ELEN E4810: Digital Signal Processing
Topic 3: Fourier domain

The Fourier domain

Discrete-Time Fourier Transform (DTFT)
Discrete Fourier Transform (DFT)
Convolution with the DFT
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The Fourier Transform

' Basic observation (continuous time):
A periodic signal can be decomposed
into sinusoids at integer multiples of the
fundamental frequency

el if XE)=X({Et+T)
we can approach X with

M
X0~ q, cos(znkt + gbk)
k=0 T
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Fourier Series iakco{”“ktwk)
' For a square wave, k=0 T
k
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Fourier domain

I x is equivalently described

by its Fourier Series a
parameters: P 9 o
k1 1 1234567%k

a=(-1)2  k=135. @

]

27:k

' Complex form:  X(t) = che T
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Fourier analysis

- How to find {I¢,I}, {arg[c,]}?
Inner product with complex sinusoids:

1722 ok,
C, = I x(t)e T dt but
- e® = cosO + jsin0

:;(jx(;)coszgzkfdt—jjx(t)sinz?’“df)
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Fourier analysis ,
' Consider X(t) :cos(l_:t)

.. 80 ¢, should =0 except k = £/

' Then
_ 1 * nkt / . uel
e

/¢ .
:( COS?Z cOSZ dt — j j cosZ m%’“dt)
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Fourier analysis
| Works i if k, [ are positive integers,

1 k=1
jcos (kt) - cos(It)dt = {0 iy

- j cos(k + )t +cos(k — D)t dt

[sm(k +l)t sm(k—l)t}
Tanl k+l k=1 |

= ;(sincn(k +1) +sincr(k —1))
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/
||_| /
- /

' =1 whenx=0
=0whenx=rmr" 0, r=+1,+2, +3,...
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Fourier Analysis

1 T/2 —j@l‘
" Thus, ¢, = jx(t)e T dt
T—T/Z 2"k
IjTt

because real & imag sinusoids in ¢
pick out the corresponding sinusoidal
components linearly combined in

#(7) =)M a, co%!ka "kf
k-0 T
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Fourier Transform

' Fourier series for periodic signals
extends naturally to Fourier Transform
for any (CT) signal (not just periodic):

(o ]

— jQt Fourier
X Q Xte dt Transform (FT)

— 1 ) it t Inverse Fourier
x(1) = 2_|/ X(#)e d# Transform (IFT)

' Discrete index k! continuous freq. "
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Fourier Transform

' Mapping between two continuous
functions: Xl

level

/dB o9

X( t) | | -40

. -60 WM
-80
0.01 0 2000 4000 6000 8000
H freq/Hz
0 -
arg{X(! )}
o 0.002 0.004 0.006 0.008 "
time / sec

0

#'/2

#

0 2000 4000 6000 8000
freq/Hz
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Fourier Transform of a sine

. Assume X(t) =e'®' | |
Now, since x(¢) = 2—|/ X (# )/ d#
..we know X(Q) = 2rnd(Q — Qo)

...where /(x) is the Dirac delta function
(continuous time) i.e. ‘ | #x-xo)

#(x" x)f()dx=f(x,) '

| X, X
LX) =AM < X()=A"( #1 )
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Fourier Transforms

Time
Fourier Series Continuous Discrete
(FS) periodic x(7) infinite
Fourier Continuous Continuous
Transform (FT) infinite x(7) infinite
Discrete-Time Discrete Continuous
FT (DTFT) infinite x[n] | periodic
Discrete FT Discrete Discrete
(DFT) finite/pdc x[n] | finite/pdc
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Discrete Time FT (DTFT)

' FT defined for discrete sequences:

X(€")= > x[nje’"" pTFT

N=—0o0

' Summation (not integral)

' Discrete (normalized)
frequency variable w

' Argument is ¢~, not plain w
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DTFT example f

- e.g. x[n]=am![n],lal <1 -

—1|1234567n

#<z X() :ij_wa”u[n]e_j“’”

=2, (ae*)'|S= ic” = cS= ic“
n=0 n=1

1 —=S—cS=c"=1

9] —]a)
1-ce |
el #1 T % #( S=
- | I—c
; J T 23 a—75"
i a4 5 ™ ‘ ' ' ' ’
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Periodicity of X(ew)
' X(e?) has periodicity 27 in w :
X(ej(" +2")) :# x[n]e$j(! +2" )n
:# x[n]e$j!ne$j2"n :X(ej! )

. T $%& e #(

' Phase ambiguity of ¢/» makes it implicit
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Inverse DTFT (IDTFT)

' Same basic form as other IFTs:
_ 1 s j" j"ngyn
x[n]= o $! X@"H)e""d" iprFr

' Note: continuous, periodic X(e/v)
# discrete, infinite x[#] ...

" IDTFT is actually forward Fourier Series
(except for sign of w)
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IDTFT

' Verify by substituting in DTFT:
X[n] SR X(€e'”)edw
2r "
1 (= — jol jon
= (ZI X[1e”’ ')eJ dw

= I
:z X[l]l I”ejw(n—l)dw

[ 27-[ -7
= Z X[ ]sinczz (Nn=1)= X[ n]
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sinc again

i J‘nejw(n_l)dw _ 1 |:eja)(nl) j|7r
2m " 2rc| j(n—1)]

1 (it _ ejn(nl)]
21 j(rn=1)
-1 Zfsf””(”‘l)j:sinm(n-n
2\ j(n—1)

' Same as %os j imag jsin part cancels
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DTFTs of simple sequences
 xln]=dn) <z X(e" )= x[nle "

n="#

—e %=1 (for all w)
' l.e. x[n)# #  X(ew)
# # # On]# <H 1

x[n] X(e® )]

32-1|123p - | LY
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DTFTs of simple sequences
il on . . 1 ] j" "N yn

- x[n] :éj . X[n] =5 $! X(e' )e'"'d
# <z¥e!)# 21 - B(o—#,)over -Tr<w <

but X(e/) must be periodic in w <z

e < Zk 21 - 8(w — w, — 27k)

 fw,=0thenx[n]=1" n

so 1 <_&k2! "H$ ! k)

X(eV)

0 274w
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DTFTs of simple sequences

' From before:

1
W (I'1<D)

a"un] <
1—-ae

' &|n] tricky - not finite

1
uln] % +2, w6( +27k)
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DTFT properties
' Linear:
ogln]+phln] < aG(e’)+pH (™)
' Time shift:
gln—-n,] < e’"G(e’™)

' Frequency shift: e
elay
e]wong [n] < G(ej(w_w())) freqilnency
DTFT example
' x[n] = d[n] + aru[n-1] <—72
# = o[n] + a(aru[n-1])
., %prae 1
X j! :1_|_ n/H#E .
# <z (e ) 8(6 1# ne#]! )
ne#j! 1# ne#j! +"e#j!
:1+ n #jl = n _#jl
1# "™/ 1#"e"
1
= 1# " e#j! <Z~x[n] - &”]’[ [n] \/
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DTFT symmetry

L If x[n] #<—X(ev) then...
#  x[-n]# <—X(ew) from summation
#  x'[n] K—X(eww) () =e®
' - Ly j! s f "l
Re{x[n]} #<—X (/) = X(e")+X (e’ )]

conjugate symmetry cancels Im parts on IDTFT

1 [ il % "o

Tm{x[n]} #—X ., (eiv) == X(e" )" X (e "
fim{xlnl} #—Xcy(e) = [X(e")" X (e

# x_[n] #&<—Re{X(e)}
# x.[n] FK—jIm{X(ew)}#
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DTFT of real x[n]

' When x[n] is pure real, <z X(elv) = X*(ew)
x [nl#x,[n]=x,[-n] <—X(ew)=Xy(e)

xca[n] # xod[n] - _xod[_n] <—Xl(ejw) =" I(e_jw)

£ A

x[n] real, even
<—X(e) even, real
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DTFT and convolution
' Convolution: x[n] = g[n]Oh[n]

“IX(e") = 9%, (dln>hin])e"'"
=0/, (Y gIkIhin # k1)e")'"
= 0/ (alk1e™" “ O hin# ke’ ™)
=G(e" ) &H(e")

gnl®hn] <« G(e)H(e")
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Convolution with DTFT

' Since g[n]®hn] < G(e’*)H(e™)
we can calculate a convolution by:
' finding DTFTsof g, n! G, H
' multiply them: G-H
' IDTFT of product is result, g[n]®h[n]

g[n] DTFT ﬁeﬂi) Y(e)
L IDTFT yln]
h[n] —— DTFT ng;i
e
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DTFT convolution example
1

1" #e

' x[n] =arpln] <z X (e’ ) =
' hln] = d[n] - ad[n-1]

¥ H # O# <z H(ej“’)zl—a(e‘j“"l)-l
" ylnl = x[n] & hln]

# # <z Y )=H(")X(E")

1 .
= —(l—ae™)=1
o l-ae™ ( )
# <zy|n]=9[n] i.e. ...
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DTFT modulation

' Modulation: x[n]=g[n]'h[n]
Could solve if g[n] was just sinusoids...

X(e")=2, (zlﬂ J " G(e” )ef“"deJ - h[n)e ™"
— 1 J._n G(eje)[z:v h[n]e_j(“’_e)”]dQ
271. T n

< gl -hn & [T Ge)H(e")d8
2w "7
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Parseval’s relation

" “Energy” in time and frequency domains
are equal:

S elnlh 1= |” G )H (¢)do

" If g =h, then g-¢" = Igl? = energy...
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Energy density spectrum

" Energy of sequence ! =# |gn]’

' By Parseval g, :21 I” G(ef”)zda)
71- -

' Define Energy Density Spectrum (EDS)
S,,(€°)=GEe")’
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EDS and autocorrelation

! Autocorrelgtion of g[n]:
r [01= # glnlgln! (]=g[n]Sgl! n]

n=1"

<z DTFT{r,[I 1} =G(e"*)G(e™"*)

' If g[n] is real, G(ev) = G*(ev), SO
. 2 .
DTFT{r, [} = G(e") =S,(€")

' Mag-sq of spectrum is DTFT of autoco
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Discrete FT (DFT)

Discrete FT Discrete Discrete
(DFT) finite/pdc x[n] | finite/pdc

' Afinite or periodic sequence has only
N unique values, x[n]for0 $n <N

' Spectrum is completely defined by N
distinct frequency samples

' Divide 0..27 into N equal steps,
{w,} =27kIN
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DFT and IDFT

' Uniform sampling of DTFT spectrum:

. N-1 —j2—ﬂkn
X[k]=X (e’ )wzzﬂk = Zx[n]e N
N n=0
. N-1 2TIN
' DFT: X[k]= Y. x[n]W"" 1]
n=0 N

IDFT

1 N'1
' Inverse DFT IDFT x[n] = =" X[k]W]\!jnk
' Check: N o

x[n] = ;]Zk (22, Wy )W,

> 1Y W

-1
N k=0 im
= x[n] —|~—-——»re
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DFT examples

' Finite impulse x[n]=§ n_ri:]\?, 1
N-1 n _ _

#<z Xk1=2,  xnMg" =W/ =1 vk

' Periodic sinusoid:

_ - 21rn 1Y o
x[n] = cos N =3 W'+ Wy
<z X[kl=1" " (W + Wy W
_H{N/2 k=rk=N!r
%0 oW.
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DFT: Matrix form

" X[k] :ZN:_;x[n] -W," as a matrix multiply:

[~ X[O] T 1 1 1 1 1r X[O] T
1 2 (N! 1)
X [1] 1 Wy WK - Wy x[1]
X[21 | =1 W3 wi oo w D x[2]
| X [N —1]] 1 WY w2NED (DT XN - 1]
Ll.e. X=D,-x
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Matrix IDFT

- f X=D,!x
then x=D," X
' i.e. inverse DFT is also just a matrix,
1 1 1 1

ow w e w g
1. 2 I 4 I 2(N! 1)g
D'l1= —.1 w W e W

N N n . {V N N g
#: ; : : ; é
2

1 W]!V(N! 1) W]!VQ(N! ) W]!V(N! 1)
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DFT and MATLAB

' MATLAB is concerned with sequences
not continuous functions like X(ew)

' Instead, we use the DFT to sample
X(e) on an (arbitrarily-fine) grid:
' X = freqz(x,1,w); samples the DTFT
of sequence x at angular frequencies in w

' X = fft(x); calculates the N-point DFT
of an N-point sequence x
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DFT and DTFT

#
pTrET X" )= xnje’ "
n="#

N!'1
DFT  X[K]=" x[n]wW."

n=0

" DFT ‘samples’ DTFT at discrete fregs:

X[K]= X(€") u o X
0=—- H W
k=1...
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DTFT from DFT

' N-point DFT completely specifies the
continuous DTFT of the finite sequence

. N-1 1 N-1 .
X(e)= Z( ZX[k]WN"”Je""”
n=0 Nk 0
2 itk

—ZX[k]Ze T3

A
smN R U,

=— ) X[k et 2
N% [] Aco

— @ — 22K
Ao, =0 -2

SIn —-k
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Periodic sinc

—jNAa)k
Ze—jAa)kn _ 1-e
n=0 ] — e e
o Nao /2 QN0 /2 _ - INAwy /2

- o iAoy /2 ' pido/2 _ gridoy/2
- : Aoy
. e—j(Nzl)-Awk sin N =3¢ _—pure real
— © Aa)k
SIn ——

=Nwhen!w, =0; =(-)Nwhen! w/2 =7
=0when!w /2 =ran/N,r=+1,+2, ...
other values in-between...
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Periodic sinc *

Slan sinNx
Sinx
-N-
17 = $(O&m!(# N = _ sin# Aw!/2
SlH=$ ),/SB(%D) ZS0] # sin Aw!/2
1.5 .
DFT! DTFT $[3] W
= interpolation o / S — sin Aw3
by periodic 1
SinC o———— S Fog

X[k] ' X(el“}) o 0 [0 I=:27i/# o 0] I=:6r3;/# ® '=:8;c‘/#
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DFT from overlength DTFT

' If x[n] has more than N points, can still
form X[k]=X(e") s
N

" IDFT of X[k] will give N point z|n

' How does z|n|relate to x[n ?
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DFT from overlength DTFT

DTFT . sample IDFT
-A#n<B R
N-1{ o
- 1 Ktk
Xlnl=— X ( W
[n] N kz(‘;(gzoo [£] N N =1 for n-l=rN, r%

" Wl = (0 otherwise
- Zx[qr;ZW;““”T
k=0

f=—c0
® all values shifted by
= X[n]= Z XIN—IN] exact multiples of N pts
O#n<N (4 toliein0$n<N
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DFT from DTFT example

CIfx[n]=1{8,5,4,3,2,2,1, 1} (8 point)
" We form X[k] for k=0,1,2,3
by sampling X(e/~) at w =0, 7/2, 7, 37/2
" IDFT of X[k] gives 4 pt X[n]=# x[n! rN]

r_'n

' Overlap only for r =-1: (N=4)

8 5 4 3
= #{n]=y+ + + +={10 7 5 4}
2 211
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DFT from DTFT example

" ] |
1|12345678_7{
' x[n+N] ‘
(I":—l) 543 2- 1:T| 12 354_5;;
- ¥n] |

123 p

' X[n]is the time aliased or ‘folded down’
version of x[n].
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Properties: Circular time shift

' DFT properties mirror DTFT, with twists:
' Time shift must stay within NV-pt ‘window’

g[<n! n0>N] " W GLK]

' Modulo-N indexing keeps index between

0 and N-1:
nln] n"n
n'n,) 9| 0
ql! %[N+nI n,] n<n,
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Circular time shift

' Points shifted out to the right don’t
disappear — they come in from the left

gln] gl<n-2>]
‘delay’ by 2 5T

1234 n

' Like a ‘barrel shifter’:

f 1"H#$HY & H#%
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Circular time reversal

' Time reversal is tricky in ‘modulo-N’
indexing - not reversing the sequence:

RILI .
5-pt sequence T I‘ | T
made periodic T o | T I o | T T ?
76543211 1234567809101
x[<' n>N]
| |
Time-reversed I‘ I T T
periodic sequence T 7o T T it o T T 7o

S

-7-6-5-4-3-2-1 | 1234567891011

' Zero point stays fixed; remainder flips
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Convolution with the DFT

' IDTFT of product of DTFTs of two N-pt
sequences is their 2N-1 pt convolution
' IDFT of the product of two N-pt DFTs
can only give N points!
' Equivalent of 2N-1 pt result time aliased:
e y.[n] :Zi_ooyl[nJrrN] (0! n<N)
' must be, because G|k|H|k] are exact
samples of G(ev)H(ev)
' This is known as circular convolution
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Circular convolution

' Can also do entire convolution with
modulo-/N indexing

' Hence, Circular Convolution

]fg[m]h[<n—m>N] < G[k]H[k]

m=0

' Written as 9[n]® h[n]

Dan Ellis
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Circular convolution example

' 4 pt sequences:

Nzlg[m]h[<n - m>N ]

o

X

alle,

1 23

123

—
1 23 h

glnl={120 1}

|
Rl

g[nI®@n[n)=

2
1 2 3I n
0
| check: g[n]® h[n]

={2654210}

Dan Ellis
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Duality
" DFT and IDFT are very similar

' both map an N-pt vector to an N-pt vector
' Duality:
if g[n] ! G[K]
then G[n] < N-g[(-k),]

' i.e. if you treat DFT sequence as a time
sequence, result is almost symmetric
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DFT properties summary

' Circular convolution
Z:;Zg[m]h[<n—m>lv] < Gl[k]H[k]
' Modulation
g[n]- h[n] NZ G[m]H[k m), |
' Duality
G[n] © N-g[(-k),]

' Parseval N

A[n]’ =42 X[k]

n=0
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Linear convolution w/ the DFT

' DFT ! fast circular convolution
.. but we need linear convolution

' Circular conv. is time-aliased linear
conv.; can aliasing be avoided?

' e.g. convolving L-pt g[n] with M-pt h[n]:
y[n] = g[n]® h(n] has L+M-1 nonzero pts
' Set DFT size N %l+M-1! no aliasing

Dan Ellis 2008-09-19 57

Linear convolution w/ the DFT

' Procedure (N=L+ M - 1):

' pad L-pt g[n] with (at least) T~
M-1 zeros L
I N-pt DFT Gl[k], k = 0..N-1 hinl

' pad M-pt h[n] with (at least) AN
M

[-1 zeros
| N-pt DFT HIk], k= 0..N-1
" Y[k] = G[k]-H[k], k = 0..N-1 =

CIDFT{YA =2y [n+rN]=y,[n] © n<y
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Overlap-Add convolution

' Verylong g[n]! break up into
segments, convolve piecewise, overlap
I bound size of DFT, processing delay

gg[n I'N" n<(i+1)!N

" Make g[n oW

! g[n]= l-gi[n]
! h[n]@g[n]:#ih[n]t%gi[n]

' Called Overlap-Add (OLA) convolution...
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Overlap- Add convolution

g[n] h[n]
NASCI MR B S S
go[n] go[n]@h[n]
S R :
g[n] ; g, (& h[n]
g,[n] (\,/\/] gz[n]@;h[n]
N 2v N " T L e -
h[n]®g[n] ] ' '

N 2N 3N
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