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AMPLITUDE MODULATION 
Not a Constant Envelope (or Amplitude) 

Modulation 
 

 

A[1+ms(t)] 

    
 
 

|s(t)|max=1 
 

0 ≤ m ≤ 1 
 

     A cos 2πf0t 
 
    s(t)                                  xAM(t) m MOD 

xAM(t)= A [1 + m s(t)] cos 2πf0t 
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FREQUENCY MODULATION 
(Continuous Phase Modulation) 

Constant Envelope 
Edwin Armstrong, “A method of reducing disturbances in radio signaling by a 
system of frequency modulation”, New York Section of IRE, November 6, 1935. 

 
 
         A cos 2πf0t 
           
s(t)                                           xFM(t)  2πh   MOD 

 
                                                t 

xFM(t)= A cos {2πf0t+2πh ∫  s(τ) dτ} 
                                                                   0 
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NYQUIST I SIGNALS 
 

• The Sampling Pulse 
• No Intersymbol Interference (ISI) 
 
 δ(t) 
        
             
                     

   h(t) 
   H(f) 

 
  

 
     H(f) 
     1 
 
 
                           -W                W         f 

ENERGY=2W 
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SIGNALING WITH NYQUIST PULSE 
 •Minimum Bandwidth 
   (T=1/2W seconds) 
 

 
 
• If transmitted signal is sampled at the 
receiver at the correct times, there will be 
no intersymbol interference (ISI). 
  
 
 
  

We can transmit and receive 
2W independent pulses (or values)/sec 

Each pulse may have any amplitude! 
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SIGNALING WITH NYQUIST PULSES 
 • Minimum Bandwidth 
 

 
 
• The actual transmitted signal is the sum 
of all the Nyquist signals. 
 
• The overshoots, between the 
sampling times at T, 2T, 3T, ...., 
theoretically may reach infinity!
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 DETECTABILITY PERFORMANCE   
  NYQUIST SIGNALS 
 
         

 
   
The Probability of Error, Prb{ε}, is 
 
   

          
        Prb{ε}= Q(√2Eb/N0) 
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 EYE PATTERN 
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NYQUIST I FILTERS 
• Raised Cosine Filter 

(r = rolloff factor, e.g., 50%) 
 

 
 
h(t)=2W sin 2πWt   cos 2πrWt 
   2πWt     1- 4r2(2Wt) 2
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RAISED COSINE  PULSES 
 

Rolloff Factor= 0%, 12.5% 
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   QAM SYSTEMS 
 
   Rolloff     no.of bits    Rb  
System  Factor      symbol          (bps) 
 
Modems 12.5%   4,6         9.6 Kbps 
(telephone)          14.4 Kbps 
 
Intelsat    40%    2       120 Mbps 
 
MSATX 100%   2        4.8  Kbps 
 
IS-136(54)   35%   2       48.6 Kbps 
 
VDSL         20%     ≥ 6     ≥ 1.5 Mbps 
 
IS-95             ≈ 0%  2       1.2288 Mcps 
 
 
WCDMA-IMT2000 (r=22%) 
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EYE PATTERN 
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A “Better Than” Nyquist Pulse  
 

N. C. Beaulieu, C. C. Tan and M. O. Damen, “A “ better than” Nyquist 
pulse”, IEEE Communications Letters, September  2001, Vol.5, No. 9, 
pp.367-368.  
 
     1;     0 ≤  ⏐f ⏐ ≤  W(1-r) 
      

   e  (Ln2/W) [f-W(1-r)]  ; W(1-r) ≤ ⏐f ⏐ ≤  W 
S(f)=   

 1-e (Ln2/W) [W(1+r)-f] ;  W ≤ ⏐f ⏐≤  W(1+r) 
 

     0;     W(1+r) ≤ ⏐f ⏐    
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A “Better Than” Nyquist Pulse  

  
s(t) =      2W sin 2π Wt   •   

      2π Wt 
 

4 βπt sin(2π rWt) + 2β2cos (2π rWt)-β2   
4π2t2 + β2     
   

where β=Ln 2/rW) 
 New Pulse 

r=35% 

Notice peak-to-
average ratio is 
smaller for new 
pulse 

Raised-Cosine 
Pulse 

r=35% 
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Square-Root Raised Cosine Pulse, g(t) 
 
 
    g(t)=sin[π(1-r)t’]+4rt’ cos [π(1+r)t’] 
            πt’ [1-(4rt’)2] 
 
    where    t’=t/T  and    0 ≤ r ≤1. 
 
 
The spectrum G(f), is  
    
     T,        0 ≤ ⏐f⏐≤ (1-r)(1/2T) 
                     
G(f)=       

T/2 √1-sin  [ (πT/r){⏐f⏐-(1/2T)} ] , 
           
                       for  (1-r)(1/2T)≤ ⏐f⏐≤(1+r)(1/2T)   
 
 
*G(f) is the Square-Root Nyquist Spectrum,      
                   

i.e., G(f)=√H(f)   
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PARTIAL RESPONSE 

SIGNALS 
Duobinary Signal 

 

 

2W

  
           p(t)=  h(t-1/4W)+h(t+1/4W) 
 
         P(f)=H(f) e-j2πf/4W+H(f) ej2πf/4W

 
           P(f)=2 H(f) cos 2πf/4W 
   •Introduces controlled ISI 
 

H(f) 
 

    f 
W
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 DUOBINARY SIGNAL 

2 

2W

2W

 
0 

   p(t)= 4 (2W)   cos 2πWt 
     π             1-(4Wt)2

  
 • There is actually a 2.1 dB detectability loss 
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Perfectly Time-limited 
Signals 

 
 
 
 
 
          t 
    0                          T
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    OPTIMUM DETECTION 
                       OF  
        BINARY SIGNALS 
 
                   n(t), AWGN, N0/2 watts/Hz 
 
H1: √E1 s1(t) 
    or                                r(t)     
H0: √E0 s0(t)   

Optimum 
Receiver 

? 
               T          T                                                               
               ∫s1

2 (t) dt =  ∫s0

2 (t) dt = 1 
                      0                                   0 

 
 • THE OPTIMUM RECEIVER DECIDES 
WHETHER H1 OR H0 WAS SENT, WITH A 
MINIMUM PROBABILITY OF ERROR 
 
-Hi  stands for Hypothesis “i” 
-We will assume that all hypotheses have equally  

apriori probabilities.
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ADDITIVE WGN CHANNELS 

 
• Probability of Error depends on  
  "distance" between signals 
 
min Pr{ε}=Q[d1,0 /√2N0  ]=Q[√ d1,0

2 / 2N0  ]  
                                T 

     d2= ∫ (x(t)-y(t))2 dt  
                     0 
 

 
In general, d2 is the Mean - Square Error or d, is 
the Euclidean Distance between any two functions 
x(t) and y(t). 
 
In the equation for min Pr{ε}, shown above,  x(t) and y(t) are 
defined by the equations below. 
 
   x(t) = √E1 s1(t) 
 
    y(t) = √E0 s0(t) 
               T        T                                                               
              ∫s1

2 (t) dt =  ∫s0

2 (t) dt = 1 



 22

 
WALSH FUNCTIONS 

 • 64 Walsh Functions 
 • 64 chips per function 

   IS-95 

 
  C=     1  1     t 

            1 –1     t
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Quadrature Amplitude Modulation 
 
 
  φ2(t)     
 
    • •3d/2  •  • 
 
            dmin 

        
   

•  •  d/2  •  • 
 
 
   

          -d/2          d/2            3d/2       φ1(t) 
•  •  •  • 

 
    
  
 

•  •  •  •    

                     
•16-QAM 
      Eavg=1/4[2(d/2)2]+1/4[2(3d/2)2] +1/2[ (d/2)2+(3d/2)2] 
      
                            Eavg=5/2 d2  
                   
                         d=  √2/5 Eavg
 
                       Rb=4 (1/T) bps 
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QAM-MPSK COMPARISON 
 

The additional energy required by MPSK to 
achieve the same minimum distance, dmin

2, as that 
of the equivalent QAM constellation. 
 
 
            dmin= √[6/(M-1)] Es        dmin

 =2√Es sin π/M  
 
             
 
 
 
 
 
 
       M          Additional Energy 
                                       (db) 
                  4                   0.0 
                  8                   1.6 
               16                   4.14 
              32                   7.01 
             64                   9.95         
           128                 12.89 
           256                 15.90 
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Multi-ring Amplitude Phase Shift Keying 
Constellations 

S. Benedetto, R. Garello, G. Montorsi, C. Berrou, C. Douillard,  
D. Giancristofaro. A. Ginesi, L. Giugno and M.Luise, “MHOMS: High-speed ACM 
modem for satellite applications”, IEEE Wireless Communications Magazine, Vol. 
12, No.2, April 2005, pp. 66-77. 
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OPTIMUM CONSTELLATION  

16 QAM 
 

About a .5 dB improvement over a 
Square- 16-QAM Constellation 

 
G.J. Foschini, R. D. Gitlin, and S. B. Weinstein, “Optimization of two-
dimensional signal constellations in the presence of gaussian noise”, 
IEEE Trans. on Communications, Vol. 22, No. 1, January 1974, pp. 28-
38. 
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QAM CONSTELLATION 

(64-QAM) 
 

GRAY CODING 
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MATCHED FILTER 
 

Frequency Domain 
   
           hm(t)= s(T-t)  
Therefore 
     HM(f)= S*(f) e-j2πfT   
 
 The absolute value of S*(f)e-j2πfT is  
 the same as that of S(f). 
 
  s(t)⇒ 
  
  s(-t)⇒ 
 
  s(-(t-T))= s(T-t)⇒ 
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EXAMPLE 

 
  s(t) 
 
        T   t 
 
  hm(t)=k s(T-t) 
  
           T   t 
                
   
 

           T   2T t 
        

hm(t)*s(t) 
 
 
  
         T   2T    t 
 
*Maximum output at time t+T 
*Length of output is twice T= 2T. 
*Symmetric response around t=T 
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What happens if the pulse s(t) lasts for longer than 
T seconds? 
 
 
 
 
              T       2T     3T     4T      5T     t 
 
 
 
 

 
t 

  2T 
  
 
 
 
 

    0      T      2T    3T    4T    5T    6T             t 
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Hamming (7,4) Code 
     
 Information    Transmitted   
        Bits      (Coded) Bits 
    

a3        a1                       
HAMMING  a2

  a5      a3
       CODER  a4
  a6       (7,4)   a5
         a6
  a7      a7 
 
      a7     a6     a5        a3            
Info        1  1  0  1 
Bits                                        
  Eb,transmitted= 
          
      a7 a6  a5   a4   a3     a2    a1 
         
      1  1   0     1     
            

Transmitted Bit 
ENCODER 
a1=a3 ⊕ a5 ⊕ a7

a2=a3 ⊕ a6 ⊕ a7

a4=a5 ⊕ a6 ⊕ a7 
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PROBABILITY OF ERROR 

HAMMING (7,4) CODE 
 

 
Eb/N0,trans,dB Eb/N0,info,dB Pbit,trans           Pblock  P dec-info      Eb/N0,info,dB 
  CODED                CODED           CODED              CODED               CODED         UNCODED                                                  
  
 -1 dB  +1.43 dB 10-1  .15  .08  +.5 dB 
 
+4.3     6.73  10-2  2*10-3  10-3  +6.8 
 
+6.8     9.23  10-3  2.1*10-5 10-5  +9.6 
 

         +8.4   10.83  10-4  2.2*10-7 10-7  +11.2 
 
 
 
 

   • Eb/N0, info, dB=Eb/N0, trans, dB + 2.43 dB 
 
   • Pdec=Pr{error in decoded bits} ≈(1/2) Pblock  
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BLOCK CODE PERFORMANCE 

 
In general, the minimum Hamming distance, min 
dH, determines the Pr{ε} 
 
      min dH=2t+1 
 
where "t" is the number of errors that we can 
detect and correct. 
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Block Codes 

Coding Performance 
 

B. Sklar, Digital Communications-Fundamentals and Applications- 
Prentice –Hall, New York, 1988 
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Soft Decision versus Hard Decision 

 
Detected Bits                 

1         
  0  0  0  1  1  0 

        
 

 
cos 2πf0t 

             
 

 T 

∫ 
0 

 
 

The BER performance of soft-decision decoding is 
about two and a half dB better than that of hard-
decision decoding (@ 10-5 ) but requires a lot of 
DSP.  
However, the Viterbi Algorithm makes soft-
decoding possible for convolutional codes. 
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SOFT DECISION IS ABOUT 2.5 DB 
BETTER THAN HARD DECISION AT 

(10-5 ). 
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The Most Beautiful Woman in The 

World 
 

Yediot Aharonot-Israel 
21 January 2000 
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The Most Beautiful Woman in The 

World 
 

Communications Week-International 
7 February 2000 
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Who is Hedy LaMarr?

Hedy LaMarr

WI-LAN PAYS TRIBUTE TO 
HEDY LAMARR  

Spread spectrum pioneer's contributions to 
wireless communications were ahead of her time

Wi-LAN would like to offer their deepest condolences 
to the family and friends of spread spectrum pioneer 
and actress, Hedy Lamarr. Wi-LAN was honoured to 
have worked with Ms. Lamarr, building on her 1942 

innovative patent on secure wireless transmissions to 
grow and forward our technology. [story]  

On January 21, 2000, the CBC Calgary Eyeopener, a 
morning radio program, asked Wi-LAN's Chairman 
and CEO, Dr. Hatim Zaghloul, to speak about the 

relationship between Hedy Lamarr and Wi-LAN. This 
broadcast was taped in the studio, and is available for 

download. 

When people think of Hedy Lamarr, they usually think of her career in Hollywood, and, in 
particular, the 1933 sensual film, "Ecstasy", which sparked her reign as a star of the silver 
screen. Hedy Lamarr was a talented actress from 1930 to the late 1950s, and was Max Factor's 
"Girl of the Year" for 1938. At that time, she was considered an exotic and glamorous sex symbol. 
But many people don't realize that there was an innovative mind behind her winning smile.  

Hedy gained her knowledge of radio communications and torpedo warfare by listening to her first 
husband, Fritz Mandl, as he spoke to his clients about advancements in European armament 
manufacturing. When she divorced him and moved to America shortly before World War II, Hedy 
wanted to help the war effort. Hedy learned that torpedoes were controlled by radio signals, which 
could be jammed by an enemy, rendering the torpedo inoperative.  
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One night, Hedy and her friend, American composer George Antheil, developed the idea 
now known as frequency hopping. Instead of sending the message over a single radio 
frequency, they devised a way to broadcast a signal over a seemingly random series of radio 
frequencies, hopping from frequency to frequency at split-second intervals. A receiver, hopping 
between frequencies in synchrony with the transmitter, picks up the message. Any 
eavesdroppers hear only unintelligible blips, and attempts to jam the signal succeed only in 
knocking out a few small bits of it. So effective is the concept that it is now the principal anti-
jamming device used in the U.S. government's $25 billion defense communications satellite 
system.  

The concept on how to synchronize the transmitter and the receiver came from George Antheil's 
musical background. In 1927, George caused quite a stir with his composition called the "Ballet 
Mechanique", which is one of the very first times anyone had ever scored a musical piece using 
machines; in this piece, the machines used were sixteen synchronized player pianos. Antheil 
understood instantly that synchronizing a series of split-second hops between radio frequencies 
would be no more difficult than synchronizing player pianos. As a matter of fact, the patent 
specifies the use of slotted paper rolls, similar to player piano rolls, to synchronize the jumps in 
frequency in the transmitter and receiver. As well, the number of frequencies proposed was 88, 
which matches precisely the number of keys on a piano.  

This invention was patented on August 11, 1942, and the patent expired seventeen years 
later. Even though the term of the patent lapsed without either of them realizing any money from 
their invention, their innovation formed the basis of what was to later become spread-spectrum 
communications, and it is the keystone for thousands of spread spectrum patents in existence 
today.  

In June 1998, Wi-LAN announced that it had agreed to acquire the original patent rights for 
spread spectrum technology from Hedy Lamarr. Under the terms of the agreement, Wi-LAN 
received a 49% claim to US Patent 2,292,387, which was titled "Secret Communications 
System". In exchange, Ms. Lamarr has agreed to allow Wi-LAN to promote her role as a wireless 
pioneer. Hedy Lamarr died in her home on January 19, 2000. She was 86.  

If you'd like to know more about Hedy Lamarr, please visit these sites:  

• Press Release: Wi-LAN Pays Tribute to Hedy Lamarr 
• Press Release: Hollywood Legend and Spread Spectrum Pioneer Hedy 

LaMarr Recognized by Wi-LAN 
• See the original patent for the "Secret Communications System" 
• Glamorous Film Star Hedy Lamarr Wins Bulbie Award at the 11th Annual 

Invention Convention 

----------------  
For More Information: info@wi-lan.com

http://www.ncafe.com/chris/pat2/index.html
http://www.techmall.com/techdocs/TS970826-16.html
http://www.techmall.com/techdocs/TS970826-16.html
mailto:info@wi-lan.com
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HAND–DRAWN FIGURES FROM THE 
ORIGINAL HEDY LAMARR-GEORGE 

ANTHEIL PATENT 
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CAPACITY 
 

 
 

Bandlimited 
Region 

Power-limited 
Region 

Rb/W 
(bps/Hz) 

5.76 dB

1.76 dB 
QPSK 

10-5   (0%-Nyquist) 
BPSK 

Eb/N0, dB 

Rb/W as a function of Eb/N , dB 0
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