Homework #5 Solutions
Signals and Systems, Columbia University

4.1-4 (b)
f)=e® -[u(t) —u(t-T)]

Using Eq. (4.8a),
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4.1-6 (b)
Fig P4.1.6 can be expressed the sum of two functions, F1(w) and F2(w)
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Using Eq.(4.8.b),
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Additional questions
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Notel: this question assumes that X (t) = Z X8 e (1)

or, shortly, x(t) <> X, and the fundamental frequency be wpo
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Note2: Let Xn be Fourier series coefficients of x(t).
1. Linearity
if x(t) & X and y(t) < Y, ,then
ax (t) + by (t) & aX , + by,
2. Time-shifting
X(t—1,) & X e ™
3. Time-reversal

X(-t) & X,

4. Time-scaling

If x(t) is scaled by a factor a, fourier coefficients of x(at) is calculated like
following. For convenience, assume that a > 1 and integer
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S0, X(at) <-> Xn, but its spectrum is scaled by a factor a.



Al) Let x(t) be a periodic signal with Fourier series coefficients Xn. Find the Fourier

series expansion of the following signals:

(a) x(t-to) + x(t+ to)

Sol)

jn-wg (t-tg) © jn-wgt

x(t—to):i X e =Y e Mdhox e

— 0

or, X(t—t,) <> e ™ X - time shifting property

Similarly, X(t+t,) <> e™"X
So, X(t _tO) + X(t +t0) VAN [e_jnWoto + ejnwoto] ) Xn

<> 2cos(nw,t,) - X,

(b) Real { x(t) }

Sol) Real{x{t}} = [x(t)+x (t)]/2, where X" (t) is the complex conjugate of x(t)

Using Eq. (1) followed by substituting n with —n,

© j-n-wot o — j-n-wgt
x'(t)=[D. X,e 1" =D X e =

S0, X (t) +2X*(t) - i %[X , X *fn]ej. b
x(t) + x7 (1) PN l[x + X "n]
2 2° "
(c) Imag { x(t) }
Sol) Imag{x{t}} = [x(t)-x (1)]/2j
Using (b),
X(t) — x (1) _ Zw: L_[x - X "_n]e

2] — 2]

= —[X_ - X _n
or 2] <~ 2j[ N ]

j-n-wpt



(d) x(-2t+1)
Soll)
Using Eq. (1),

x(-2t+1)=> X e

= i X _ e ™eg

Jn-wg (-2t+1) - j-2n-wgt

= ZOO: X e™oe

j-2n-wyt

- jnw 4

so,X(-2t+1) & X _. e and its spectrum is expanded by a factor 2.

n

Sol2)
X(t) & X,
— x(t+1) & X _e™° by time-shifting property
— X(-t+1) & X _ e ™o bytime-reversal property
— Xx(=2t+1) & X _,e ™» py time-scaling and its spectrum is
scaled by a factor 2

A2)
If x(t) is real and periodic

Note: x(t) isreal  =>x(t) =x'(t) , by using (1) and (2)

£ j-n-wot © J-n-wot

< Z X e = Z X "_ne , by comparing coeff’s.
& X, = X op o (3)

(@) If x(t) is odd, show Xn is imaginary and odd.
Sol) x (t) is odd => x(t) = -x(-t)
= Z X ne jnw ot - _ Z X ne—jnwot — Z - X 7nejnwot

— 00

By comparing coefficients

so, X, is odd

Combining (3) and (4),



= - X . = X "n =>X,isimaginary (Q.E.D)

(b) Find the Fourier series coefficients of the odd components of x(t)

Xo(t) = [X(t) = x(-1)]/2

n

Here, X(—t) = Z X e e :Z X_e™dor x(~-t) & X_

Using (3),

x(t)—x(—t)(_) Xn—an: X, =X " jim{ X 3
2 2 2 "
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