ELEN E4810: Digital Signal Processing
Topic 3: Fourier domain

The Fourier domain

Discrete-Time Fourier Transform (DTFT)
Discrete Fourier Transform (DFT)
Convolution with the DFT
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The Fourier Transform

' Basic observation (continuous time):
A periodic signal can be decomposed
Into sinusoids at integer multiples of the

fundamental frequency
Chel if X)) =¥t+T)

we can approach X with

M
3 21k )
X(t) zkg_oak cos( T t k>
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M

Fourier Series Y- accos(ZEi+ o)

k=0
' For a square wave,

(DT L k=1,35,...

\O otherwise
. - 2! 1 -2 1 - 2!
|.e. x(t)=cos —t — —-cos —3t + —cos —5t —...

T 3 T S T
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Fourier domain

' x Is equivalently described
by its Fourier Series
parameters:

ar=(11)7

1 1

k

k=1.3.5,...

- Complex form: x(t)!

1234567%k

'27T]{:t

Cke7 T
k= —M
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Fourier analysis

" How to find {|exl}, {arg{ek}} ?
Inner product with complex sinusoids:

1 [T o
Cl = —/ x(t)e ™ T tdt
L J 72 but

e® = cosO + jsin0

1

— ?(/x(t) Cos(ﬁt)dt—j /X(t)sm(ﬁt)dt)
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Fourier analysis
, 27
" Consider x(t) = cos l?

.. 80 ¢, should =0 except k = £/

' Then

C, = _Il_(j X(t) cos 22 dt — jj () sin 22¢ dt) .
even-odd

1 (jcos 2 cos 224 dt — | j cos Zsin 274 dt)
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Fourier analysis
" Works | if k, [ are positive mtegers

1 [ (1 k=4I
— cos(kt) - cos(lt)dt = <
27 J \O otherwise
- T
o a | = ﬁ | cos(k + [)t +cos(k! [)tdt
T 1 sin(k+ )t osin(kt Dt "
- 4 k+1 RET

L (sincr(k + 1) +sincr(k! 1))
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sSincC

: A SIN X
© SINCX=——

X |

A ,/

/
N N 1 /gl\{l(X)/x RN
// \\ // \ / \\ // \\ //
@& I3 k279 & T2 3 41 X
p N - - *sin(x)
y=x/

/

" =1whenx=0
=0whenx=r! r£0,r=+1,+2 +3 ...
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Fourier Analysis

1 (172 21k
- Thus, ¢ = —/ z(t)e ™ T dt
T J 7/

: : : : _ g2k
because real & imag sinusoids ine 7T *

pick out the corresponding sinusoidal
components linearly combined
M

In z(t) = Z el T

k=1 M
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Fourier Transform

' Fourier series for periodic signals
extends naturally to Fourier Transform
for any (CT) signal (not just periodic):

T — | "t Fourier
X(71) / z(t)e dt Transform (FT)
L [ o0 / Fouri
_ - it nverse Fourier
2(t) = 2 /OO X(@h) e d Transform (IFT)

' Discrete index £ — continuous freq. ()
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Fourier Transform

" Mapping between two continuous
functions: #( D)l

level
/dB 20H -\ o : ‘

() o

0.02 , , , eob

-80

0 2000 4000 6000 8000
H freq/ Hz

arg{#( 1)}

0.01f ]

-0.01 ' ' '
0 0.002  0.004 0.006  0.008

time / sec

< . ; .
0 2000 4000 6000 8000
freq/ Hz
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Fourier Transform of a sine

. Assume x(7) = e’

Now, since x(1) = —

2T 1 o

1‘—00

X(Q)e*dQ
.we know X(! )=2"#(! —! )

...where "(x) Is the Dirac delta function

(continuous time) i.e.

[8(x = x,)f (x)dx = f(x,)

|

6(x -X,)

X

o X)) =AY o X(Q)=A5Q- Qo)
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Fourier Transforms

Time
Fourier Series Continuous Discrete
(FS) periodic x(7) infinite
Fourier Continuous Continuous
Transform (FT) infinite x(¢) infinite
Discrete-Time Discrete Continuous
FT (DTFT) infinite x[n] | periodic
Discrete FT Discrete Discrete
(DFT) finite/pdc x[n] | finite/pdc
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Discrete Time FT (DTFT)

" FT defined for discrete sequences:

X(e™)= Yalnle ™ oreT

1=—00

' Summation (not integral)

' Discrete (normalized)
frequency variable #

" Argument is ¢, not j#
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DTFT example
- e.g. x[n] = $7uln], [$] <1

=

e
O —
D, Q‘
) R/ H —
e, ,"4‘«:‘ "geeeeg . I
a & Q)
TR AR e n _# J!
<\
@ DR R
& ) 0 M
R K& @ D~ O
% @ S
-s,..,,jo os} &
X

X(e")=%_, " "Hnle

1l 1234567n

1

 $%& e/ H(

L # S

S

N\
/ "Ne—H%/

T #I S W
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Periodicity of X(e/#)

" X(e/#) has periodicity 2! in # :
X(ej(" +2”)) :# X n €$j(! +2" n

_# $]’n $]2n_X(eJ’)

$%&(‘ el t#(

"""""""""""""""""""

> </l

" #]  $/ %

' Phase ambiguity of ¢# makes it implicit
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Inverse DTFT (IDTFT)

' Same basic form as other IFTs:
— 1 I " j"nqn
x[n] = o $, X(e")e'"d" iorET

' Note: continuous, periodic X(e/*)
discrete, infinite x[n] ...

" IDTFT is actually forward Fourier Series
(except for sign of #)
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IDTFT
' Verify by substituting in DTFT:

1 j'n gn
x[n] = n .X(e el "d
1
0 #7"1\ j'n gn
=8 (Yt ) g

B O/Qx[l]z_, $:,ej” "
=% x[/]sinc! (n#1)= x{n]
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sinc again

- (r ) -
1 0 g 1 [el" (n=1)
27T 1 27T _](n I l)_ 1

1 €JI (n_|>| e_j! (ﬂ—')
T on jn' 1)

1 (zjsm(n! l>> — siner(n! 1)

"2\ (! D)

' Same as [cos jimag jsin part cancels
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DTFTs of simple sequences
' x[n] ="[n] = X(ej" ) = $ X[n]e"j"”

n="4
=e %=1 (forall#)
L .e. x[n X(ej#)
‘n] o 1
x[n]] X(e/®)]
IEENIREET] S N
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DTFTs of simple sequences

- X[n]=e"": x[n]= 211 _ X(e el "d"
= X(e’)=2n-6(w—w,)over -| <# <!
but X(¢/#) must be periodic in # =

e Zk27r-5(a)—co0 —271K)

If#,=0thenx[n]=1" n

so 1 o &2 "#$ uR!K)

iX(e'#)

1

0 2! 4l
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DTFTs of simple sequences

' From before:

1

o"uln] 1o (lal<D

' u[n] tricky - not finite

L oy e
L =g +RQ (" +2%K)
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DTFT properties

" Linear: | |
Le[n]+"h[n] # !G®)+"H(™)
' Time shift: | |
gn-n,] © e'"G(e"”)
" Frequency shift:
ej! Ong[ n] " G(ej(’ #1 O))
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DTFT example

' x[n] =0[n] + aru[n-1] < ?
= o[n] + a(a! u[n-1])
_ X(e™)=1+ (x(ejw'l- 1 — )
1-oe™

ae l-ae +oae

=1+ — —
1—ce™ 1—cae™’
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#

DTFT symmetry X(")=$ e "

Uf x[n] < X(e#) then...
x[-n] < X(e/#)  from summation

X'[n] o X'(ed) () =ef
Re{x[n]} < X J(e#) :;[X(ej" )+X*(e" ! )]
conjugate symmetry cancels Im parts on IDTFT
1 . .
Tmixinlt < X (e#) =—[X(el?)- X" (e
x.|n] < Re{X(e#)}
x. n] < jIm{X(e#)}
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DTFT of real x[n]

" When x[n] Iis pure real, = X(e/#) = X*(e/#)
— — — — o . XCS
Snl#x, [n]=x,[-n] < Xy(e#)=X,(e#)
o # x n] =-x [-n] & X/(&%)=-X/(e#)
Z¢§A o ol
x[n] real, even %
<—X(e*) even, real — e s

Dan Ellis
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DTFT and convolution

" Convolution: X[n]=dgnj®hNn]

= X(€")=2_"__(dnj®hn])e’™
= Zn (Zk alk]h[n— k])e_jwn

= 2. (dK

— G(ejw) :

e 1Y hin—kle (")

H(e")

g[n®h[n] < G(e’*)H(e'™)
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Convolution with DTFT

" Since glnl®xhln] <> G(e™)H(e™)
we can calculate a convolution by:

" finding DTFTs of ¢, h = G, H

" multiply them: G-H

- IDTFT of product is result, g[n]® h[N]

gin] —

DTFT

G(e')

L Y(E")

n[n] —

DTFT

B g

H(e')

IDTFT

y[n]

Dan Ellis
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DTFT convolution example
1

1— e ?

- x[n] =am!l [n] = X)) =
' hln] =0[n] - ad[n-1]
= HE")=1-a(e'"")-1
" yln] = x[n] $ hln]
= Y(€e'”)=H(e'")X(e'’)

1 Lo
BT "e!1#$(1! ¢)=1

= y[n] = &[n] i.e. ...
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DTFT modulation

" Modulation: x[n] = g[n]- hln]
Could solve if g[n] was just sinusoids...

X=X, [ L[ Gle®)e™do ) Hinle
_i " Gle’? nle/(@-0)n
= 176X, Al " |6

L gl o [ Gl H (" )do
7T
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Parseval’'s relation

" “Energy” in time and frequency domains
are equal:

S elnl'lnl= [ G (")

- If ¢ = h, then g-¢" = ¢g|2 = energy...
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Energy density spectrum

' Energy of sequence !/ =#\g[n]\2

]60

' By Parseval e,

da)

" Define Energy Density Spectrum (EDS)
S,(€")=GE" )’
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EDS and autocorrelation

' Autocorrelation of g[n]:
r [01= 2. glnlgln—1]= gln]®g[-n]

1=—00

= DTFT{r[!]} =G(e")G(e ')

' If g[n] Is real, G(ef#)_G*(eJ#) SO
DTFT{r,[/]} =[G(e" ) =S, e") /7"

info.

' Mag-sq of spectrum is DTFT of autoco
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Discrete FT (DFT)

Discrete FT Discrete Discrete
(DFT) finite/pdc x[n] | finite/pdc

' A finite or periodic sequence has only
N unique values, x[n]forO<n <N

- Spectrum is completely defined by N
distinct frequency samples

" Divide 0..2! into N equal steps,
{#}=2Vk/n
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DFT and IDFT

' Uniform sampling of DTFT spectrum:

N#1 2"k

X[K] = =S e N
N n=0
N1 A 21 /N
- DFT: X[K]="" x[n]W;" 1)
n=0 7 W
o7 e

where W, =e "N i.e. 1/\t of a revolution
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IDFT

N-1
' Inverse DFT IDFT X[n] :;ZX[k]W,\]”"
' Check: =
1
N

1 N"1 N"1
=L gl wr
Nl=0 k=0

= x[n] — e

=1 (1 Anwyw
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DFT examples

" Finite impulse x[n]z{l n=0

0O n=1.N-1
= X[k]=), [nWJ"=Wg=1 Vk
" Periodic sinusoid:

2wrn (R "
X[n] — COS = _ WNTn + W}{[n

N >
= X[k]=12 (W™ + Wy W,

_{N/Z k=rk=N-r
L0 oOW.
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DFT: Matrix form

el
= QS

XK=
1 1 1
1 Wi Wg
- |1 Wj Wy
1 WISIN —1) WNZ(N —1)

X[V - 1]

l.e.

X=D,

x[n] W™ as a matrix multiply:

wop | [ L0
Wy x[1]
wth =9 2[2]

W&N —1)2 _ZC[N — 1]_

Dan Ellis
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Matrix IDFT

O f X=D,
then x=D,/'"X
' l.e. Inverse DFT is also just a matrix,
1 1 1 1
v 1 Wy Wi Wy VY §
_ _ —9(N —
Dyl = % 1 Wy2 Wi Wy ”g
#: Z Z S
1 WJ;(N—l) W]f(N_l) WJ;(N—l)z

Dan Ellis
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DFT and MATLAB

' MATLAB is concerned with sequences
not continuous functions like X(e™)

' Instead, we use the DFT to sample X
(e/#) on an (arbitrarily-fine) grid:
- X =fregz(x,1,w); samples the DTFT
of sequence x at angular frequencies in w

- X = fft(X); calculates the N-point DFT
of an N-point sequence X
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DFTand DTFT

DTFT X(e’®) = Zx[n]e‘jw”

DFT X[k] = fo[n] W,

n=0

" DFT ‘samples’ DTFT at discrete fregs:
X[k]=X(e")

v R x(em)
iy | T H
k=1...
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DTFT from DFT

- N-point DF T completely specifies the
continuous DTFT of the finite sequence

| NI N - b
X(e]!):# _# X[k]W n e jln
n=0%] k=0 ) %
N"1 N"1 wofpw 2*kY
:l# X[k|H e LY
Nk:O n=0
Aw, = a)—zﬁk N"1 inN° iy (N"1)
= gt X Y
N .-, s -
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Periodic sinc

N!1 D IN" #
e 1l €

$eln=

n=0 11 "7

LN #, 12
=S %
NN ENEERNE NG

N #1121 gl IN"#,12

L Voo SInN "z‘k
sin 7k
- =N when A#, =0; =(-)Nwhen A# /2 =
=0when A#,/2=r!1/N,r=+1,+2, ...
other values in-between...
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Periodic sinc

SIN Nx Mol
: AAARAFG
SINx
XTk] = X(ei2 KN T ~ sin N 6 t%/2
I N T 5
DFT-» DTFT . L. X131 ;nNg:sg
= interpolation e
by periodic ~ / |/ \
YR " =
. |#$;)4F Sl o o
X[k X(e#) Sy To Ny
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DFT from overlength DTFT

' If x[n] has more than N points, can still
form X[k]=X(e")

_I:2Hk

N
' IDFT of X[k] will give N point #[n

" How does #[n/relate to z|n|?
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DFT from overlength DTFT

DTFT pl IDFT _
x[n] X(el' ) 22 X[k] [n]
-A<n<B O<n<N

%[n] NZ(ZxW) Wy, ™

k=0 —1 forn-l=rN, rel

I N =0 otherwise
= x[1] =  when
N
¢="1 k=0
. - all values shifted by
= I|n] = Z z\n —rN| exact multiples of N pts
O<sn<N 5= folilein0<n<N
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DFT from DTFT example

Ifx[n]={8,5,4,3,2,2,1, 1} (8 point)
- We form X[k]| fork=0,1,2,3
by sampling X(e/#) at# =0,1/2,1,31/2
" IDFT of X[k] gives 4 pt #n]=  a[n! rN]

r="1

' Overlap only for r = -1: (N=4)

8 5 4 3
| .if;[n]{—l— + + +}{10 7 5 4}
2 2 2 1

Dan Ellis 2011-09-22 47



DFT from DTFT example

- x[n] |
_1 123;45678_;;
' x[n+N]
(I"=—1) -5-4-3-2-15T 12354 5n
] |
- X(n] 17
11230 p

- A nlis the time aliased or ‘folded down’
version of x[n].

Dan Ellis 2011-09-22 48



Properties: Circular time shift

" DFT properties mirror DTFT, with twists:
' Time shift must stay within N-pt ‘window’
glin —no)n] = WyG[K]
' Modulo-/~ indexing keeps index between
0 and N-1:

gl(n — ng)n] = gln — no] n > ng

g[N + n — ng] n < ng
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Circular time shift

' Points shifted out to the right don’t
disappear — they come in from the left

8 (1] | gl<n-2>]
] - ‘delay’ by 2 ! :
| | > |
| = ! X
T 1234 [ 17234
e
N

' Like a ‘barrel shifter’:

\¥_/

? origin pointer
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Circular time reversal

" Time reversal is tricky in ‘modulo-N
iIndexing - not reversing the sequence:

Al
5-pt sequence T | | T
made periodic T 9TTT | M’H o [
-7-6-5-4-3-2-1I 1234I567891011 n
5c[<| n>N]

Time-reversed “
periodic sequence T K T T I

QNTTJ

i i —
7 -6-5-4-3-2-1 1234567891011 n

. Zero point stays fixed; remainder flips
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Duality

" DFT and IDFT are very similar
" both map an N-pt vector to an N-pt vector

' Duality:
if  g[n]
then Gln

< Glk]
| Ng[#k), ]

" l.e. If you treat DFT sequence as a time
sequence, result is almost symmetric

Dan Ellis
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Convolution with the DFT

" IDTFT of product of DTFTs of two N-pt
seqguences is their 2N-1 pt convolution

' IDFT of the product of two N-pt DFTs
can only give N points!
" Equivalent of 2/NV-1 pt result time aliased:

Cie. Yo[n]=2  yin+rN]

" must be, because G|k|H|[k] are exact
samples of G(e/)H(e/)

' This is known as circular convolution
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Circular convolution

' Can also do entire convolution with
modulo-/N indexing

' Hence, Circular Convolution

NZlg[m]h[<n -m) | < GIKH[K]

. Written as g[n] @ A[n]
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Circular convolution example
" 4 pt sequences: glnl={1201} Alnl={2210}

N! 1 : : : :
| I EL i io i
gmjfint m ]t
m=0
: g[nI@h[n)=
hl<n - 0>,] . 1 1 i
hli<n - 1>,] | 9
hl<n - 2>,] 0 123 n
h[<n - 3>,] 1 check: g[nl® hln]

={2654210}
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DFT properties summary

Circular convolution

n N

Modulatlon

g[n]-h{n]

Duality

Parseval

I'1

g[m]h[ n!

ﬁz:;;G[m]H[<k—m>N]

G[n] < N°g[<_k>N]

=

; N!1

LXK

m) | # G[k]H[K]

Dan Ellis
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Linear convolution w/ the DFT

' DFT — fast circular convolution
' .. but we need linear convolution

' Circular conv. is time-aliased linear
conv.; can aliasing be avoided?

' e.g. convolving L-pt g[n] with M-pt h[n]:
y[n] = g|ln]® hln] has L+M-1 nonzero pts

- Set DFT size N = L+M-1 = no aliasing
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Linear convolution w/ the DFT

" Procedure (N=L+ M - 1):

gln]
" pad L-pt g[n] with (at least) M

M-1 zeros ;. n
— N-pt DFT G[k], k=0..N-1 hln]

' pad M-pt h|n] with (at least) N

[-1 zeros M "
— N-pt DFT H[k], k=0.N-1 l
" Ylk] = G[k]-H|k], k=0..N-1 ! —

CIDFT{Mk} =2y, [n+rN]=y,[n] ©=n-n
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Overlap-Add convolution

" Very long g[n] — break up into
segments, convolve piecewise, overlap

— bound size of DFT, processing delay

- Make giln] = <

9l
hin] ® g

n
n

(g[n] - N<n<((+1) -N

0 otherwise

Nl =2 Gn
| =2_ihin]®gn]

' Called Overlap-Add (OLA) convolution...

Dan Ellis
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Overlap-Add convolution

‘Tg[n] | Th[n]
i e
% Goln1 @A)
81n] M : 1gunl@hln]
18alnl (\'/\/l 1 gl @hnln]
i . : N : : ; —-Nn
N 2N 3N 'r . valid OLA sum |
hin]®® gln] »
N 2N 3N .
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