dt) and the induction hypothesis gives the result.

7.2. Moments of W,

In this section we prove Lemmas 4.1, 4.2 and 4.3. We also include a result that
provides bounds for E[WP] for integer p, which will be used in the proof of Lemma 4.3.

Proof of Lemma 4.1. Let p = [B] € {2,3,...} and v = B/p € (B/(B + 1),1].
Suppose first that k& € N and define A,(k) = {(j1,...,jk) € N¥ : ji + - + ) =
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p,0 < j; < p}. Then, for any sequence of nonnegative numbers {y;};>1 we have

(&)

=1 (J1,-23k) € Ap (K)

k v
_ D p ) J1 Jk
= e - . . cey
T S
7

p j1 ik
S| 2 () e

i=1 (J1,--50k) EAp (k)

gl
where for the last step we used the well known inequality (Zle xz) < Zle x] for
0 <~v<1and z; >0. We now use the conditional Jensen’s inequality to obtain

k B &
F (Zcﬂ/@) _Z(Ciyi)ﬁ

=1 i=1

_ y
<F Z ( ) p . )(Clyl)jl R (Ckyk)jk (by (37))

|\ Grimedpe) V10 Tk

_ v
<F E Z ( p . >(01Y1)j1"'(ckyk)jk Ch.....Ch

L (J1+e-0k)EAR(K) J1s y Jk

_ v
o 2 ( ! '>C{1"'CikE{Yljl"~Y,3k cm...,c:J

(j17"‘7jk)614p(k) J1s---s5 )k

Since {Y;} is a sequence of iid random variables having the same distribution as Y,
independent of the C;’s we have that
Cryes Ce] = B[Y{ - YP*] = |[VIP2 - 1Y

Jk?

E{Yfl-nYlg’“

where ||V, = (E[|Y|"”"])1_/"C for k > 1 and [|Y]|o £ 1. Since ||Y]|,; is increasing for
# > 1 it follows that [|Y[[7: < ||V}’ ;. Hence

J J D
V15 - YT < 1Y 1lp-1s

which in turn implies that

k Bk

p . .

£|(xew) -y <e|( 2 (P Jepcrimi,
i=1 =1 (J1,-23k) €A (K) Y

k p k v
= |IY|5_,E ((Z a-) - ZCf)
i=1 i=1

B
<|IVI.E (Zq)

i=1

~
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This completes the proof for k finite.
When k = oo, first note that from the well known inequality (z1 + .TQ)B > xf + xg
for 1,29 > 0 and 5 > 1 we obtain the monotonicity in k of the following difference

k1 B k1 k ook
(Z cm-) - > ()P > (Z cm) =Y Gy’ =o.
i=1 =1

i=1 =1

Hence,

(CiY;)P

M8

00 B
E <Zcm> -
i=1

i=1

k B g

i=1 i=1

. p . .
< E Ji... Y. )Ix
khm)OOE . X <j17 7jk> (01Y1) (Ck k)

(J15e-dk)EAp(K)

] B
k
. 8 ,
khm 1Y\l E (El Cl>

IN

00 B
Wi, ,E (Z Ci) : (39)

where (38) and (39) are justified by monotone convergence.

B
Proof of Lemma 4.2. We use the well known inequality (Zle yz) < Zle ylﬁ for
0<B8<1,y; >0, k < oo, to obtain

N B
EW]]=E (Z CiW(nn,i)
=1

<E

N
S|

i=1

= EW? |lps (by conditioning on N, C; and Fubini’s theorem)

< ng[Wf] (iterating n times)

= P E[Q"). (40)

Before proving the moment inequality for general 5 > 1, we will show first the
corresponding result for integer moments.

Lemma 7.1. Let p € {2,3,...} and recall that p, = E [Zfil Cﬂ , p = p1. Suppose
P
E[QP] < o, E [(Zf\il C’i> } < o0, and pV p, < 1. Then, there exists a constant
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K, > 0 such that
EWE <K, (pVpp)"

for allm > 0.

Proof. We will give an induction proof in p. For p = 2 we have

. )
EW? =E (Z CiW(nl),i>
=1

N
=E > CIWE, 4y, + Y, CiWi1)iCiWino1),;
_i:l i#£]

N
2.
i=1

= B(W2_,|E FEW, ) E | Y G0
i)

(by conditioning on N, C; and Fubini’s theorem)

N 2
<pEW;_ ]+ E (Z Ci) (E[W,-1])*.

Using the preceding recursion and noting that,
EW,_1] = PnilE[Q]y

we obtain
E[W;] < po EWa_ ]+ Kp*" ™Y, (41)

n—1

where K = E {(Zi\’zl Q)? (E[Q))?. Now, iterating (41) gives

E[W] < pe (sz[Ws_Z] + sz(nfz)) + Kp2Y)
n—2 . ‘
<P (mEWE +K) + K Y ph p2n 10
=0
n—1 ‘ .
= ng[QQ} + szé p2(n—l—z)
=0

|
—

n

< (p2V p)"E[Q*] + K(p2 V p)" (p2 V p)" 271

1=0
2 - ] n
< | E[Q7] + P Vp;(pz Vp)J> (p2 V p)
= Ka(p2 V)",

which completes the case p = 2.
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Suppose now that there exists a constant K,_; > 0 such that
E[Wf:_l} < Kp (pp—l \ p)n (42)

for all n > 0. Then, by Lemmas 4.1 and 4.2, we have

E[W?P] = +E

(Seon) -yem,

=1

Zcp (n-1), ]

< (B [wi- 1})17/ KZC) +E ;cpwn 1)]
~(ewrt)”" B[ (Se) |z

(Z C) ] VP =D (p, v p) P/ e=l) o BIWE ],

where in the second equality we conditioned on N, C; and used Fubini’s theorem,
and the last inequality corresponds to the induction hypothesis. We then obtain the
recursion

(n=1)p

E[Wrzt)] < ppE[WTZL)—l] + K(pp,1 Vop) T, (43)

where K = E [(ZZI\; Ci)p} (K,—1)P/P=1_ Tterating (43) as for the case p = 2 gives

n—1
E[WE] < prE[QP) + K > pl) (ppiy V p) "7 1700/(0=1)
=0
n—1 .
< (pp V)" EIQPI+ K ) (py v p){ "~ VPm0/ (07D (44)
=0
n—1 .
= (pp V )" EIQ"] + K(pp V p)" ' Y (pp v p) "W/ 7D
=0
< | E1Q"1+ K(op v 0) Y (00 V 0) 7T | (pp V )"
7=0

= Kp(pp \ P) ’

where in (44) we used the convexity of ¢(5) = pg, i.e. pp—1 = @(p—1) < (1) Ve(p) =
pV pp-

The proof for the general S-moment, 5 > 1, is given below.
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Proof of Lemma 4.3. Set p =[] > > 1. Then, by Lemmas 4.1 and 4.2,

N BN
EWP=E (ZCZ-W(”_”J) —ZC{*W{;AM +F
i=1 i=1

N
chw@n,i]

i=1

e (L] Al
<(ewed])" e | (S [+ [Semw
=1 =1

- /3:
_ (E [W,’;:ﬂ)ﬂ/(pfl) E (i Ci> +psE [Wf_l} .
L 1=1

By Lemma 7.1,

N B
E[WP) < psEW,)_ ]+ E <Z 0i> (Kp-1)?/ @™ (pp1 v p) = DB/ 7D
=1
= ppBIW} 4]+ K(pp-1 V p)" ™7,

where v = 8/(p — 1) > 1. Finally, iterating the preceding bound n — 1 times gives

n—1
EWE) < psEWE + K'Y pls(pV ppr )1
=0
n—1 .
<EWF)(pV pp)" + K Y (pV ps) "% (by convexity of ¢(8) = pp)
=0
n—1 ‘
= E[Q)(pV ps)" + K(pV ps)" "3 (pV pg) Vi
=0

< Ks(pVps)"
This completes the proof.

7.3. Linear nonhomogeneous recursion

In this section we give the proofs of the technical Lemmas 4.6 and 4.7 for the linear
recursion.

Proof of Lemma 4.6. Note that the integral is positive since

P(max C’iRi>t) E{l(max C¢R1>t)] <F
1<i<N

1<i<N

N

i=1

To see that the integral is equal to the expectation involving the a-moments note
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that
Zl (CiR; > 1)

/ <E - P (1I<nax C;R; > t)) to b dt
=1 i

1
IS N
/ E[ZlCR >t1<max C’,;Ri>t)]to‘1dt
0 1<i<N

=1

<.

E

S~
?

N
<Z 1(C;R; > 1) —1 ( mz%v CiR; > t)> A dt] (by Fubini’s theorem)
=1 -

N [}
1 1

g — (m_ax C’iRi>
a <

=1

where the last equality is justified by the assumption that ZfV:l(CiRi)“ < 00 a.s.
It now remains to show that the integral (expectation) is finite. To do this let
X = (N,C4,Cs,...). Similar arguments to those used above give

/ B
0

0
/ E
0
where in the last step we used Fubini’s theorem. Furthermore,
X-‘|

=E {1 <1glza<x CiR; <t>’X} —1+2N:E[1(CiRi > 1)[X].

i=1

N
Z 1(01R1 > t)
=1

—P(max C;R; >t>>t°‘1dt

1<i<N
XH e dt

X] o1 dt] ,

E

N
Z 1(0¢Ri > t) -1 ( max C;R; > t>
— 1<i<N

=B

N
Z; l(OfL‘Ri > t) -1 <1I<nzi}§\/ C;R; > t)

E

N
P 1<i<N

Note that given X, the random variables C; R; are independent (since the R’s are),
so if we let F(t) = P(R > t), then

N N
R.< _ <
E[l<1r§a§vcﬁlt>’x} HIE[ (Ciks < 1) X] = 1:[1 F(t/Cy)
We now use the inequality 1 —z < e™" for 2 > 0 to obtain
N . =
1 (1 - Ft/Cy) < e T F@/0n,
=1

Next, let § = ae/(1 + ¢€) and set 8 = o — . By Markov’s inequality,

N N N
S F(t/Ci) <> E(CR)P|CiIP =t PE[R?)>CF.

i=1
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Now, define the function g(z) = e* — 1 + = and note that g(z) is increasing for
x > 0. Therefore,

o (Soreren) <o (o er)

i=1
This observation combined with the previous derivations gives

| e
0

o0
</ (e—’“sﬂt"’ —1+rSBt—B) toLde,
0

N

Z 1(O1Rz > t) —1 < max C;R; > t>
1<i<N

i=1

X] e dt

where Sg = Y .7, C’f and r = E[RP] < co. Hence, using the change of variables
u=r1rSst~" gives

/ (ef’"sﬁrﬁ -1+ rSgtfﬂ) o tdt = 571(7"55)'1/5/ (67“ -1+ u) u= P qu.
0 0
Our choice of 8 = a — § guarantees that 1 < a/f = 1+ ¢ < 2. To see that the

(non-random) integral is finite note that e=* — 1 4+ < 22/2 and e~ — 1 < 0 for any
x > 0, implying

[e%e] 1 1 [e’s)
/ (67“—1+u)u70‘/[371du§7/ ulfo‘/ﬁdu—i—/ u™ P du
0 2 /o 1
1 1,
+ = KpB < oo.
22—a/p) a/p—-1

Now, it follows that

/ (E —P(maxCR >t>>t0‘_1dt
0 1<i<
N 0‘/5
<E [K(rsﬁ)a/ﬂ] = Kr*/PE (Z cf)
=1

The last expectation is finite by assumption (/8 = 1+ ¢), which completes the proof

Proof of Lemma 4.7. Let S = Zivzl CiR; < o0 a.s., p = [a| and note that 1 <
p— 1 < a. Then, since (S + Q)* —

N
Z 1(6‘2F3z > t)
i=1

S* >0 and S* — Zﬁil(CiRi)“ > 0, we can break
the expectation as follows
N N
(S+Q)* =) (CiR)*| =E[(S+Q)* -S|+ E <ZCR> - (CiR)"
i=1 i=

E[(S+Q) - S+ (E[rRr—)*" Vg

()]
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where the inequality is justified by Lemma 4.1. The second expectation is finite since
by assumption E[R®] < oo for any 0 < 8 < a. For the first expectation we use the
inequality

417, 0<k<1,
o+ k(r+ )", k>,

(x+1t)" < {
for any z,t > 0. We apply the second inequality p — 1 times and then the first one to
obtain

p—2
(z+)* <z Fafz+) <. <z*+ Z Q' aP T ()P
i=1
p—1
< z%+ aPt* + P Zm("_iti.

i=1
Hence, it follows that
p—1
E[(S+Q)* = 5] < a’E[Q"]| +a? Y E[S* Q). (45)

i=1

To see that each of the expectations involving a product of S and @ is finite let
X =(Q,N,C;,Cy,...) and note that for i =p — 1,

BlS* PP (46)
B N a—p+1
=FE|E QP—1/(a—pt1) Z C,R; X
j=1
[ r N a—p+17]
<E||E|Q¥V/(la=ptD Z C;R;| X (by Jensen’s inequality)
j=1
] N a—p+l ]
= (E[R)* " E Q"> ¢; , (47)
j=1

where the last equality was obtained by using the independence of {R;} and X.
For 1 <i<p-—2let ¢g; = [a—i] and condition on @ and X, respectively, to obtain

N N
E[SafiQi] - E Safi _ Z(CjRj)aii Qi +E Qz Z(CjRj)aii
j=1 j=1

N N
=E|QE |57 =Y (C;R)*™"|Q| | + E[R*E |Q'>_C¢™

Jj=1 Jj=1
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. N a—1
<E|Q (ERMQN"TE | > Q (48)
j=1
N a—1i
+ERE Q| Y. C;
j=1
- N a—1
— ((E[qul])“il +E[Rai]> E Q' ch , (49)
j=1

B <
<

B
(Zle yi) for any 8 > 1 and y; > 0. Note that all the expectations involving R in (47)
and (49) are finite since E[R”] < oo for all 0 < 8 < a by assumption. Next, observe

where for the inequality we used Lemma 4.1 (o —¢ > 1) and the inequality Zle Y

that all the other expectations are of the form F [Qi (Z?f:l C’j) | for1 <i<p—1.

To see that these are finite use Holder’s inequality with ¢ = a/(a — i) and r = a/i to
obtain

N a—1 N a—1i
E|Q > ¢ <|[>o¢ [1Q"]]»
j=1 j=1
q
N a 1/q
=226 (B[R < .
j=1
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