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Abstract. We analyze the queueing behavior of long-tailed traffic flows under the Generalized Processor
Sharing (GPS) discipline. We show a sharp dichotomy in qualitative behavior, depending on the relative
values of the weight parameters. For certain weight combinations, an individual flow with long-tailed traffic
characteristics is effectively served at a constant rate. The effective service rate may be interpreted as the
maximum average traffic rate for the flow to be stable, which is only influenced by the traffic characteristics
of the other flows through their average rates. In particular, the flow is essentially immune from excessive
activity of flows with ‘heavier’-tailed traffic characteristics. In many situations, the effective service rate is
simply the link rate reduced by the aggregate average rate of the other flows. This confirms that GPS-based
scheduling algorithms provide a potential mechanism for extracting significant multiplexing gains, while
isolating individual flows. For other weight combinations however, a flow may be strongly affected by the
activity of ‘heavier’-tailed flows, and may inherit their traffic characteristics, causing induced burstiness.
The stark contrast in qualitative behavior illustrates the crucial importance of the weight parameters.
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1. Introduction

Measurements indicate that traffic in high-speed networks exhibits burstiness on a wide
range of time scales, manifesting itself in long-range dependence and self-similarity,
see, for instance, [32,39]. The occurrence of these phenomena is commonly attributed
to extreme variability and long-tailed characteristics in the underlying activity patterns
(connection times, file sizes, scene lengths), see, for instance, [6,25,43]. This has trig-
gered a strong interest in queueing models with long-tailed traffic characteristics.
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Although the presence of long-tailed traffic characteristics is widely acknowledged,
the practical implications for network performance and traffic engineering remain to
be fully resolved. For small buffer sizes and a large number of sources, the impact
of long-tailed traffic characteristics may not be as pronounced as found in studies for
infinite buffers, see [28,29,33,40]. For larger buffer sizes, flow control mechanisms play
a critical role in preventing long-tailed activity patterns from overwhelming the buffer
contents, see [4], although the end-to-end delay may still be affected.

Scheduling and priority mechanisms also play a major role in controlling the effect
of long-tailed traffic characteristics on network performance. The present paper specif-
ically examines the effectiveness of Generalized Processor Sharing (GPS) in isolating
long-tailed traffic flows. As a design paradigm, GPS is at the heart of commonly-used
scheduling algorithms for high-speed switches, such as Weighted Fair Queueing, see,
for instance, [37,38].

A basic approach in the analysis of long-tailed traffic phenomena is the use of
fluid models with long-tailed arrival processes (e.g., on/off sources with long-tailed
on-periods). Fluid models are closely related to the ordinary single-server queue, thus
bringing within reach the classical results on regularly-varying [24] or subexponen-
tial [36,42] behavior of the service and waiting-time distribution in the GI/G/1 queue.
Those results are immediately applicable in the case of a single long-tailed arrival stream,
see [16,22]. They are also of use when a single long-tailed stream is multiplexed with
exponential streams, see [17,31]. We refer to [20] for a comprehensive survey on fluid
queues with long-tailed arrival processes. See also [30] for an extensive list of references
on subexponential queueing models.

The impact of priority and scheduling mechanisms on long-tailed traffic phenom-
ena has received relatively little attention. Some recent studies have investigated the ef-
fect of the scheduling discipline on the waiting-time distribution in the classical M/G/1
queue, see, for instance, [3]. For FCFS, it is well known [24] that the waiting-time tail
is regularly varying of index 1 — v iff the service time tail is regularly varying of index
—v. For LCFS preemptive resume as well as for processor sharing, the waiting-time tail
turns out to be regularly varying of the same index as the service time tail, see [18,49],
although with different pre-factors. In the case of processor sharing with several cus-
tomer classes, Zwart [47] showed that the sojourn time distribution of a class-i customer
is regularly varying of index —vj iff the service time distribution of that class is regularly
varying of index —v;, regardless of the service time distributions of the other classes.
In contrast, for two customer classes with ordinary non-preemptive priority, the tail be-
havior of the waiting and sojourn time distributions is determined by the heaviest of the
(regularly-varying) service time distributions, see [1,19].

In the present paper, we consider the Generalized Processor Sharing (GPS) disci-
pline. GPS-based scheduling algorithms, such as weighted fair queueing, play a major
role in achieving differentiated quality-of-service in integrated-services networks. The
queueing analysis of GPS is extremely difficult. One of the earliest studies is [27]. In-
teresting partial results for exponential traffic models were obtained in [7,26,34,44,45].
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Here, we focus on non-exponential traffic models, extending the results of
[9,10,12]. We show that, for certain weight combinations, an individual flow with long-
tailed traffic characteristics is effectively served at a constant rate. The effective service
rate may be interpreted as the maximum average traffic rate for the flow to be stable,
which is only influenced by the traffic characteristics of the other flows through their
average rates. In particular, the flow is essentially immune from excessive activity of
flows with ‘heavier’-tailed traffic characteristics. In many situations, the effective ser-
vice rate is simply the link rate reduced by the aggregate average rate of the other flows.
This is strongly reminiscent of the reduced-load equivalence established by Agrawal
et al. [2]. For other weight combinations however, a flow may be strongly affected by
the activity of ‘heavier’-tailed flows, and may inherit their traffic characteristics, caus-
ing induced burstiness. In [11], qualitatively similar results were obtained for a closely
related model of two coupled processors. For that model however, transform techniques
were used, whereas in the present paper we will develop probabilistic lower and upper
bounds and prove that these asymptotically coincide.

The remainder of the paper is organized as follows. In section 2, we present a de-
tailed model description. In section 3, we consider a scenario where the traffic intensity
of each flow is smaller than its weight in the GPS scheme. We start by deriving lower
and upper bounds for the workload distribution of an individual flow. We show that the
bounds, although quite crude by themselves, agree in terms of tail behavior, resulting
in the exact workload asymptotics. Next, we consider the general situation where the
traffic intensity of a flow may be larger than its GPS weight. We start by discussing
some stability issues, and then introduce a stability-related notion which plays a crucial
role in the analysis. We distinguish between two cases, depending on whether a flow
may be affected by other flows or not. These cases are examined in sections 4 and 5,
respectively. In both cases, we establish bounds for the workload distribution of an indi-
vidual flow, which are now more complicated and rely on more refined GPS properties.
As before though, the bounds coincide as far as tail behavior is concerned, thus yielding
exact asymptotic results. In section 6, we make some concluding remarks.

2. Model description

Consider N traffic flows sharing a link of unit rate. Traffic from the flows is served
in accordance with the Generalized Processor Sharing (GPS) discipline, which operates
as follows. Flow i is assigned a weight ¢;, with ZINZ ¢ = 1. If all the flows are
backlogged at time 7, then flow i is served at rate ¢;. If some of the flows are not
backlogged, however, then the excess capacity is redistributed among the backlogged
flows in proportion to their respective weights. We refer to [26] for a formal description
of the evolution of the backlog process.

Denote by A; (s, t) the amount of traffic generated by flow i during the time interval
(s, t]. We assume that the process A; (s, t) is stationary. Denote by p; the traffic intensity
of flow i as will be defined below in detail for the two traffic scenarios that we consider.
Denote by V;(¢) the backlog (workload) of flow i at time ¢. Let V; be a stochastic
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variable having the limiting distribution of V;(¢) for t — oo (assuming it exists). In the
cases that we consider, the limiting distribution when it exists does not depend on the
initial state of the system. As we are primarily interested in studying V;, we may thus
assume without loss of generality that the system is initially empty, i.e., V;(0) = 0 for
allj=1,...,N.

Define B; (s, t) as the amount of service received by flow i during the time interval
(s, t]. Then the following identity relation holds for all 0 < s < t:

Vi(t) = Vi(s) + Ai(s, 1) — Bi(s,1). ey

Denote by A(s,t) = Z,N: , Ai(s, 1) the total amount of traffic generated during (s, f].
Define p := va: | Pi as the total traffic intensity. Define V (¢) := ZIN: 1 Vi(2) as the total
workload at time 7.

For any ¢ > 0, denote by V(1) := supyc <, {Ai(s, 1) — c(t — s)} the workload
at time 7 in a queue with constant service rate ¢ fed by flow i only (assuming V(0) = 0),
see, for instance, [5]. For ¢ > p;, let V; be a stochastic variable with as distribution the
limiting distribution of Vf(z) for t — oo. Define B{ (s, t) as the amount of service
received by flow i during (s, ¢] in a queue with service rate ¢. Similarly to the identity
relation above, forall 0 < s < ¢:

VE(@) = VI(s) + Ai(s, t) — B (s, t). 2)

Denote by P{ the duration of the busy period associated with the workload process V5.
We occasionally use the short-hand notation P; when the service capacity c is clear from
the context.

Before describing the traffic model, we first introduce some additional notation.

For any two real functions g(-) and h(-), we use the notational convention
g(x) ~ h(x) to denote lim,_, o, g(x)/h(x) = 1, or equivalently, g(x) = h(x)(1 4+ o(1))
as x — oQ.

For any stochastic variable X with distribution function F(-), EX < oo, de-
note by F’(-) the distribution function of the residual lifetime of X, i.e., F"(x)=
(1/EX) fox(l — F(y))dy, and by X" a stochastic variable with distribution F” (-).

The classes of long-tailed, subexponential, regularly varying, and intermediately
regularly varying distributions are denoted with the symbols £, S, R, and Z'R, respec-
tively. The definitions of these classes may be found in [8].

We now describe the two traffic scenarios that we consider.

2.1. Instantaneous input

Here, a flow generates instantaneous traffic bursts according to a renewal process. The
interarrival times between bursts of flow i have distribution function U;(-) with mean
1/A;. The burst sizes of flow i have distribution S;(-) with mean o; < oo. Thus, the
traffic intensity of flow i is p; = A;0;.

We now state some results which will play a crucial role in the analysis.
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Theorem 2.1 (Pakes [36]). If S7(:) € S, and p; < c, then

Pi
C— pi

P{V{ > x} ~ P{S; > x}.

Theorem 2.2 (Zwart [48]). If U;(-) is an exponential distribution, i.e., the arrival
process is Poisson, S;(-) € IR, and p; < c, then

P(P; > x} ~

P{S, > )C(C — /01)}

C—pi

In fact, the preceding theorem can be extended to non-Poisson arrival processes,
see [47]. In the analysis we will need a slight modification:

Theorem 2.3. If U;(-) is an exponential distribution, S} (-) € ZR, and p; < c, then

P{P] > x} ~

- piIP’{Si > x(c — ,ol-)}.

Remark 2.1. Although theorem 2.3 is only a minor extension of theorem 2.2, the proof
(see [13]) is new and might be of independent interest. It directly uses theorem 2.1 to
derive the asymptotic behavior of the residual busy period. Note that if S;(-) € ZR, then
theorem 2.2 implies theorem 2.3. However, if we only assume S (-) € Z'R, then we can-
not directly use theorem 2.2, since S; () € Z'R does not necessarily imply S;(-) € Z'R.

2.2. Fluid input

Here, a flow generates traffic according to an on—off process, alternating between on- and
off-periods. The off-periods of flow i have distribution function U;(-) with mean 1/A;.
The on-periods of flow i have distribution S;(-) with mean o; < oco. While on, flow i
produces traffic at a constant rate r;, so the mean burst size is o;r;. The fraction of time
that flow i is off is

R
_1/)\.1'-{-0'1'_1-{-)\.,'0',"

Di

The traffic intensity of flow i is

_ Aoir;
- 1+)\io—i'

pi =1 = piri
We now state the analogues of theorems 2.1-2.3 in the case of on—off processes.

Theorem 2.4 (Jelenkovi¢ and Lazar [31]). If S/ () € S, and p; < ¢ < r;, then
P P{s; N }
C — P; ri —«¢

IP’{Vf > x} ~ pi
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Theorem 2.5 (Boxma and Dumas [21], Zwart [48]). If U;(-) is an exponential distrib-
ution, i.e., the off-periods are exponentially distributed, S;(-) € ZR, and p; < ¢ < r;,
then

P{P; > x} ~ pi—— {s,- > M}
C— Pi rp — pi

In addition, the following minor extension of the preceding theorem holds:

Theorem 2.6. If U;(-) is an exponential distribution, S7(-) € ZR, and p; < ¢ < r;, then

x(c —pi)
ri—pi )

]P’{Pf > x} ~ p; ]P’{S; >

C—pi
Remark 2.2. Theorems 2.5 and 2.6 follow directly from theorems 2.2 and 2.3 because of
a useful equivalence relation observed by Boxma and Dumas [21] and Zwart [46]. The
busy period in a fluid queue is equal in distribution to the busy period in a corresponding
G/G/1 queue scaled by a factor r; /(r; — ¢;). The interarrival times in the G/G/1 queue
are exactly the off-periods in the fluid queue, and the service times correspond to the net
input during the on-periods. Thus, with some minor abuse of notation, P{P; > x} =
PP/ " > x(r; — ¢)/r;} for all values of x, with UZ/%/'(.) = U;(-) and §7/9" .=
(I"i — C)S,'.

From theorem 2.2, noting that ¢ — pl.M/G/l = (c— p;)/p;i and p;r; =r; — p;,
M/G/1 x(ri —c¢) ¢ M/G/1 M/G/\Ti —C
P{Pi > - ~ M/G/IIP’ S; >x(c—,ol- )—
i C—,Ol. i
c x(c — p;
—p P{s,- > M}
C— Pi ri — pi

yielding theorem 2.5.

In [21] theorem 2.6 was essentially obtained in this manner from a weaker version
of [35, theorem 2.2] for the case S;(-) € R. Similarly, theorem 2.6 for the residual busy
period can be directly obtained from theorem 2.3.

Alternatively, theorem 2.6 can be proved by mimicking the proof of theorem 2.3 as
provided in [13].

3. Reduced-load equivalence

3.1. Bounds

We first derive bounds for the workload distribution which we will use in the next sub-
section to analyze the tail behavior. We focus on a particular yet arbitrary flow i. The
bounds do not involve any specific assumptions regarding the traffic model. In particular,
the bounds apply for the two traffic scenarios described in sections 2.1 and 2.2.
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The bounds rely on the following two simple properties of the GPS discipline:

(i) itis work-conserving, i.e., it serves at the full link rate whenever any of the flows is
backlogged;

(i1) it guarantees minimum rates ¢, ..., @y, 1.e., it serves flow i at least at rate ¢; when-
ever flow i is backlogged.

From property (1),

V() = sup {A(s,t) — (t —s)} forallz > 0. 3)
0<s <t
From property (ii),
Vi) < VP(r) forallr > 0. (4)

In the remainder of the section, we make the following crucial assumption.
Assumption 3.1. The traffic intensities and weights satisfy p; < ¢; foralli =1,..., N.

Note that the above assumption ensures stability of the flows. For a formal stability
proof, we refer to [26].

We first present a lower bound for the workload distribution of flow i. For compact-
ness, define A_;(s, 1) := A(s,t) — A;(s, 1) = Z#i A (s, t) as the aggregate amount of
traffic generated by all flows other than i during the time interval (s, ¢]. Also, denote by
p_ii=p—pi =, i pj the aggregate traffic intensity of these flows. For any ¢ > 0,
define Z¢,(t) := supogsgt{c(t —s) — A_i(s,1)}. For ¢ < p_;, let ZZ; be a stochastic
variable having the limiting distribution of Z¢,(¢) for t — oo.

Lemma 3.1 (Lower bound). For any § > 0,

P{V; > x} > P{Vl.l_p‘+5 o /i S x}. 5)
J#i

Proof.  Using properties (3), (4) we obtain, for any 6,
Vi)=V(6) =D Vi)

J#
>V -y Vo
J#
= A , — _ _ V¢J
Oigpg»t{ (5,1) = (t —5)} ; 0
= sup {Ai(s. ) = (1 =)t =)+ A_i(s. ) =0 — )} = Y VP (1)
0<s <t

J#i
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> sup {Ai(s,1) — (1 —0)(t — )} —I—Oinf {AZi(s,0) — 0t — 9)} —Zvj’f(z)

0<s<t S I
— ®j
= sup {Ai(s, 1) = (1 =)t =)} — sup {0(r —5) — A_i(s, 00} = > VI @)
0<s <t 0<s<t o
_y1-6 0 @j
=V 0) - 2%ty =) V() forallt > 0.
J#
In particular, taking 6 = p_; — §, we have
Vi) = V0 - 2570 = Y v ) forallr > 0.
J#
Thus, in the stationary regime (5) holds. g

We now provide an upper bound for the workload distribution of flow i. For any
¢ > 0, define VE,;(t) := supy,,{A-i(s, 1) — c(t — s5)} as the workload at time 7 in a
queue with constant service rate ¢ fed by all flows other than i. For ¢ > p_;, let V¢,
be a stochastic variable having the limiting distribution of V¢, (¢) for t — oo.

Lemma 3.2 (Upper bound). For any § > 0
P{V; > x} SP{VY > x, v, 7770 v 5y ) (6)

Proof. Using property (3), we have, for any 69,
Vi) < V()
= sup {A(s,1) — (t — )}

0<s <t

= sup {Ai(s,0) — (1 —60)(t —5)+ A_i(s,1) —0(t —5)}
0<s <t

< sup {Ai(s,0) — (1 —60)(t — )} + sup {A_i(s.1) —6(t —5)}
0<s<t 0<s<t

=V (1) + V%.(t) forallt > 0.
Invoking property (4), and taking 8 = p_; + 8, we obtain
Vi(t) < min{Vi‘Pi (1), Vil—p—i—tS(t) + Vf{i+5(t)} forall t > 0,

Thus, in the stationary regime (6) holds. O
3.2. Asymptotic behavior

We now use the bounds from the previous subsection to determine the tail distribution
of the workload. Denote by ¢; := 1 —p_;, =1 =) ji pj the link rate reduced by
the aggregate average rate of all flows other than i. We consider a specific flow i which
satisfies the following three properties for ¢ = c;.
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Property 3.1. P{VS > x} e L, ie.,
P{V{ > x — y}

xli)n;o W =1, forallreal y.

Property 3.2. Forany 6 > 0,

PV sy
liminf ———— = F*(0),
x—>oo  PIV? > x}

with limg o Ff(0) = 1.

Property 3.3. Forany 0 <6 < ¢ — p;,

, P{V¢™? > x} »
limsup ——— = G;(f) < oo,
xsoo  P{V{ > x}

with limgo GS(0) = 1.

According to theorem 2.1, in case of instantaneous input, flow i satisfies proper-
ties 3.1-3.3 for any ¢ > p; if §7(-) € S.

According to theorem 2.4, in case of fluid input, flow i satisfies property 3.1 for
any r; > ¢ > p; if S7(-) € S, and properties 3.2 and 3.3 if S7(-) € ZR.

We now give the main result of this section.

Theorem 3.1. Consider a flow i which satisfies properties 3.1-3.3 for ¢ = ¢;. If as-
sumption 3.1 holds, then
P{V; > x} ~P{V{ > x}.
Proof (Lower bound). From lemma 3.1, using independence, for any § > 0 and y,
P{V; > x} >P{Vf"+5 >x+y, Zﬁ;i_a + ZV?’ < y}
J#

:P{VfwS >x+ y {Zp - ZV¢/ }
JF#
Thus
IP’{VL > x} ]P’{Vc,+3 > x +y} P{V} C>x—{—y} 7" i_5+zv¢/
P{V‘>x} P{V > x + y} P{V; > x}

JF#
Using the fact that P{V}" > x} satisfies properties 3.1 and 3.2,
P{V > x}

ci p—i—8 @



282 S. BORST ET AL.

Letting y — o0, and then § | 0, we have
.. PV > x)
liminf ——7—— >
x—oo PIV;" > x}
(Upper bound). From lemma 3.2, using independence, forany 0 < § < 1 —p
and y,
P{V; > x} gP{V;’"’ >x, Vi > x —yor V’:iH >y}
QP{V?—‘S >x —y} +IP’{V? > X, V’:iH > y}
:}P’{Vf"_‘S >x —y} +IP’{V?" > x}IP’{Vi‘i"H > y}.
Thus
PVi > x} _ P{Vi™ > x —y} P{V" >x —y} PV¥ > x} BV = )
= < — — L T >yt
PIVT>x} © PVi>x—y] PV >x}  PV'>ux) Y

Using the fact that P{V;" > x} satisfies properties 3.1 and 3.3,

) P{V; > x}
limsup ———
xX—>00 ]P){Vl-l > x}

Letting y — o0, and then § | 0, we obtain
P{V; > x}

limsup ——— <
x—soo P{V; > x}

< G (8) + G (ci — o) PV >y},

O

Theorem 3.1 states that the workload of an individual flow i (with long-tailed traffic
characteristics) is asymptotically equivalent to that in an isolated system. In the isolated
system, flow i is served at a constant rate, which is equal to the link rate reduced by
the aggregate average rate of all other flows. The result suggests that the most likely
way for flow i to build a large queue is that the flow itself generates a large burst, or
experiences a long on-period, while all other flows show roughly average behavior, each
flow j consuming a fraction p; of the link rate. During that period, flow i then receives
service approximately atrate ¢; = 1 — ) i Pj-

Thus, asymptotically, the workload of flow i is only affected by the traffic charac-
teristics of the other flows through their aggregate average rate. In particular, flow i
is essentially immune from excessive activity of other flows, even when those have
‘heavier’-tailed traffic characteristics.

The result is reminiscent of the ‘reduced-load equivalence’ established by Agrawal
et al. [2] and a result derived in [31] for multiplexing exponential with subexponential
flows. In these scenarios, the total workload is asymptotically equivalent to that in a
reduced system. The reduced system consists of a single dominant flow i served at the
link rate reduced by the aggregate average rate of all other flows. However, these results
do require bounding conditions on the variability of the other flows. Here, such condi-
tions are not needed because of the properties of the GPS discipline. In fact, we have
only used the following two properties of the GPS discipline in establishing theorem 3.1:
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(1) it is work-conserving; (ii) it guarantees minimum rates ¢y, ..., ¢n. Thus, the result
does not rely on the specific way in which excess capacity is redistributed in GPS, but
holds for any rate sharing algorithm with the above two properties. Also, the workload
is not significantly influenced by the exact values of the GPS weights (as long as they
are larger than the average flow rates as stipulated in assumption 3.1).

Now suppose each of the flows were served in isolation. Then the required service
capacity to achieve similar tail behavior is

N N N

D c =Z(1—Zp,-) =) (=p+p) =1+ =11 -p).

i=1 i=1 j#i i=1
The latter quantity may typically be expected to be substantially larger than 1. This
confirms that GPS-based scheduling algorithms provide an effective mechanism for ex-
tracting significant multiplexing gains, while isolating indvidual flows.

To conclude the section, we briefly discuss the significance of assumption 3.1. The

assumption that p; < ¢; foralli =1, ..., N implies two crucial properties:

(1) flow i is always guaranteed to receive service at a stable rate, even when other flows
generate large bursts or experience long on-periods;

(i) when flow i generates a large burst, or experiences a long on-period, and thus builds
up a large queue, all other flows j continue to be served at a stable rate, demanding
a fraction p; of the link rate.

If assumption 3.1 is relaxed, then two complicating situations may arise: (i) when
other flows generate large bursts or experience long on-periods, flow i may not receive
service at a stable rate, and thus build up a large queue; (ii) when flow i generates a large
burst, or experiences a long on-period, not all other flows j may continue to be served at
a stable rate, so some may consume less than a fraction p; of the link rate.

In scenario (i), the tail behavior of flow i may potentially be affected by other flows
with ‘heavier’-tailed traffic characteristics, which drastically complicates the analysis.
In case (ii), precisely what rate the other flows will get, depends on the exact values
of the GPS weights (or the detailed mechanics of the rate sharing algorithm in general).
We will examine these scenarios in detail in the next sections when we relax assump-
tion 3.1.

4. Generalized reduced-load equivalence
4.1. Stability issues

We now relax the assumption that the traffic intensities and weights satisfy p; < ¢;

for all i = 1,..., N, so that stability of the flows is not automatically ensured. In

case ZlN: , pi < 1, all flows will remain stable, because the GPS discipline is work-
. . N

conserving. However, the scenario ) ;_, p; > 1 may occur as well now. In that case,

at least one of the flows will be unstable, while others may still be stable.
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We now identify which flows are stable and which ones are unstable. To avoid
technical subtleties, flow i is considered ‘stable’ if its mean service rate is p;, see also
remark 4.1 below. For ease of presentation, we assume the flows are indexed such that

PL_ Py
ol N
Lemma 4.1. With the above ordering, the set of stable flows is S* = {1, ..., K*}, with
1— k! 0
K* = max {k: Pr < %}
Proof. See appendix A. g

It may be verified that K* = N (i.e. all the flows receive a stable service rate) iff
vazl pi < 1. By definition, each of the stable flows i € S* receives a mean service
rate p;. Each of the unstable flows i ¢ S* receives a mean service rate ¢; R < p;, with

1
R=s(1-X0)
> jgs* b ( ;:* !
To understand the above formula, notice that the stable flows consume an average aggre-
gate rate ) jes* Pj» leaving an average rate 1 — > jes+ pj for the unstable flows, which
is shared in proportion to the weights ¢;.

We now introduce a stability-related notion which will play a fundamental role in
the analysis. Define y;r as the mean rate at which flow i would receive service if the
flows j € E were to continuously claim their full share of the link rate according to the
assigned weights ¢; (while the remaining flows j ¢ E still acted ‘normally’). (With
minor abuse of notation we write y;; for y;(;; and abbreviate y;; to y;.) Now observe that
the flows j € E would in fact show such greedy behavior if they were unstable (which
they need not be in reality). So we may determine y; g by forcing the flows j € E into the
set of unstable flows, and then apply lemma 4.1. The set of flows which would receive a
stable service rate if the flows j € E were to continuously claim their full share of the
link rate, is then Sg := {1, ..., K} \ E, with

k—1
o =il }
: S =% .
e Y diler) + X cp b
Thus, ;g = p; foralli € Sg, and y;g = ¢; R < p; foralli ¢ Sg, with

1
Rp=——[1-— i ).
g Zj¢SE¢j< Zp,)

JESE

To explain the above formula, observe that the flows j € Sg by definition receive an
average aggregate rate ) jesy Pj» leaving an average rate 1 — > jes; Pj for the flows
Jj ¢ Sk, which is shared in proportion to the weights ¢;.
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Remark 4.1. For later purposes, we find it convenient to label flow i as ‘stable’ if the
mean service rate is p;. In fact, the latter condition is necessary for stability in the usual
sense, but not entirely sufficient. A sufficient condition is p; < y;. Indeed, if the queue
of flow i never emptied, then it would receive a mean service rate y;, so that y; is the
critical mean rate for stability.

4.2. Bounds

We first derive bounds for the workload distribution which we will use in the next sub-
section to analyze the tail behavior. We focus on a particular yet arbitrary flow i for
which we assume p; < y; to ensure stability.

We first introduce some additional notation. For any subset £ C {1, ..., N}, define

vie®) =0 —-8)y;g=(1—-38)p; foralli € Sg,
and
Yie(8) = ¢iRp(8) foralli ¢ Sg,
with

Rp(8) =

1) — |1 -({0-=$6 ).
Zm()) Z,¢SE¢,< ( )Zp,)

JESE JESE

Z/ ESE d)J (
Note that ZlN: , Vie(8) = 1 for all values of § (unless E = ¢J).
We now state some preliminary results which will play a crucial role in deriving

the bounds.

Lemmad4.2. Let £,S, 7T C{l1,...,N}besetswith S, CS,SNT =0.

Then
> Bj(rt) > Z inf {Aj(r, 5+ <HE® [l—s— > Bi(s, t)“
jes Zkﬂ Vie(9) keT

for all § > g for some 5y < 0.
The proof of the above lemma may be found in [13].

Lemma4.3. Let £, S C {l,..., N} be sets with E # @, Sg C S.
Then

> Bi(rt) > Z inf {49 +re@)@ -9},

jes

for all § > g for some 5y < 0.

Proof. The statement follows immediately from lemma 4.2 when taking 7 = so
that Y, .7 Bi(s, 1) = 0and Y7 vir(8) = Y5, vir(8) = 1. O
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Lemmad4.4. Let E,S C {1,..., N} besets with E £ @, Sg C S.

Then
Vi< 3 v,
Jjes Jjes
for all § > g for some 59 < 0.

Proof.  Using the identity relation (1), lemma 4.3, and the assumption that V;(0) = 0
forall j=1,...,N,

> Vi = _[4;00.1) — B;(0,1)]

JES jes
SO0 = nf (4,09 + 700 - )]
je
= sup {4,050 —yr@®) =)} = 3 Vo). O
o 0<s <t X
jes ™ jes

We first present a lower bound for the workload distribution of flow i. For any
¢ = 0, define Z;(r) = sups, {c(s —r) — Aj(r,s)}. Forc < pj, let Z; be a stochastic
variable with as distribution the distribution of Z; (r) (which in fact does not depend on r
because the process A (s, t) is stationary).

Lemma 4.5 (Lower bound). For § > 0 sufficiently small,
PV, > x} > IP’{V}"’(‘S) -3z s x}. @)
JFL
Proof. See appendix B. g

We now provide an upper bound for the workload distribution of flow i. For any
subset E C {1, ..., N}, define ¥, = ¢i/Zj¢sE bj.
Lemma 4.6 (Upper bound). For § > 0 sufficiently small,
P{V; > x} < P{V?‘“‘“ + sy VP

> x for all sets E > i with y,g > p,-}.
JESE

®)
Proof. See appendix C. g

4.3. Asymptotic behavior

We now use the bounds from the previous subsection to determine the tail distribution of
the workload. As before, we consider a specific flow i which satisfies properties 3.1-3.3,
but now for ¢ = y;.
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‘We make the following assumption.

Assumption 4.1. At least one of the following two conditions holds:
@) pi < dis

(i1) for all sets E # i with y,guy < pi, forany 6 > 0,

HP{V?UM) >x} =o(P{V/ > x}) asx — oc.

JjeEE
In addition, flow i satisfies the following property for ¢ = y;.
Property 4.1. P{V; > x} is dominatedly varying (see [23]), i.e.,

P{V¢
lim sup M = Hf(n) < oo, forsomerealn e (0, 1)
x—oo  P{V} > x}

(which implies the property holds for all n > 0).

As will be formally shown below, the above assumption ensures that flow 7 is not
significantly affected by flows with ‘heavier’-tailed traffic characteristics. Specifically,
the assumption implies that temporary instability caused by activity of other flows does
not substantially influence the workload of flow i compared to the contribution of flow i
itself. Condition (i), in fact, guarantees unconditional stability of flow i, regardless of
the activity of the other flows. Note that the inequality y;guyy < p; implies that flow i
would be pushed into instability if the flows j € E continuously claimed their full share
of the link rate according to the assigned weights ¢;. Thus, condition (ii) guarantees
that only sets of flows with ‘combined lighter tails’, could potentially drive flow i into
instability. Or equivalently, sets of flows with ‘combined heavier tails’ cannot drive
flow i into instability.

According to theorems 2.1 and 2.4, if S;(-) € I'R, then for ¢ > pj, ]P’{V; > x}
~ K}:’]P’{S;. > x} for some constant 0 < KJ? <oo. If §;(-) is light-tailed, i.e., P{S; > x}
=o(e ") for some «x; > 0, then for ¢ > pj, }P’{V; > x} = o(e™*?*) for some «, > 0.
Thus, a sufficient requirement for condition (ii) of assumption 4.1 to hold is S (-) € IR,
and for all sets £ C {1,..., N} with y;pu;y < p;, either S;(-) is light-tailed for some
j € E,or S;(-) e IR forall j € E and ]_[jeE]P’{S;- > x} = o(P{S] > x}) as x — oo.

Now consider the special case where the flows j € R have regularly varying tails
of index —v;, whereas the flows j ¢ R have exponential tails. In that case, for flows
i € R, the sufficient condition indicated above may be expressed as follows: for all sets
E C Rwith yipusy < pis 2 jeg(v; — 1D > v — L

We now give the main result of this section.
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Theorem 4.1. Consider a flow i which satisfies properties 3.1-3.3 for ¢ = y;. If as-
sumption 4.1 holds, then

P{V; > x} ~P{V!" > x}.

Before giving the formal proof of theorem 4.1, we first provide an intuitive expla-
nation. Theorem 4.1 states that the workload of an individual flow i (with long-tailed
traffic characteristics) is asymptotically equivalent to that in an isolated system. In the
isolated system, flow i is served at a constant rate y;, which is equal to the average rate
that flow i would receive if it continuously claimed its full share of the link rate. The
result suggests that the most likely way for flow i to build a large queue is that the flow
itself generates a large burst, or experiences a long on-period, while all other flows show
roughly average behavior. During that period, flow i then receives service approximately
at rate ;.

Thus, asymptotically, the workload of flow i is only affected by the traffic char-
acteristics of the other flows through their average rates. In particular, flow i is largely
insensitive to extreme activity of other flows, even when those have ‘heavier’-tailed traf-
fic characteristics.

We now briefly discuss the significance of assumption 4.1. As mentioned earlier,
the assumption ensures that flow i is not significantly affected by flows with ‘heavier’-
tailed traffic characteristics. If assumption 4.1 does not hold, then there exists some
set E with heavier combined tails than flow i and y;gui; < pi. We conjecture that the
tail distribution of V; in that case is determined by the set E* with the ‘heaviest’ tails,
ie.,

HP{S; > x} = 0(1_[ IP’{S;- > x}) for all E # E* with yipupy < pi-

JjEE JjEE*

The tail distribution of V; is then heavier than when flow i were served in isolation at a
stable rate. The most likely way for flow i to build a large queue is that the flows j € E*
generate large bursts, or experience long on-periods, while the other flows, including
flow i itself, show roughly average behavior. Flow i then receives service approximately
at rate y;g+ < p;, so that the queue will roughly grow at rate p; — y; g+ for a substantial
period of time. In the next section we investigate this scenario in detail for the case
where the ‘dominant’ set E* consists of just a single flow k*.

For theorem 4.1 to hold in case of fluid input, we need besides stability, i.e.,
pi < Vi, also r; > y; as implicitly required in properties 3.1-3.3. If assumption 4.1
does not hold, then we expect the tail behavior of V; in case r; < y; is still determined
by the set E* as described above. We will prove this in the next section for the case
where the ‘dominant’ set E* consists of just a single flow. If assumption 4.1 does hold,
however, then we conjecture that, possibly under some additional conditions, the tail be-
havior is determined by the set E* with the heaviest tails for which either (i) y;gx < p;,
ifi ¢ E*or (ii) y;p+ < r;,if i € E*. The tail distribution of V; is then lighter than when
flow i were served in isolation. The most likely way for flow i to build a large queue is
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still that the flows j € E* generate large bursts or experience long on-periods, while the
other flows show roughly average behavior.
We now give the proof of theorem 4.1.

Proof of theorem 4.1 (Lower bound). From lemma 4.5, using independence, for § > 0
sufficiently small and any vy,

P{V; > x} EP{V,»V"(B) >x+y, ZZf’“_S) < y}
i

:P{V}”i(‘s) > x + y}IP’{Z ij(l_a) < y}.

J#

Thus

) vi(®) Vi _

P{V; > x} > P{V; : > x + y} P{V; y> x+ y}P ZZ,?JQ_(;) <yl
P{V]" > x} P{V' >x+y} P{V] > x} = /

Using the fact that P{V)" > x} satisfies properties 3.1 and 3.2,

P{V; > x} p;(1-8)
- E . <
lim inf PV > i (@ =P e Z S
Letting y — oo, and then § | 0, we have

P{V; > x}
liminf ————
x—>00 IP’{VV’ > x}

(Upper bound). We first consider the case that condition (i) of assumption 4.1
applies.

From property (4) and lemma 4.6, taking £ = {i}, using independence, for § > 0
sufficiently small and any y,

P{V; > x} <IP’{V?:’ > X, V}”"(_‘” I ZV?(HS) - x}

JESi

: (= (14
gIP{Vf" > x,Vf’( V> x—yor X:Vj?’(1+ ' > y}

JESi

N

]P){Vz-/i(_a) > x _y} +P{V;Pz > x, Zvﬁj(l—i-é) - y}

JES;

_]P’{V’./"(_‘S) >x — y} V¢’ > x {ZV’)’(H& }

JES;
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Thus
PV > a) _ PV > x — 3} P{V) > x — y)
PV >x} © PVi>x—y} P{VI>x)
P{V¢‘ > x} 0i (1+3)
A4 .
TRV = o P{V/" > x} {;

Using the fact that P{V!" > x} satisfies properties 3.1 and 3.3,

<G/ ( Vi — Vi(_‘s)) +Gl'(y; — (f)i)P{ZVp/(IH) y}.

JESi

P{V; > x}
msup 5=

Letting y — o0, and then § | 0, we obtain

) P{V; > x}
limsup ———— <
oo P{V" > x}

We now consider the case that condition (ii) of assumption 4.1 applies.
Let us index the sets E > i for which y,g > p;as E, ..., Ey. Notethat M > 1 as
y; > p;. From lemma 4.6, using independence, for § > 0 sufficiently small and any y,

P{V; > x} éIP’{VZ-/iE(_é) + Z V?/(Ha) > x for all sets E > i with y;z > ,ol-}
JESE
=]p{v,.w<-6> FYVIE L
JESi
VI SV S evm =1, M}

JESEN,

Yi(=38) pj(1+8) ViEm (—=8) X
IP’{Vi >x—y0rZVj >y, V] > ¥
JESi
(148) X

orEIjmeSEm:V%m >ﬁvm:1""’M}

yi(=8) pj(1+8) . wViEm (—=8) X
gIP{Vl. >x—y}+P{§Vj >y, dm: V; >N}
Jjesi

+P{Eljm € Sg,: VoY > %Vm = 1,...,M}

M
]P’{Vl?"'(_a) >x — y} + P{ Vp’(H(S) >y ZIP’{VI}./iE’"(_S) > x/N}

JES; m=1

4 ) I {Vp,(1+s> %}

JIESE s JMESE Y, JEL -}
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Thus
PV >} _ PV > x — 3} P{V) > x — y}
PV >x} ~ PVi>x—y} P{V>x)
{Z Vo } i PV > x/N}P{V!' > x/N}
-7 P(V' > x/N}  B(V] > x}
pj(1438)

jesi m=1

[y PV > x/N}YP{V]" > x/N)
AP P{V}" > x/N} P{V" > x}

J1ESE s JMESE,
Using the fact that P{V!" > x} satisfies properties 3.1, 3.3, and 4.1,
P{V; > x}

limsup ————— < GV (y; — y; (=8
x—)oop P{Vyz > x} i ( ]/( ))
M
(] (148
_|_Hiy1 <N)P{vaj( + ) - } ZGV!( )/lEm( 8))
JESi m=1
pj(1+8)
+H i Z lim sup ]_[je{jls-~-»jM} P{V ! > x}
i N/ . / 00 IP){VJ/, - )C} .
JIESElwn-,]MESE i
Now consider a set {ji,..., jyu} with j; € Sg,....ju € Sg,. By definition,

J1 ¢ Ey,....ju ¢ Ey, sothat {i, ji,..., ju} # E1, ..., Ey, {i}. Consequently,
Yiti,j1,.int < pi- Condition (ii) of assumption 4.1 then implies that

(1+6)

. PV’ }
lim sup et i — =0.
X100 P{V;" > x}
Hence,
P{V; .
lim sup Vi > x} < G? (y,» — y,»(—8))

r—ooo P{VI > x}
+ HV’( ) {Zv”f““) } Z G (1 — Vit (=9)).
JES;
Letting y — 00, and then § | 0, we obtain
P{V; > x}

fim sup — i =«
TP BV > )

5. Induced burstiness

As in the previous sections, we focus on a particular flow i for which we assume p; < y;
to ensure stability. However, now we consider the case that assumption 4.1 does not
hold. Instead, we assume there exists a ‘dominant’ set E* consisting of just a single
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flow k*. Thus, y;+ < p;, which in fact implies that y;;« < p; for all j > i. In addition,
we assume that = > p; forall j < i, sothat Sp = {1,...,i — 1} \ {k*}.

5.1. Bounds

We start with deriving bounds for the workload distribution which we will use in the
next subsection to analyze the tail behavior. We first introduce some additional notation.
Denote

¢l ¢i
vi= Xi= ——=§ p;
Z =i ¢J b + Z?[:i ?; J %k* T Vi

It is easily verified from the stability condition p; < y; that
i1
pi < ‘//i<1 - ij>’
j=1
so that & > pg«. Define

05.(t) := sup [Yi[BE D (s,0) = yir ()t — )] + (0:(1 = 8) — yir=(®)) t = )}, (9)

0<s <t

with B/* (s, 1) as in (2).
As Spr = {1, ..., i — 1} \ {k*},

)= S i (1—(1—3) 3 p]>

Z] I¢J j=1,j#k*

fore —
:%(1-—)(1—(1—8) ,0~>
i + Z;V:i b; j—gj;&k* :
i—1
=w,»(1 — @ —1=8 > p,->-

=1Lk

Thus, (9) may be rewritten as

Q3.(t) = i sup | B (s, 1) — c(d)(t — )}, (10)
0<s <t
with
e (8) — pi(1 =8
e(®) = e (3) + L0 J( g+

For § not too small, let QZ. be a stochastic variable having the limiting distribution of
Q2.(¢) for t — oo.
We first present a lower bound for the workload distribution of flow i.
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Lemma 5.1 (Lower bound). For 6 > 0 sufficiently small,

PV, > x] > P{Q,‘i* DL x}. ()

J#k

The proof of the above lemma may be found in [13].

We now provide an upper bound for the workload distribution of flow i. Define
s* = sup{s < tIVk’i"*(_a)(s) = 0} (or, equivalently, s* := arg SUPo< < 1Ak (5, 1) —
Y (—=8)(t — s)}). Forall j = 1,..., N, denote
(1+48) Prx yPr9) gy

Z?]:i b; ’

For § > 0, let Wi be a stochastic variable with the limiting distribution of W]‘.S (1) for
r — 0.

Wo(r) = V@) +

Lemma 5.2 (Upper bound). For § > 0 sufficiently small,
i—1
PV, > x} SPIQR+ VAT 4 3 Wl it (12)
j=lj#k
The proof of the above lemma may be found in [13].

5.2. Asymptotic behavior

We now use the bounds from the previous subsection to determine the tail distribu-
tion of the workload. We first prove an auxiliary lemma. For conciseness, denote

P, = PL)", Qu := Q..
Lemma 5.3. If S.(-) € IR, U+ (-) is an exponential distribution, and ry+ > yy+ in case

of fluid input, then

Vir = Prx Pk
P(Qe > x) ~ 7}
Vi & — P Pi = Yikr

with P{P}. > x/(p; — yi)} as in theorems 2.3 and 2.6, respectively.

IP’{PZ* > , (13)

Proof. Notice from (10) that, up to a multiplicative factor i, Q,‘i* (t) represents the
workload at time ¢ in a queue with service rate ¢(§) fed by the departure process of a
queue of service rate y;+(8) fed by flow k*. The departure process of the latter queue is
an on—off process with as on- and off-periods the busy and idle periods associated with
the workload process VX (8)(t). During the on-periods, traffic is generated at constant
rate y+(8) (for & sufficiently small in case of fluid input so that y+(8) < rg+). The
fraction of off-time is 1 — pp+/y4+(8). The on- and off-periods are independent because
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Uy~ (+) is an exponential distribution. As in the proof of theorem 2.6, it may be shown
that S;.(-) € ZR implies P/.(-) € Z'R. Hence, from theorem 2.4,

* 8 — * *
P{Qi* - x} L Yk (3) — px Pk P{PZ* - X }’ (14)
Yer(@) (1 —08)§5 + 6 — prr pi(1 —38) — yir=(8)
and, in particular, (13) follows. Il

In accordance with the discussion in the previous section, we make the following
assumption.

Assumption 5.1. In addition to Si= = {1,...,i — 1} \ {k*}, each of the following two
conditions holds:

(1) P{S! > x} = o(P{S}« > x}) as x — o0;
(ii) Forall sets E F i, E # {k*}, with y,gugy < pi, forany 6 > 0,

HP{V?/(HS) > x} = O(P{Qk* > x}) as x — 00.

JjeE

As indicated earlier, if S;(-) € IR, then according to theorems 2.1 and 2.4,
for ¢ > pj, IP’{V;Z > x} ~ K;“}P’{S;. > x} for some constant 0 < K} < oo. If §;(-) is
light-tailed, ie., P{S; > x} = o(e™**) for some «k; > O, then for ¢ > p;,
IP’{V; > x} = o(e™?*) for some k, > 0. Also, according to theorems 2.3 and 2.6,
if §7.(-) € IR, then P{Q+ > x} ~ KP{S,. > x} for some constant K > 0. Thus,
a sufficient requirement for condition (ii) of assumption 5.1 to hold is S}.(-) € Z'R, and
forall sets E C {1, ..., N}, E # {k*}, with y;guqy < pi, either S;(-) is light-tailed for
some j € E, or §7(:) € IR forall j € E and I1 P{S; > x} = o(P{S}. > x})
as x — 00.

Now consider the special case where for some set R C {1, ..., N} the flows j € R,
in particular flow k*, have regularly varying tails with index —v;, whereas the flows
Jj ¢ R have exponential tails. In that case, the sufficient condition indicated above may
be expressed as follows: for all sets E € R with y;gupy < 01, ZjeE(Uj —1) > v — 1.
Condition (i) then reduces to i ¢ R or v; > vgx.

We now give the main result of this section.

JEE

Theorem 5.1. If S7.(-) € ZR, Uy«(-) is an exponential distribution, and assumption 5.1
holds, then

]P){Vl > X} ~ ]P){Qk* > X}.
Before giving the formal proof of theorem 5.1, we first provide an intuitive inter-

pretation. As alluded to earlier, the result suggests that the most likely way for flow i to
build a large queue is that flow k* generates a large burst or experiences a long on-period,
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while the other flows, including flow i itself, show roughly average behavior. Specifi-
cally, when flow k* generates a large amount of traffic, so it becomes backlogged for a
long period of time, it receives service approximately at rate y;+. Thus it experiences a
busy period as if it were served at constant rate .

During that congestion period, the flows j # k* receive service approximately at
rate y;i+, while they generate traffic at average rate p;. Thus, the queue of flow j ¢
Si= = {i, ..., N}, in particular flow i, grows roughly at rate p; — y;;+ > 0.

By the time the long congestion period ends, the flows j > i have built large
queues, and then start to receive service approximately at rate

é; i—1
— [1- ,0~>.
Z?]:i d’j ( j=§j;&k* '

The queue of flow i then starts to drain roughly at rate ¥, (1 —)_
and is the first to empty among the flows j > i.

In conclusion, the queue of flow i grows at rate p; — y;+ when flow k* is back-
logged. When flow k* is not backlogged, the queue of flow i drains at rate v;§;.

Thus, the queue of flow i behaves as that of a queue with service rate ¥;&; fed
by an on—off process with as on- and off-periods the busy and idle periods of flow k*
when served at constant rate y;«. During the on-periods, traffic is produced at rate p; —
Virr + ¥i& = Y vi+. This is reflected in theorem 5.1 if we use lemma 5.3 to interpret the
right-hand side.

In preparation for the proof of theorem 5.1, we first state an auxiliary lemma.

i—

1
J=1, jk* :Oj)_pi = V&,

Lemma 5.4. If S;.(-) € ZR, and P{S] > x} = o(P(S}. > x}) as x — oo, then for any
c > pi, P{V{ > x} = o(P{Qy+ > x}) as x — 0.

Proof. For any € > 0, construct the stochastic variable S with distribution
P{S! > x} = min{1, P{S; > x} + eP{S > x}}.

Denote by V“(r) the workload at time 7 in a queue with service rate ¢ fed by flow i
where the stochastic variable S; in the arrival process is replaced by S!. For e > 0
sufficiently small, let Vi be a stochastic variable having the limiting distribution of
VEE(r) for t — oo. (Note that ES¢ < ES; + ¢[ES;+, so that the queue is stable for & > 0
sufficiently small.)

Clearly, S? is stochastically larger than S;, so that for ¢ > 0 sufficiently small,

P{V{ > x} <P{V{® > x}. (15)
Also,

ESj+

}P’{(Sf)r > x} ~¢ ES?

P{S}. > x},
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which implies that P{(S;)" > x} € ZR. Hence, by theorems 2.1, 2.3, 2.4, 2.6, and
lemma 5.3,

_ P{V{* > x}
limsup —— < ¢K, (16)
x—ooo P{Qgx > x}
for some finite constant K independent of ¢.
The lemma follows by combining (15) and (16) and letting ¢ | 0. O

We now give the proof of theorem 5.1.

Proof of theorem 5.1. Using (13) and the fact that P/.(-) € ZR (which implies P/.(-)
€ L), for any y,

PQe>x—y)

Im Qs b (an
and
- P{Qe > x/N)
Also using (14),
s
fim Qe > o (19)

o0 P(Qer > )

(Lower bound). From lemma 5.1, using independence, for § > 0 sufficiently small
and any y,

e w{Qi* SRR DL y}
e

=P{Q}. > x + y}P{Z Z?/(l_a) < y}.
J#k
Thus

PV, > x} _ PIQ} > x + Y} P{Q > x + y}P{Z 200 y}
PQu >~ PlQe>x+)y] PlQe>x) A

Using (17), (19),

kS

. P{Vi > x} pj(1-8)
lim inf >GEOPY Y 27 <yt
N e = 5y~ ¢©@ {,-#* J y

Letting y — o0, and then 6 | 0, we have

.. P{Vi > x}
Iiminf —— >
oo PQr > 1)
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(Upper bound). Let us index the sets £ > i for which y,g > p; as Ey, ..., Ey.
Note that M > 1 as y; > p;. Itis easily verified from the fact that Si+ = {1,...,i —1}\
{k*}that k* ¢ E,, k* € Sg, forallm=1,..., M.

From lemmas 4.6, 5.2, using independence, for § > 0 sufficiently small and any y,

i—1
P{V; > x} gP{ 2 VAL N W s
j=1.j#k

. (148 .
Vg"E( 8)+ZV5’(+)>x forallsetsE91W1thyl-E>pi}
JESE

i—1

_ _s pi (148) %) YiEp (—6)

_P{ e TV + E Wj >x,V,;
J=1.j#k*

+ Yy ij(1+5)>xvm=1,...,M}

JESEN

i—1
-8 pi (148) Z 8 YiEp (—8)
J=1,j#k*

+Vfi*(l+6) + Z V?’“M) >x Vm = 1,...,M}

JESEp JH#K*
i1
— i 146 iEm = X
gP{Qk*‘S>x—y or Vf(+)+ Z W‘j->y,V3./E ( )>N
=L,k
. x
or VU S o
N

O (148)

Jjm € Sk Jm 7 K5 VY

x

>—Vm=1,...,. M
N

<P{QF > x —y} —HP’{EIm: Vz-/iEm(_a) > %}

i1
. x .
—I—]P’{Vfi I+ o N,Vf’(“ﬂs) + Z W? > y}
Jj=1,j#k*

(148)

+P{3jm € Sg,y jm # K VI > %szl,...,M}

M
<P{QF > x—y}+ ZIP’{Vf./iE”’(_‘S) > %}

m=1

i—1
«(148) X i (148) 8
—I—P{V,’f’i > N}]P’{Vf + E W > y}
J=1, j#k*

+ 3 I1 }]P’{Vf’(HS) > %}

JESE K ceee i €SE \(K*) J €Tt



298 S. BORST ET AL.

Thus
P{V; > x}
P{Q+ > x}
< P{Q’ > x — y} P{Qu > x — ¥} N % PV Y S x/NYP{Qye > x/N)
P{Qu > x —y}  P{Qu > x} —~ P{Qu>x/N}  P{Qe >x)

PV S x/NYPIQ > x/N}P{ =

VPi(1+5) WS
P{Qw > x/N}  P{Qw > x) P D Wisy

J=L,j#k*
+ 3 ety POV > x/NY PUQue > x/N)
]P){Qk* > X/N} ]P){Qk* > x}

JNESE K )oec s €5y, \IkF)

According to theorems 2.3, 2.6, and lemma 5.3,

£(143
lim sup P{Vfi e X/ N} =H(8) < o0
xsoo  P{Qur > x/N} ’

Using (17)—(19), and lemma 5.4,
P{V; > x}

limsup ——
e P{Qp > )

i—1
<G(=8)+ FH@OPIVII 4+ 3 Wiy

J=1,j#k*
i(14+8)
e i POV > x)
+F lim sup —L=2bn /M ]
2 i P{Q > 1)

JESE K e jar €5, \ k¥

Now consider a set {ji, ..., ju} with j; € Sg \{k*}, ..., ju € Sg, \{k*}. By definition
J1 ¢ Ei,...,ju ¢ Ey,sothat {i, ji1,..., ju} # Ei, ..., Ey, {k*}. Consequently,
Yitij1,. i) < pi. Condition (ii) of assumption 5.1 then implies that

pj(1+8)
ity PAY; > x}

lim sup ————= =0.
ey P{Qr > )
Hence,
i—1
PV, , ,
limsup V= <G8y 1 FHE) limsup P VA 4 Y oWis oyt
X—00 P{Qk* > x} X—00 G=1, ok J

Letting y — o0, and then § | 0, we obtain

lim sup Vi > X}
e P(Qe > 1) -
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6. Conclusion

We analyzed the queueing behavior of long-tailed traffic flows under the Generalized
Processor Sharing (GPS) discipline. We showed a sharp dichotomy in qualitative be-
havior, depending on the relative values of the weight parameters. For certain weight
combinations, an individual flow with long-tailed traffic characteristics is effectively
served at a constant rate. The effective service rate may be interpreted as the maximum
average traffic rate for the flow to be stable, which is only influenced by the traffic char-
acteristics of the other flows through their average rates. This indicates that GPS-based
scheduling algorithms offer a potential mechanism for obtaining substantial multiplex-
ing gains, while protecting indvidual flows. For other weight combinations however, a
flow may be strongly affected by the activity of ‘heavier’-tailed flows, and may inherit
their traffic characteristics, causing induced burstiness. The stark contrast in qualitative
behavior highlights the great significance of the weight parameters.

In the present paper we focused on the workload of an individual flow at a single
node. Some of the results may be extended to ‘bottle-neck nodes’ in feed-forward net-
works [41]. It would also be interesting to examine delays or loss probabilities in case
of finite buffers.

With class aggregation, the flows that we considered may actually be macro-flows,
each consisting of several micro-flows, which at a lower level may be served on a FCFS
basis, or also according to GPS. It would be interesting to investigate the behavior of the
micro-flows in such hierarchical situations.

In section 5 we found that a light-tailed flow whose weight is ‘too small’ could be
strongly affected by a heavy-tailed flow. The case of a light-tailed flow whose weight is
‘large enough’ to be protected is analyzed in [14,15].

A final issue concerns the behavior of an on—off flow whose peak rate r; is smaller
than the effective service rate y;. In that case, other flows too need to show anomalous
activity for the workload of flow i to grow, which means that the tail behavior may
become °‘less heavy-tailed’ or even light-tailed. This phenomenon may be viewed as
somewhat dual to the induced burstiness described above.
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Appendix A. Stability issues

We now identify which flows are stable and which ones are unstable. Flow i is
considered ‘stable’ if the mean service rate is p;. For ease of presentation, we assume
the flows are indexed such that
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Define S§* as the set of stable flows. Denote by y; the mean service rate for flow i
(assuming it exists).

We have y; < p; foralli =1, ..., N, with equality for all i € S*. Also, if j ¢ S*,
then y;/¢; < y;/¢; foralli =1,..., N

In particular, we have y;/¢; = y;/¢; for any pair of flows i, j ¢ S*,s0 y; = ¢ R
for all i ¢ S* for some R > 1. To determine R, observe that ZlN: v = 1if §* #

{1,..., N}, which gives
R ! (1 > )
ngéS* b; i !

jes*

We first prove a lemma that characterizes the structure of the set S*.

Lemma A.1. With the above ordering of the flows, the set $* is of the form {1, ..., K}
for some K.

Proof.  Suppose not, i.e., there are flows i and j, withi < j, i ¢ S* and j € S*.
Then we have y; < p;, v; = pj,and y;/¢; = v;/¢;. Thus, p;/¢; > p;/¢;, which would
contradict the ordering of the flows. O

We now prove an auxiliary lemma.

Lemma A.2. With the above ordering of the flows, if

& k—1
Pr > #(1—ij>, (A.1)

j=k P; j=1
then
¢ k
k+1
Prit > =y (1 - Zp,-). (A2)
Zj:k—H b; j=1

Proof.  First observe the equivalence relation

> > — A3
st (mEn) = o) e

The proof then immediately follows from the fact that o /dr < prr1/Pr+1- O

The next lemma now identifies the set of stable flows.
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Lemma 4.1. With the above ordering of the flows, the set of stable flows is §* =

{1,..., K*}, with
1-Y*"1 o,
K* = max k:&éw .

Proof. By lemma A.1, the set S* is of the form {1, ..., L} for some L, so it suffices to
show that L = K*. First observe that

drL+1
PL+1 = VL+1 = 7+ 2,0]

Z] =L+1 ¢]

By lemma A.2 and the definition of K*, this implies L > K*. We also have y; = p.
and yr /¢r < Vi41/$r+1. Thus,

éL
oL < —Y 1— P
‘ e Z/ L+1 ¢ ( Z ]>

dr11

which is equivalent to

By lemma A.2 and the definition of K*, this implies L < K*. g

Appendix B. Proof of lemma 4.5

Lemma 4.5 (Lower bound). For § > 0 sufficiently small,
PV, > x} > P{V?‘(‘” -3z s x}.
JF#i
Proof. From (1),
Vi(t) =2 A;(r,t) — B;(r,t) forall0 <r < t. (B.1)
Note that 27:1 Bj(r,t) <t —r,so that
Bi(r.t)y <t —r—)_ Bj(r.). (B.2)
J#L
By definition, i ¢ S;. Hence, from lemma 4.3, for any § > 0,

> Bt > Z inf {4,009 + 7@ =9} (B.3)
J#
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Combining (B.1)~(B.3), forany § > 0and 0 < r < ¢,

Vi) 2 Ay = (t =)+ ) inf {A;(n8) + 70t = 9))
i ISt

=Ai(rn D) =yt —r) =Yy @)t —r)
J#
+Z inf {A;(r,s) + v (8)(t — 5))

r<s<t

ZAi(r,t) —y;(8)(t —r) +Zrin£ {Aj(i’, §) —v;i(8)(s —V)}
SN

=400 = 1@ @ =) = 3 sup {ri®)s = 1) = A; ()}
i r<<s<t

> A ) — v —1) = > 27w, (B.4)
J#i

Define r* := argsupye, < {A;(r,1) — ¥ ()t — r)}, so that V" V(1) = A;(*, 1) —
¥;(8)(t — r*). Taking r = r* in (B.4) then yields

Vi) 2 VIO = 3 2.
J#i
By definition, y;;(8) = p;(1 — §) forall j € S;. Also, y;;(§) > y;; with y;;(8) | vji
for§ | Oforall j ¢ S;. In particular, y;(§) > p;, because y; > p;. Since y;; < p; for
J ¢ Si, j # i, we also have that for § sufficiently small, y;;(8) < p;(1 —§) for j ¢ S;,
J # i. Hence, for § sufficiently small, y;;(§) < p;(1 — 8) for all j # i, so that

Vi) = v = > 20,
J#I
as Z;f(r) is increasing in c.
Note that r* VV"(g)(t) only depend on A; (s, 7), noton A (s, 1), j # i, and are thus

pi(1=8)

independent of Z (r*). Hence, for § > O sufficiently small,

P{Vi(r) > x | r*} > P{V““)(t) Sz )>x|r}
JF#i

=1P>{ VIO =320 > x| r*}.
J#i

Thus, in the stationary regime the stated lower bound holds for § > 0O sufficiently
small. O
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Appendix C. Proof of lemma 4.6

Lemma 4.6 (Upper bound). For § > 0 sufficiently small,
P{V; > x} < P{V,.V"E(“” ey VI

> x for all sets E 5 i with y,g > p,-}.
JESE

Proof. Define r* := sup{r <t | V;(r) = 0}. Then V;(r*) = 0, so from (1),
Vi(t) < Ai(r*, 1) — B;(r*, 1). (C.1)

Also, V;(r) > 0 for all r € (r*,t], i.e., flow i is continuously backlogged during the
interval (r*, ¢t]. Hence, by definition of the GPS discipline,
forall j =1,...,N,and

N
D Bty =t—r".
j=1

Thus, for any subset S € {1, ..., N},

bi
Bi(r',t) > =——— ) B, 1), (C.2)
' Zj¢s¢j %S: 7
and
Y OBt =t—r"=> B;(r*.1). (C.3)
J¢S jes

Substituting (C.3) into (C.2), using (1),

B> <2 | > B, t)]
Z:jéS $;L jes
¢l [ * * *
=— |t —r"— Z[Vj(r )+ A1) — Vj(t)]:|
2jesbil jes
= % t—r*— Z[Vj(r*) +A;(r", t)]]
2jes il jes
In particular, for any subset E € {1, ..., N}, § > 0, using lemma 4.4,
* * pj(148) , 4 *
B:(r*,t) > wl-E[t —r* = Z[vj (r*) + A;(r ,t)]:|. (C.4)

JESE
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Substituting (C.4) into (C.1),

Vit) A D — Yig [r — = S v + A0 t)ﬂ

JESE
=A;r" 1) — sz(l — Z pj(l +8)>(f —r")
JESE
+ m[z (V0 4 a,07, 0] = 3 p (L +8) (1 — r*):|
JESE jeSE

=A;(r*, 1) — yie(=8)(t —r")
+ i Y [Vf-"(l+8)(r*> FAF D) = pi(1+8)(t — r*)]
JESE

<V 4y Y v o,

JESE

From the definition it is easily seen that for § > 0, y;g(—98) < y;g with y;g(8) 1 y; for
8 | 0. Since y;g > p;, we have that y;g(—3§) > p; for § sufficiently small, and hence

Vg/iE(_a) is well-defined.

Thus, in the stationary regime the stated upper bound holds for § > 0 sufficiently
small. O
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