Solutions Homework #5
Introduction to Communication Systems — E3701

Problem 2.44

Part a

We first write out our standard equation for an FM signal:

f A

.
27f ot + Zm’fJ mlr)dr

\ = A

Xy (t) = Acos

We next use a standard trigonometric identity to rewrite the equation:

27 Im{r}n’r Isin{lfg‘"sf]

Xpy(t)= Acos| 277 [JH{T}(;’T |cos[2fg‘0r’]— Asin|
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Now, we are told that the signal 1s narrowband so we know that h<<1. This enables us to
use the trigonometric approximations

cos(small ) = 1 sinlsmall ) = small

Wherever we see an ‘h’ multiplying something inside of a sine or cosine we can use these
approximations. Applying these approximations results in

Xy (t)= Acos(27fyt)— A27h jm{r]n’r sin(27f,¢)

Recall some common Hilbert transform properties:

Hi{cos(27f,t )} = sin(27f, ) H{s(t)cos(27f,t)} = s(t)sin(27f, )
Hisin(27f,t)} = —cos(277,1) His(t)sin(277,t )} = —s(t )cos(277,1)

If we evaluate the integral in our FM signal it becomes simply a function of it, ie s(t).
We can use this knowledge to apply the Hilbert transform properties to our FM signal to
arrive at our final solution:

r

Hlxp,(t))= 25, (f) = Asin(277,7 )+ Alm’?[ J.H.l{r}(fr}cos(ZJz_;for}
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Part b

If we integrate the given modulating signal, mt® arrive at the following FM signal:
Xo () = Acod27£ t + Bsin(27£, 1))

We can use another trigonometric identity here.

Xey, (t) = Acod Bsin(27£, t))cod27£ t) - Asin(Bsin(277  t))sin(27£,t)

Now, since,Bsin(anmt) is a small, slowly time varying signal (relaito §) we can treat

it as our s(t) signal. Using this notation, thexabdHilbert transform properties, and some
trigonometric identities we arrive at

H{x, (t)} = %, (t) = Acod Bsin(27F t))sin(27,t) + Asin(Bsin(27f  t))cod 277 ,t )
= A% [sin(Bsin(27£, t) - 27£ ,t) + sin(Bsin(27F t) + 27 t)]

+ A% [sin(27f .t - Bsin(27£ 1))+ sin(27,t + Bsin(27f t))]
= Asin(27f t + Bsin(27f t))

+ A%sin(ﬂsin(anmt) — 27t t) +sin(27f t - Bsin(27£, 1))
= Asin(27f t + Bsin(27f t))

v A%sin(ﬂsin(Zﬁmt) — 27t t) - sin(Bsin(27%, t) - 27# 1)

We thus arrive at the final solution:

Xy, (t) = Asin(27£,t + Bsin(27 . t))




Problem 2
Part a

This is identical to the integral in problem 2.f44rt b:

Xey (t) = Acod 278t + Bsin(27mvt)), B = h%n
Part b

Af =hA,

Part c

This was covered in class. The first BPF elimiaatry noise in the spectrum. The
output of the hard limiter looks like a variableduency square wave. W can write the
output of the hard limiter as follows:

o N7
X (1) = D c.e™, sm(//) =278t + Bsin(27avt) and k=1
2

n=—c0

Recall that complex exponentials can be expanded Euler’'s formula:
e’ = cosx+ jsinx e ™ =cosx - jsinx

Thus, if we evaluate our Fourier sum from minugity to plus infinity, all of the jsin
terms cancel while all of the cosine terms add. aiéeleft with

X ()= 3 c,em0 = i%%coin@(ﬂ)

= 7005(271‘ t + Bsin(27it)) - 3—kcoe(677iot + Bsin(27Vt)) +

All of the high frequency terms are eliminated wiilea hard-limited signal passes
through the second BPF. Also note that the maxiramplitude of the hard limiter is k.
Thus, due to the nonlinear nature of the hard dmmone of our terms can have an
amplitude larger than k. We are left with



elt) = kcod27#,t + Bsin(27wt))
Passing through the differentiator results in

1d t)= %T k(-1)sin(27£t + Bsin(27mvt))(27F, + B2 cod27iVt))

2 dt
= —ksin(27£,t + Bsin(27t))(f, + AW cod27mVt))
This looks similar to our AM signal, with the HFrpanside the sine term and the right

hand factor representing the modulating signalusTlafter we pass the above signal
through the envelope detector we arrive at

v, (t) = kf, + kOW cod27Wt), AW = Af

The final step is to pass this signal through tieldocking capacitor. We thus arrive at
the final output signal:

v, (t) = kaf cog27wt)




Part d
Xay (t) = AL+ mdt)|cod27,t), s(t) = Bcog27mt)

We travel through the hard limiter. This time, doghe nature of AM, our signal is truly
periodic and looks as follows:

XL (t)
K T
I\ t
T= 1/f0
-k T

We can see that now our signal coming out of thd hiniter, x4, is truly periodic and
looks like a square wave with amplitude k. TheoselcBPF following the hard limiter
eliminates all frequencies abowge 1f you recall, a square wave can be written asra

of sinusoids of increasing frequencies. Sinds the fundamental of this square wave it
is allowed to pass while all of the remaining HFiie are eliminated. Thus our square
wave is smoothed and the remaining signal is

e(t) = kcod27# t)

We pass this signal through the differentiator.

-k - = K si
Erae(t)_ﬁ( 27k, )sin(27f ) = —kf, sin(27f t)

This signal is in turn passed through the envetigiector producing the following
signal.

Venv(t) = ka



The DC blocking capacitor eliminates this signgbtoduce the final result.

Vou (t) =0

Part e
AM Case, SSB
elt) = kcod27£ t)

The first BPF has no effect since it is centereduatcarrier frequencye.f Multiplying
by the cosine squares our cosine term. We caa trsgonometric property.

kcog (27 t) = g[1+ cog2m(2f, }t)]

The final LPF eliminates the HF cosine term. W laft with a constant.

Vou (t) =

N X

AM Case, DSB

The only difference here is the BW of the first BPFince our signal is simply a spike in
the frequency domain the different BW has no eftecthe signal. Thus we obtain the
same answer as we did in the SSB case.

Vou (t) =

N | x




FM Case, SSB

elt) = kcod27£ t + Bsin(27wt))
We know from our class notes that this signal camhtten as
e(t) —k Re{ejmotej,esin(zmvt)}

And from here we know tha!#=">"!

think of our incoming signal as

can be written as a Fourier Series. Thus, we can

e(t)=kniJn(ﬁ)COS(2ﬂ(fo+nW)t)

Again, once we pass this signal through the fiBREB eliminates the HF terms where
n> 2, leaving us with

o (1) = k3, (B)cod2n(f, +W))

Note that since our BPF only extends to the rigltur center frequency we only pass
the term § + W and we eliminate the term+ W. We multiply be the carrier cosine and
use a trigopnometric property.

€ (t)cod 27 ,t) = kI, (B8) cod2n(f, + W )t)cod27£ )

= % 3,(B)cod2n(2t, +W))+ £ 3,(8)cod2rmy

Our final LPF eliminates the HF term and we aréweth the solution.

V(1) =53, (B)codzrm)




FM Case, DSB

elt) = kcod27f t + Bsin(27wt))

For this final case we can again express our isjgmal using the Fourier Series
expression.

oft) =k Y. 3, (B)codanf, + nw)

n=—co

We pass this signal through the BPF. However titnie notice that the filter extentift
by W as well as right. So now we not only passidhefrequency termqf+ W but we
alsopass the low frequency tergH W. We arrive at

€apr (t) = le(,B)COS(ZH(fO +W)t) - le(,B)COiZH( fo _W)t)

Note that the Bessel function is an odd functien] i, (8) = -J,(8). This accounts for
the minus sign in the middle of oeg,. (t) term.
We multiply by our carrier cosine and apply the sangonometric property.

€ (t)cod27F ,t) = kJ, (B8) cod2n(f, +W)t)cod27£ t) - kJ, (B)cod27( f, —W )t)cod27%,t)
= g 3,(B)cod2n(2f, +W))+cod2rit)] - g 3, (B)cod2m(2f, ~W))+ cod~ 271t}

The LPF eliminates the HF terms as usual and wéetireith the following. Note that
cosine is also an odd function.

Vault) = 5 3, (8)cod2rnt) - £ 3,(8)cod - 2rt) = £ 3,(8)cod2re) - 3,(8)cod2rm) =0

Vou () =0




