ELEN E4810: Digital Signal Processing
Topic 4: The Z Transform

The Z Transform

Inverse Z Transform
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The Z Transform

= Powerful tool for analyzing & designing
DT systems

= Generalization of the DTFT:

G(z)= Z{g Zg[n]z Z Transform

m 7 iS complex...
=z=ew! DTFT

" = reiw ] Z g[n]r_”e_]“’”

n
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Region of Convergence (ROC)
= Critical question:
Does summation G(z) :Z;O:_OO x[n]z™"
converge (to a finite value)?

® |[n general, depends on the value of

= | Region of Convergence: | Imiz)
Portion of complex z-plane
for which a particular G(z)
will converge

Re{z}

z-plane
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ROC Example
= e.g. x[n] = AMuln] — 1

-2 -1 1 2 3 4

=>X(@)=), A" =

1-Az""
= | converges only for Azl < 1
l.e. ROC is IzI > |\l

= |\ <1 (e.g. 0.8) - finite energy sequence

= [\l>1(e.qg. 1.2) - divergent sequence,

Infinite energy, DTFT does not exist
but still has ZT when Izl > 1.2 (in ROC)
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About ROCs

= ROCs always defined in terms of Izl
| circular regions on z-plane
(inside circles/outside circles/rings)

= If ROC Includes .
unit circle (Izl = 1),

| g[n] hasa DTFT /\ Re{z}
(finite energy \Jl

seguence)

z-plane
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Another ROC example

= Anticausal (left-sided) sequence: |
x[n — _An‘u[_n _ 1] sasoal

X(z) =2, (-2 u[-n-1])z"
l__oo /anZ—n _ _Z:Zl A—mzm
1

1, 1
1-A'z 1-Az"

= Same ZT as A\ [n], different sequence?
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ROC Is necessary!

= To completely define a ZT, you must
specify the ROC.:

xlnl = Nulnl L xizy= |

fro 1—/12_1
432 -1 11)234:’1 ROC |Z|>|>\|
xin] = | X(2)=
4.3 2] ]_____, ( ) 1" #Zul
| 1234n ROC

= A single G(z) can describe several
seqguences with different ROCs
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Rational Z-transforms

" (G(z) can be any function;
rational polynomials are important

class:

~(M-1) M

G(z)= @ _Po™ plz_l +E + Py +PuZ
i = ~(N-1) =Y,
D(z) dy+dyz +E +dyyz +dyz

= By convention, expressed in terms of z!
b matches ZT definition

= (Reminiscent of LCCDE expression...)
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Factored rational ZTs

= Numerator, denominator can be
factored
poITL(1-C2) 2 py TV, (2= C,)
G(Z) 1\ Ry
dOH€=1( — A2 ) dOHK:I( Ar)

= {(,} are roots of numerator
I G(@)=0! {(} are the zeros of G(z)

= {\} are roots of denominator
| G()=# ! {\} are the poles of G(z)

Dan Ellis 2011-10-04 9



Pole-zero diagram

= Can plot poles and zeros on
complex z-plane:

[ Im{z}

2
@0\
zeros !
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poles A,
(cpx conj for real g[n])

Re{z}




Z-plane surface

" (G(2): cpx function of a cpx variable
= Can calculate value over entire z-plane

= Slice between surface and unit cylinder
(Id=1=z=eiv)is (o), the DTET
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Z-plane and DTFT

= Unwrapping the cylindrical slice gives
the ;

IG(e{'W)I

)

09,,(1G(2))

oG

sl ———"
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ZTIs Linear
" G»)= Z{g Zg[n]z Z Transform

y[n] = Oég[l/l] + 6
=Y(2) =" (agln]+ph[n])z" Linear v
=1 aglnlzn +! Bhlnlzn = aG2)+p

» Thus, if yln]=oAiuln]+o,Au[n]
o, o,
1- /llz_1 1-21,z°
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ZT of LCCDES

» LCCDEs have solutions of form:

y.[nl=a;A;" u[n]+ ..

= Hence ZT Y. (z)= % atEE

-1z
= Each term A2 In g[n] corresponds to a

pole A\, of G(z) ... and vice versa

= LCCDE solOns areight-sided f\
= ROCs are Izl > |\ \j

Dan Ellis 2011-10-04 14



ROCs and sidedness

= Two sequences have: G(z) = : -
1 I HZ.
ROC IzI> AT g[n] = My [n] %
RIGHT-SIDED _, . [ ?9¢ 0.

n
(A< 1)

ROC Izl <Al g[n] = -Au[-n-1]

LEFT-SIDED

=

= Each ZT pole ! region in ROC outside
or inside IAl for R/L sided term in g[n]

= Overall ROC is intersection of each termOs
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ROC Intersections

1 1
= Consider G(2)= +
Conside (2) l-Az' 1-Az"

with [\ | <1,
= Two possible sequences for A, term...

n
W I il 794,
—0—0—0 N

« Similarly for

——————p}

uln]
—O0—0— "n

| 4 possible g[n] seqOs andROCs ...
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ROC Intersections: Case 1

G()= i o+ j o glnl=Auln] + 2 mun]
_ 1Z — ZZ
both right-sided: MH

T n

ROC: Izl > I\l and Izl > 1)\ |

E) ]
4
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ROC Intersections: Case 2

1 1

G(z)= +
(@) 1—/11[1 1—/12[1

gln] =

both left-sIo

_)\lnﬂ

ROC: Izl < I\,land Izl < 1)

4
U
1
1
1
[}
\
\
\
\

Im

N\
% . Re
nE

-n-11 - Ay [-n-1]

ed: W

Dan Ellis

2011-10-04

18

n



ROC Intersections: Case 3

G- L o+ L glnl=X\ruln] - A\ rul-n-1]
-1z 1-Az _ ,
two-sided:

o

—n

ROC: Izl > I\l and Izl < 1)

Im
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ROC Intersections: Case 4

G)= | v L gln] = -Ayul-n-11 + Au(n]
* two-sided:

1- a7 - A,z

O—O——0—0—0—0—0—0—p

ROC: Izl <I\Jand ld> 1012 |
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ROC Intersections
= Note: Two-sided exponential

g[n]:an TSSO TTT?l?QQQ
' ‘N
=o' u[n]+a"u[-n-1]
\ J N\ J
ROC ROC [ Im

. N
| ZT does not exist
(does not converge for any z)

21> lad 2 < lad
= No overlap in ROCs CD Re
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Some common Z transforms

g[n] G(72) ROC
o[n 1 A4
wln] 1_1Z—1 zl > 1
arpfn) o 20> o
eosain | Ern
risin(wyn)un] rsin(f o)z 2| > r

1" 2r cos(! O)Z" T4r272
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Z Transform properties
gln] < G@) W/ROC Rg

Conjugation  g*[n] G*(Z") Rg
Time reversal g[-n] G(1/7) 1/Rg
Time shift gln-n,]  z70G(2) Rg (0/# ?)

Exp. scaling ang[n] G(z/v) la|Rg

Diff. wrt z nglnj —Z dG(2) Rg (0/# 7)

dz
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Z Transform properties
g[n] G(z) ROC

at least

Convolution g[nl®h[n] G(2)H(2) ﬂi&niRh

Modulation g[n]h[n] Z—}UQ[;C G(V)H(%)v—ldv

at least

RgRh
Parseval: i g[n]h* [n] = ﬁ (J‘)C G(V)H* (%)v_ldv

n=—ao
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ZT Example

" x[n]=r" cos(wyn)u[n] ; can express as

%,u[n]((rejwo )n + (re‘jwo )nJ =v[n]+v [n]

= Hence, X(z)=V(z)+ V*(z*)

_1 1 1
— = , -+ -
2 (1—rejw0z_1 1—re_1w0z_1)

1-rcos(wgy)z™

C1-2r cos(wy)z ' +r7°z "
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Another ZT example
yln]=(n+1)a"puln]

= x|n]+ nx|n]
- o dX(z)
l "z
X(Z)zl—az_l dz
_w,dg 1 N #zo
dz%" #z"lz 1" #z 1)?
1 #r ! 1

~

A
&N

—
[

T Ty = ;
1" #Z 1 (1 11 #Z 1)2 (1 1 #Z 1)2
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Inverse Z Transform (I1ZT)

" Forward z transform was defined as:

G(z)=Z{g[n] Zg[n]z‘”

= 3 approaches to G(z) to g[n]:
= Generalization of inverse DTFT
= Power series in z (long division)

= Manipulate into recognizable
pieces (partial fractions)
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IZT #1: Generalize IDTFT

= If z=re’® then
G(z) = G(ré*) Z glnlr—"e1¥" = DTFT {g[n]r—"}
mgo g[nlr" = 2%], ! G(frej" ) el "dw IDTET
z=rev = dw = dz/jz — ﬁ @f (2) Z Ly ”dzflﬁ
Re

Counterclockwise '

closed contour at Izl = r\/

within ROC

= Any closed contour around origin will do
= Cauchy: g[n] =! [residues of G(z)z]

Dan Ellis 2011-10-04 28




IZT #2:. Long division

= Since G(z)zZ::_oo glnlz™

If we could express G(z) as a simple
power series G(z) =a + bz + cz?2 ...

then can just read off g[n] = {a, b, c, ...}

= Typically G(z) is right-sided
and a rational polynomial G(z)=-——-"

= Can expand as power series through
long division of polynomials
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IZT #2:. Long division

= Procedure:

= Express numerator, denominator in
descending powers of z (for a causal fn)

= Find constant to cancel highest term
I first term In result

= Subtract & repeat! lower terms in result

= Just like long division for base-10
numbers
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IZT #2:. Long division
1+2Z!1
1+04z 1101227

1+1.62'-0522%+0477...
14047 "' -0.1222%) 1+27!
1+0471-0.12772

1.621+0.1272°
1.6;1+0.64;2-0.1923

" e.g. H(z) =

05272 +0.1927
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|ZT#3: Partial Fractions

= Basic iIdea: Rearrange G(z) as sum of
terms recognized as simple ZTs
1

| l-az
or sin/cos forms

= especially - o o' un]

P(z)

= |.e. given products (1_%_1)(1_,&—1)”,

A B

Tt T
1"z 11 #

rearrange to sums
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Partial Fractions

= Note that:

A B C
—+ =

_|_
l—oz' 1-Bz" 1—y"

A(1 - ﬁz_l)(l - )/z_l)+ B(l - az_l)(l - )/z_l)+ C(1 - az_l)(l - ﬁz_l)

(- (1= pe (1=

= Can do the reverse I.e.

go from P(2) to Y P
I, -4,z ) =112,z

= |f order of P(z) Is less than D(z)
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Partial Fractions
® Procedure:

P(2)
F(7)=
@) H]!V:l(l—l!z_l) Z' =11 — /l.z_1

—>f[n]=zlepz 0) m[n]

= where p,= (1 MZ_I) (Z)‘ZZM
l.e. evaluate F(z) at the pole

but multiplied by the pole term
I dominates = residue of pole
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Partial Fractions Example

" Glven H(Z)_1+o.4z”! 0.127'2

factor: 9
1+27

(again)

(1+0.62')(2! 0.2 1+O.16z!1+1! o.zzz!1

= where:
B 1+—2z_1

_ -1
pr=(1+06")H(z) = L o2t

-1
N YRE
1+0.67 7=0.2
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Partial Fractions Example
-1.75  2.75

" Hence H(z)= +
2) 1+0.6;7F 1-0.2771

= |[f we know ROC [zl > lal I.e. h[n] causal:

= h[n] = (~1.75)(~0.6)" u[n] + (2.75)(0.2)" u[n]
=-1.75{1 -0.6 036 0216 ..}
£275{1 02 004 0008 ..}

={1 1.6 052 04 ..}
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