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Abstract—We consider a multiuser network that is shared
by noncooperative users. Each user sets up virtual paths that
optimize its own selfish performance measure. This measure
accounts for the guaranteed call level quality of service, as well as
for the cost incurred for reserving the resource. The interaction
among the user strategies is formalized as a noncooperative game.
We show that the game has a unique Nash equilibrium and that it
possesses a certain fairness property. We investigate the dynamics
of this game and prove convergence to the Nash equilibrium of
both a Gauss–Seidel scheme and a Jacobi scheme. We extend our
study to various general network topologies. Finally, the formal
results and some extensions thereof are tested by emulating the
schemes on an experimental network.

Index Terms—Bandwidth allocation, distributed algorithms,
game theory, Nash equilibrium, network control, virtual path.

I. INTRODUCTION

A TRADEOFF encountered in communication networks is
between bandwidth utilization and the complexity of

call setup. Consider, for example, virtual circuit networks in
which bandwidth is reserved upon call setup and released
immediately upon call completion. This results in an opti-
mal bandwidth utilization but at the expense of a complex
per-call resource management. This complexity might prove
prohibitive in large networks, such as emerging broadband
asynchronous transfer mode (ATM)-based networks. In such
systems, users would experience large call setup delays. In
such cases, the user will be willing to sacrifice bandwidth
utilization in order to reduce the setup complexity. A common
way to obtain that is offered by the virtual path approach [15],
[18]. A virtual path is a set of preestablished virtual circuits,
dedicated to a specific source-destination pair. These resources
are reserved for a time span longer than the duration of a
specific call.

A major question arising from the virtual path approach is
how the available bandwidth is to be distributed among users.
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By the term “user” we refer to some typically large network
customer, such as a corporation setting up a virtual private
network. According to the traditional approach, such a task is
handled by a single administrative entity. In other words, users
are essentially passive and would quite often reduce their own
performance for the benefit of the entire network. Recently, it
has been recognized that system-wide (single) administration
is an impractical paradigm for the control of giant broadband
networks. Moreover, the practical difficulties of coordinating
among controllers in large-scale networks often require that
each controller would effectively attempt to optimize its own
performance. According to this formulation, the network is
a common resource shared and competed by “selfish” users.
This is a typical scenario of a “game” [13]. The application of
game-theoretic tools to networking problems has been gaining
increasing interest within the past few years [2], [3], [5], [7],
[8], [11], [16], [20]. Competition on network resources can be
observed, for example, in AT&T’s customer-specified routing
[14] and in networks implementing the intelligent network (IN)
concept [4], such as the Deutsche Bundespost Telekom [19]. A
natural competition among users arises when they attempt to
reserve network bandwidth in order to establish their virtual
paths.

An obvious implication of the virtual path scheme is that,
typically, part of the reserved bandwidth will be unused
(hence, the sacrifice in resource utilization). Yet another im-
plication is that at times a user will experience lack of
bandwidth to accommodate all incoming calls, thus resulting
in call blocking. In a noncooperative (“game”) scenario, as
described above, each user would attempt to reserve the
maximum possible amount of bandwidth for its own virtual
path. Coupling this greedy behavior of users with the limited
amount of bandwidth would lead to undesirable effects such
as instability and unfairness.

As is typical of games [13], what is needed is to impose
the interaction among the users on their individual strategies.
This can be done by way of a cost function that depends on the
availability of bandwidth in the network. It is important to note
that, while users are interlinked via these costs, the specific
parameters and control process of each user are localized
within the user, in accordance with the framework described
above. Noncooperative games often exhibit complex and even
pathological behavior, e.g., lack or instability of equilibria.
Thus, while the distributed noncooperative approach seems to
be an appropriate one for large-scale multiuser networks, it
calls for careful design and analysis.
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After formulating the model, we investigate the equilibrium
properties and the dynamics of the system. We show that a
Nash equilibrium exists and that it is unique. We demonstrate
that this unique equilibrium exhibits certain desirable proper-
ties, such as fairness. We then prove convergence to the unique
equilibrium under the Gauss–Seidel and the Jacobi schemes
[1]. In general, users may be sharing more than one resource,
such that the underlying network of resources constitutes a
graph of general topology. We extend several of our results
to apply to these cases. Finally, the formal results and some
extensions thereof are tested by emulating the schemes on an
experimental network.

The paper is organized as follows. The model is formulated
in Section II. In Section III we investigate the Nash equilib-
rium and prove its existence and uniqueness. The dynamics
of the system and convergence to the equilibrium point are
investigated in Section IV. Extensions to more general config-
urations are presented in Section V. The experimental results
are presented and discussed in Section VI. Concluding remarks
appear in Section VII. Due to space limitations, most technical
proofs are omitted and they can be found in [9].

II. PROBLEM FORMULATION

We consider a set of users, denoted by
, that share a resource of total capacity

(bandwidth) of units. We refer to this resource as a(single)
link. The common resource may stand for more than a single
link, as long as, from the users’ standpoint, the capacity
available in the various links can be “condensed.” However,
if different reservation rules apply at each link or if users
prefer one link to the other (e.g., due to their qualities), then
such a system cannot be treated as a single link and will be
investigated in the more general context of Section V.

Each user reserves some of the resource capacity in order
to establish a virtual path for its incoming calls. Calls that are
blocked at the virtual path level, i.e., that find the correspond-
ing virtual path full upon arrival, can be assumed to either be
lost or else to be accommodated through an alternative virtual
circuit scheme. In the latter case, the user faces the need to
consume processing resources and waste time on call setup.
Thus, in either case, blocking at the virtual path level leads to
performance degradation.

Users are noncooperative, meaning that each seeks to opti-
mize its own performance. To that end, the user minimizes a
cost function. This function should account for the following
tradeoff. On the one hand, each user should try to minimize the
blocking probability of its incoming calls at the virtual path
level, which is a decreasing function of the reserved capacity of
the user’s virtual paths. On the other hand, reserving capacity
becomes more difficult (and thus costlier) as the system’s
resources are less available. This tradeoff is formally quantified
as follows. Denote by thestrategyof user , i.e., the amount
of capacity that user reserves. We can assume, without
loss of generality, that a user always obtains the amount of
capacity it requests (see [9] for a related discussion). The
strategy spaceof user is [0, ], i.e., . Hence,

is the game strategy vector, and
the game strategy spaceis . We

also denote by the total amount of reserved capacity, i.e.,
. The cost function for user, denoted by , is

of the following form:

(1)

where the function accounts for the availability of resources
as perceived by theth user, whereas the function accounts
for the effect that the amount of reserved capacity has on
the performance of that user. Following the above discussion,
these functions are assumed to have the following properties:

F1 monotonically increases in each of its two
arguments.

F2 is continuously differentiable with respect to
.

F3 is strictly convex in .
F4 is nondecreasing with respect to

(and, due to [F3], it is also strictly increasing with
respect to ).

F5 .
G1 is continuously differentiable.
G2 is strictly decreasing.
G3 is convex.
G4 .

We shall denote and
. We note that the function increases with both

the reservation demand of userand with the total amount
of reservations (assumption F1). Assumption F5 imposes the
restriction that a user is not allowed to exhaust the resource
on its own. This assumption will be further strengthened by
assumption F6, in the sequel. The function decreases with

, thus reflecting the improvement in user’s performance.
Assumption G4 states that any user needssomeamount of
capacity. The reader may note that the above assumptions do
not prevent users from reserving capacities in a total amount
that exceeds the available capacity. This issue will be
addressed in the sequel. We make the following additional
assumption concerning the entire model:

M1 For every strategy vector
of reserved capacities, either all user costs

are finite, or else there is at
least one user with infinite cost
that can change its own strategy into, say,

, such that its cost becomes finite, i.e.,
for

.

Since the cost function of each user depends on the strate-
gies of all the other users, we are faced with anoncooperative
game[13]. We are interested in the Nash equilibrium solution
of the game, i.e., we seek a game strategy vector such that
no user finds it beneficial to change its strategy. Formally, a
game strategy vector in the game strategy space is a
Nash equilibrium point (NEP) if, for all , the
following holds:

(2)
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Assumption M1 immediately implies that, at any NEP, the
costs of all users must be finite. Moreover, from assumptions
F5, G4, and M1, we can deduce that the boundaries of the
strategy space of any user are not reached under an optimal
response of the user (to the strategies of the other users) and,
in particular, at any NEP.

As already mentioned, the assumptions made thus far do
not prevent users from reaching an NEP at which the total
reserved capacity is more than the available amount. It
is tempting to add an assumption of the form

(and for ). However, such an
assumption would not be consistent with assumption M1.
Indeed, consider a system of three users ( ) where each
reserves a capacity of . If we assume that
for , then no user will be able to make its cost finite just
by an action of its own. This is prohibitive in terms of fairness.
Moreover, as will be observed in the sequel, assumption M1
is essential in our analysis for establishing the existence of
a (finite) NEP. Thus, we must elaborate on the additional
required assumption in a more careful way. Denote bythe
capacity that is left available to user, i.e., .
Also, to each user we assign a value . Then, the
additional assumption is defined as follows:

F6

This assumption guarantees that the cost of a user cannot
go to infinity solely because of the strategies of the other
users. In other words, the term imposes a kind
of “fairness” constraint: If the unreserved capacity available to
user is less than , user will be “charged”as if the available
capacity were . This ensures that usercan always reserve
an amount while encountering afinite cost, regardless
of the actions of other users. In view of this interpretation, the
following assumptions are made on:

E1 , i.e., there is enough capacity to satisfy the
minimal guaranteed amounts.

E2 There exists a , such that and
for all , i.e., the amount

guaranteed to each user complies with its required call-
level quality of service (QoS).

Assumption E1 simply means that there is enough capacity
to satisfy the minimal guaranteed amounts. Assumption E2 is
needed when the function goes to infinity before goes
to zero, i.e., when a user needs a strictly positive minimal
amount of capacity in order to satisfy its QoS.1 In such
cases, assumption E2 states thatis higher than that minimal
amount.

Remark: We note that the above formulation accommodates
the case in which a user has calls of different classes. In such
a case, a user should find an appropriate scheme for sharing
the capacity by the various types of calls, i.e., one that satisfies
the requirements of each type. This amounts to computing the

1We note that, in fact, this is the typical case. However, for generality, we
assumed the more relaxing assumption G4.

schedulable region[6]. The interpretation of the schedulable
region in our context can be done in two alternative ways.
According to the first, each user reserves a capacityand
then computes the schedulable region that corresponds to that

. Alternatively, a global schedulable region can be computed
for the whole system and then subdivided among the users
according to the values of , i.e., user would get a portion

of the schedulable region. We note that the second
approach is applicable only in cases in which all users have
the same type of calls.

Example: Motivated by [15] and [18], let the function
be of the following form:

if

otherwise.
(3)

In other words, for each unit of reserved capacity the cost
to user is . For , we employ the
Erlang-B loss function. Assume that the call arrival process
of each user is Poisson with rate . Thus, the Erlang-B
loss function corresponding to useris a function of and

, and is denoted by . Let be an upper
bound on user’s call blocking probability, as determined by
its call-level QoS requirements. We then defineto be

if

otherwise.
(4)

We now show that, for the above example and for parameters
that satisfy E1 and E2,2, our assumptions F1–F6 and G1–G4

hold. Consider first the functions. Assumptions F1–F4 im-
mediately follow by observing that is independent
of , and that .
Since (by definition) and (by assumption
E1), we have that , thus assumption F5
holds. Assumption F6 is immediate. Turning now to the
functions, we note that assumptions G1–G3 follow from the
properties of the Erlang-B loss function shown in [12], whereas
G4 follows from the fact that while

. Finally, assumption M1 holds because a usercan
always choose a such that , which
makes (by assumption E2) and

.

III. EXISTENCE AND UNIQUENESS OF THENASH EQUILIBRIUM

We begin by showing that, for the model set in the previous
section, an NEP exists. By its definition, the game strategy
space is a convex, closed, and bounded set .
Furthermore, the cost function of each user is,
wherever finite, continuous in and convex in for every
fixed value of . By assumption M1, all cost functions must be
finite at any NEP (if it exists). Therefore, as shown in [16], [17,
Th. 1] can be accommodated to guarantee that an NEP exists
for this game. We note that, in order to establish the existence
of the NEP, it is enough to assume that the strategy spaces are

, that the functions and are continuous (a

2Note that E2 trivially holds for�i � 1.
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milder assumption than F2 together with G1), and that F3, G3,
and M1 hold. In other words, existence per se is guaranteed
with a more relaxed set of assumptions than the one that we
imposed.

We proceed by proving that, at any NEP, the total amount
of reserved capacity is less than the resource capacity.

Lemma 1: At any NEP ,
.

Proof: Let be an NEP. If
for all , , then , where

the last inequality is due to assumption E1.
Assume, then, that there exists somefor which .

Since cost functions are finite at any NEP (due to assumption
M1), it follows from assumption F6 that , i.e.,

, which means that .
We observe that the cost function of each user is con-

vex against any set of strategies of the other users. The
Kuhn–Tucker optimality conditions [10] imply that a strategy
vector is an NEP if and only if, for
all users ,

(5)

Note that the constraints and are not
manifested in the above conditions since assumptions G4 and
F5 guarantee that the boundaries are not met at a (finite)
optimality point.

The following theorem states the uniqueness of the NEP.
We note that the result follows immediately from the more
general uniqueness result obtained in the sequel for systems
of parallel links; see Theorem 5.

Theorem 1: In a system of noncooperative users sharing
a resource of capacity , as formalized in Section II, the NEP
is unique.

Next, we derive a fairness property of the (unique) NEP.
To that end, we make the further assumption that all cost
functions are identical for all users, i.e., for all

. The fairness property will guarantee
that a user that is in greater “need” for capacity will indeed
get more capacity at the NEP. In the following, all references
to capacity values are to those at the NEP.

Definition 1: A user is said to have a (strictly) higher loss-
sensitivity than a user if (correspondingly,

) for all (positive) values of .
Note that, since the derivative of thefunction is negative,

the second condition implies thatis more sensitive than to
call loss.

Definition 2: An NEP is said to
be fair if, for each pair of users and , such that has
a (strictly) higher loss-sensitivity than, we have
(correspondingly, ).

We then have
Theorem 2: In a system of noncooperative users sharing

a resource of capacity , as formalized above, in which all
functions are identical, the (unique) NEP is fair.

Proof: This is a particular case of Theorem 6, presented
in Section V. The proof is thus omitted.

The last theorem implies that, if all users have the same
functions and , then at the NEP we have
for all .

IV. CONVERGENCE TO THENEP

In this section we will explore the system dynamics and
show convergence to the NEP under two different iterative
schemes, namely Gauss–Seidel and Jacobi.

A. The Gauss–Seidel Scheme

In this subsection we consider a dynamic scheme in which
users operate iteratively in an asynchronous fashion. At each
iteration, each user recomputes its reserved capacity so as to
optimize its cost function with respect to the current state of
the system. More precisely, we assume that values of reserved
capacities are recomputed in a sequence of steps. At each step
only one user updates the value of its reserved capacity based
on information onthe total capacity reserved by all other users
up to the previous step. No particular order in which users
update their values is assumed; we will, however, require that
the number of steps between any two subsequent updates by
the same user isfinite. Following common terminology, we
will call this mode of operation theGauss–Seidel scheme.
Throughout this section we will denote by and the
respective values at the (unique) NEP.

In what follows we will show that, under the Gauss–Seidel
scheme, the vector of capacities reserved by all users at step

, converges to the
unique NEP , as . If the time
interval between any two subsequent steps isfinite, then
converges to the unique NEP as .

Let be the total capacity reserved by
all users after step, and define the following metric:

(6)

It will be shown that converges to 0. We begin with
the following lemma:

Lemma 2: Assume that user performs the th step,
then

(and, conversely)

Furthermore, the above holds also when all inequalities are
strict.

Proof: See [9].
We next prove that the sequence IN, is

nonincreasing.
Lemma 3: Under the Gauss–Seidel scheme

for all IN.
Proof: See Appendix.

We now show that strictly decreases after a finite
number of steps.
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Lemma 4: For all there exists a (finite) , such that,
if , then

.
Proof: See [9].

We are now ready to prove the convergence of the
Gauss–Seidel scheme to the unique NEP.

Theorem 3: Under the Gauss–Seidel scheme, the vector
of capacities reserved by all users at step

, converges to the unique NEP
as , that is, .

Proof: Follows from Lemma 4 and continuity arguments.
For the details see [9].

B. The Jacobi Scheme

At each step of the Jacobi scheme, the values of reserved
capacities of all users are updated simultaneously. We note
that the assumption on simultaneous updating should not be
interpreted as a strict timing synchronization requirement on
the users, but rather as the more relaxed assumption that,
at each step, the network provider will consider capacity
reservations placed by all users simultaneously (however, users
can still place their requests at any instance in time).

We observe that, in general, this scheme can lead to unstable
system behavior. For example, at some iteration each user
might reserve an amount of , thus ending with a total
reserved capacity of . In the next iteration, each user
would reserve an amount that is less than, thus resulting in a
new total reserved capacity that is (possibly much) lower than

, thus enabling each user to reserve, once again, an amount
in the order of , etc. Therefore, in general, we cannot
expect such a scheme to converge. However, we will show
that a modified version of the Jacobi scheme does converge to
the unique NEP. Denote by the capacity that user
would reserve at theth step of the (regular) Jacobi scheme.
Then, rather than reserving this value, userreserves

(7)

where is a “damping” constant and is the total number
of users in the network.

As with the Gauss–Seidel scheme, we define a metric
, show that it is decreasing in, and conclude that

the modified Jacobi scheme converges to the unique NEP.
The metric to be used is

(8)

We note that has the same form as the metric
defined for the Gauss–Seidel scheme. However, note that
the capacity values are not those derived from the exact
optimization condition, but from their damped counterparts,
calculated according to (7). Also recall that, at step, all users
update their capacity. In [9], the following result is established:

Lemma 5: If , then .
We then obtain the following convergence property:

Theorem 4: Under the modified Jacobi scheme,
.

Proof: Follows from Lemma 5 in similar lines to the
proof of Theorem 3.

V. EXTENSIONS

As explained in the previous section, the resources available
to users cannot always be modeled by a single link. For
example, capacity might be available in various links of
different quality, thus a user would have preferences among the
links. Moreover, such links may not directly connect the source
node to the destination node, meaning that resources may take
the form of a graph of general topology. Such extensions to
our model are investigated in this section and in [9].

A. Parallel Links

Consider the following extension of the model. Instead
of a single link, users share a system ofparallel links,
denoted as , each with a total capacity

. This corresponds to the case in which there are various
distinguishable resources thatdirectly interconnect a source to
a destination. User reserves an amount of capacity on a
link , subject to the following constraints:

•
• .

We denote by the total capacity reserved on a link
. Also, we denote by the total capacity reserved

(on all links) by user. The cost function of a user is composed
of the sum of two types of functions, namely and .

As before, is a function of two arguments, namely
the capacity reserved by on link (i.e., ) and the total
capacity reserved there by all users (). In other words,
accounts for the cost of reserving capacity for a user on each
link, as perceived by that user. Note that, according to this
formulation, a user may pay different prices for reserving the
same total amount of capacity, but distributing it differently
among the links. Moreover, the functions can reflect user
preferences among the links, for example, if some linkhas
some undesirable property, such as high propagation delay, a
user which is sensitive to end-to-end delay could add to the
respective function a large additive constant or multiply it
by a large constant factor, etc. We make the same assumptions
on the -functions as before, that is:

PF1 monotonically increases in each of its two
arguments.

PF2 is continuously differentiable with respect
to .

PF3 is convex in .
PF4 is nondecreasing with respect to

(and, due to [PF3], it is also strictly increasing with
respect to ).

PF5 .

A user can assign an incoming call to any link (or combina-
tion of links) on which the amount of capacity, which has been
reserved by the user but was not used yet, can accommodate
that call. This means that the loss process of a user depends
only on the total amount of capacity reserved by that user
and not on the precise distribution of that capacity among the
links. As a consequence, the cost function(which accounts
for the loss process), takes as its argument the total capacity

reserved by user. The assumptions made on are the
same as before.
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We still need an assumption on the functions that is
similar to F6, i.e., that guarantees that the resourceat each
link is not exhausted. To that end, and following the previous
terminology, denote by the capacity that is left available
to user at link , i.e., . Again, to each
user and for each link we assign a value ; however, in
the case of parallel links it is enough to assume that
for at least onelink (rather than for all links), while at other
links the value may be . We also denote .
The additional assumption is then defined as follows:

PF6 .
As before, the following assumptions are made on:
PE1 , i.e., at each link, there is enough capacity

to satisfy the minimal guaranteed amounts.
PE2 There exists a with , such that

for all .

From the above discussion it follows that, as far as call routing
is concerned, all links behave as one logical link whose total
capacity is . The distinction among links is in
the different costs for reserving capacities, which is manifested
by the -functions.

To conclude, the cost function of a user is defined as e12

We shall denote and, as
before, .

Here too we assume that, at any configuration of capacities,
each user can change its own capacity to make its cost finite
(i.e., assumption M1).

The strategy space of each useron each link is
. The existence of the NEP follows from [17, Th. 1] in

an identical way as for the single link case. Also, the proof
that, at any NEP, the total amount of reserved capacityat
any link does not exceed the resource capacityfollows
as in Lemma 1.

Note that, due to the assumptions made on the cost function,
the boundary is not reached by a useron any link at
any optimal response of that user and, in particular, at the
NEP. Thus, the Kuhn–Tucker conditions ignore the upper-
bound constraint on (but not the lower-bound constraint)
and they can be stated in the following form:

if

(9)

(10)

where are nonnegative Lagrange multipliers [10].
The following result establishes the uniqueness of the NEP

for a network of parallel links.
Theorem 5: In a system of noncooperative users sharing
parallel links as formalized above, the NEP is unique.

Proof: Part of the proof follows similar lines to the proof
of [16, Th. 5.1]. For details, see [9].

We borrow the definitions ofloss sensitivityandfairness, as
stated in the previous section, only that now the definition of
fairness applies to the total capacity reserved by each user.
We derive a fairness property for the (unique) NEP, similar to
the one derived for a case of a single link.

Theorem 6: In a system of noncooperative users sharing
parallel links as formalized above, for which the functions
are identical, the (unique) NEP is fair.

Proof: See [9].
As was the case with a single link, the last theorem implies

that, if all users have the same functions and , then the
NEP is symmetrical, i.e., for all and for all we
have .

Suppose that users are numbered by increasing order of
loss-sensitivity. Suppose that, at the NEP, userrefrains from
using link . It follows from Theorem 6 that so does any
user with a smaller loss-sensitivity, i.e., implies

for . Thus, at equilibrium, we can partition the
set of links into a sequence of sets , such that

for and is the set of links that
is used exclusively by users . We have that

; also, since each user, including the one with the
smallest loss-sensitivity, should use some link, we have that

(other sets may be empty).

B. General Topologies

In [9], we consider a network of general topology in
which capacities are reserved on a multihop basis. We further
extend the model and some of the results of Section V-A. In
particular, we indicate that an NEP exists and that if users
share the same source and destination nodes and employ the
same cost functions, the NEP is unique and symmetrical.

VI. EXPERIMENTAL RESULTS

In this section we present emulation results of the iterative,
noncooperative schemes studied in Section IV, performed on
a network of interconnected workstations.

The objective of our experimentation was twofold. First,
through emulation, we could test the behavior of our schemes
when employed in a practical setting, involving communi-
cation delays, protocol overhead, computational load, etc.
Second, the experimentation allowed us to study additional
properties, beyond what was available through formal analysis.
In particular, we were interested in the dependence of the
convergence rate on the form of the cost function, the scheme
employed, the number of users, the level of link utilization
and the arrival or departure of users to the system.

An issue of primary interest is to determine how these
properties can be affected by the network manager. Therefore,
in Section VI-B we introduce a parametrized cost function that
allows architecting of the user’s strategies. In Section VI-C
we present the results of three experiments. The first explores
the dependence of convergence rate on the parameters of the
cost function. The second seeks to characterize the impact of
the addition of new users to the system. Finally, the third
experiment investigates the impact of the number of users on
the convergence rate.
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Fig. 1. Family of link capacity cost functions for different values of then parameter.

A. Protocol Description

We assume that the capacity of each link is allocated by
a link or switch controller, which is responsible for virtual
circuit and virtual path setup and tear-down. Individual users
communicate with the controller to inquire about the state of
the link, but not among themselves.

In our implementation, controller and users were modeled
as separate processes; communication with the controller was
achieved using UDP (the IP user datagram protocol) sockets.

The asynchronous Gauss–Seidel iterative scheme requires
a locking scheme to ensure that, at any time, at most one
user can modify its reserved capacity. The iterative Jacobi
scheme employs a “broadcasting” scheme to “synchronize”
all capacity reservation requests. The controller broadcasts the
current cost of capacity to all users in periodic time intervals.

In the following, we will be using the terms link capacity
cost and link state (meaning total link capacity reserved)
interchangeably, since one uniquely determines the other.

B. The Form of the Cost Function

The network manager can architect the strategies of the
users by appropriately choosing the cost function .
By changing a parameterized cost function, the manager
pilots the users into achieving an NEP that has desirable
characteristics such as the percentage of total capacity reserved
and the rate of convergence.

In order to understand the capabilities of the manager, we
have used in our emulation the function defined in (4) and
a modification of the function of (3), as follows:

(11)

where is the total link capacity and are positive
real numbers. Note that is an increasing function
of that approaches infinity as . The constants
in (11) can be interpreted as follows: represents a fixed
cost per unit of capacity, while represents a unit cost
attributed to “congestion.” Congestion is (loosely) defined as
a situation in which the total reserved capacityapproaches
the link capacity . The parameter determines how early
congestion is detected; alternatively, it can express the degree

of uncertainty in estimating the schedulable region of the link
when shared by more than a single traffic class. We callthe
congestion avoidance parameter. A sample of functions for the
unit cost of link capacity is shown in Fig. 1 for different values
of the parameter . In this figure, , and

Mb/s.
As shown in Fig. 1, the unit cost of capacity

exhibits two basic regions: one in which
, i.e., the unit cost of capacity is almost constant,

and one in which the unit cost increases rapidly with the total
reserved capacity. We call the first thelow utilization region
and the second thecongestion region. For small values of ,
the congestion region starts at higher values of total reserved
capacity, but its slope increases. Intuitively, when users operate
in the first region, their strategies are decoupled and the cost
of capacity is independent of other users’ actions. When users
operate in the congestion region, small changes in the capacity
reserved by one user may affect dramatically the capacity cost
of other users.

C. Results

As mentioned in the introduction to Section VI, we would
like to explore how properties like the convergence rate can be
influenced by the network manager. Using the cost function
of (11), we conducted the following experiment in order to
determine the dependence of the convergence rate on the
parameter . We set the total link capacity to
Mb/s, the capacity requirement of each call toMb/s and

. We then considered four users,
with traffic loads Erl, Erl, Erl,
and Erl, respectively. For various values of the
parameter , Fig. 2(a) and (b) shows the number of iterations
for achieving convergence3 for both the Gauss–Seidel and
the Jacobi schemes, while Fig. 2(c) shows the value of total
capacity reserved at the NEP. As the plots indicate, small
values of lead to high capacity utilization at the expense
of slow convergence rates. This is due to the fact that if
the total demand is high, users will operate close to the
congestion region and their strategies will be strongly coupled,
thus leading to a large number of iterations. However, as the

3We assumed that the algorithm has converged whenjCi � C�j=Ci <
10�5; 8i.
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(a) (b)

(c)

Fig. 2. Rate of convergence for (a) Gauss–Seidel, (b) Jacobi schemes, and (c) total capacity reserved at the NEP.

value of increases beyond a certain value, the convergence
speed starts to decrease again. This is due to the fact that as

increases, the total capacity at the NEP moves closer to
the congestion region, leading, again, to a slow convergence
rate. In Fig. 1 we depict this by showing the value of that
corresponds to each value ofby a small vertical line on the
horizontal axis.

The above results point to a fundamentaltradeoff between
capacity utilization and convergence rate. Thus, the network
manager is faced with the question of how to trade link capac-
ity utilization with convergence speed. A balance between the
two is achieved using an appropriate value of the congestion
avoidance parameter.

It is also observed that the Jacobi scheme exposes a signifi-
cantly slower convergence rate than the Gauss–Seidel scheme.
This is to be expected, since even the undamped Jacobi scheme
is slower than the Gauss–Seidel for iterative solution of linear
systems; in our case, the damping factor slows the Jacobi
scheme further.

In our second experiment, we studied the dynamic behavior
of the two iterative schemes in response to changes in user

arrival statistics. We considered the setting of the previous
experiment, initiated at its NEP, to which we added a new
user with load Erl and zero initial capacity. Fig. 3
depicts the number of iterations that this system needed to
reach the new NEP. As the figure shows, small values of
lead to a very slow convergence when the system operates
under congestion. This means that, for small, a user joining
a highly utilized system experiences a long delay until it can
reserve capacity equal to its NEP value.

Finally, we investigated the impact of the number of users
on the convergence rate. In our last experiment, the congestion
avoidance parameter was fixed to 1.0 and the aggregate call
arrival rate of all users to 80.0 Erl. This rate was equally split
among an increasing number of users. The results are shown in
Fig. 4, where we observe that for both schemes the number of
iterations increases as a constant total demand is split among
an increasing number of (smaller) users. The Gauss–Seidel
scheme appears to scale better with the number of users; this is
due to the fact that the damping constant of the Jacobi scheme
is equal to the number of users. It can also be observed that
the rate of increase in the number of iterations per user in the
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(a)

(b)

Fig. 3. (a) Rate of convergence and (b)C�

5
after fifth user added.

Gauss–Seidel scheme decreases for larger number of users.
This could be attributed to the fact that, as the number of
users increases, the capacity at the NEP for each one decreases;
therefore, the NEP gets progressively “closer” to the starting
point, which is 0 for all users.

Our results highlight the differences between the two
schemes. In particular, while the Gauss–Seidel scheme is
shown to be significantly faster in convergence, its protocol
structure is more complex since it involves a two-phase
procedure for capacity reservation. It needs to implement
locking, queueing of messages, and timeouts in order to
avoid deadlocks, all of which are not needed for the Jacobi
scheme. On the other hand, the speed of the damped Jacobi
scheme decreases with the number of users, thus making it
less appropriate for implementation in large-scale networks
with a potentially large number of noncooperative users. In
addition, in the Jacobi scheme, users need extra information
to calculate their updates, namely the damping constant.

We plan to further explore these results, as well as to
broaden their scope to more general network topologies.

VII. CONCLUSIONS

In this work we have investigated the virtual path capacity
allocation problem in a noncooperative setting. In our formula-
tion, users try to optimize individual cost functions that reflect
the inherent tradeoff between user performance and the limited
availability of resources. We have shown that the canonical

(a)

(b)

Fig. 4. Rate of convergence for (a) Gauss–Seidel and (b) Jacobi, as a
function of the number of users.

problem has a unique NEP. We have also indicated that the
unique NEP possesses desirable properties such as fairness.
Furthermore, we investigated the dynamics of such a system
and showed that convergence to the unique NEP is guaranteed
under both the Gauss–Seidel and Jacobi iterative schemes.
These convergence results are of particular importance from
a practical standpoint, as they indicate how such a system
behaves and stabilizes under dynamic conditions. We extended
some of these results to more general settings. We indicated
how to apply our insights to the case of multiple traffic classes
when the capacity of the links is represented by schedulable
regions [6]. A possible direction for further research is to
consider competition among usersindependentlyon each
dimension of the (multidimensional) schedulable region. We
note that our contribution on convergence to the NEP can
also be applied to the problem of noncooperative routing, thus
enhancing the existence and uniqueness results presented in
[16].

While the family of cost functions that we have examined
in this paper is general enough to incorporate a considerable
range of interesting functions, further investigation of other
classes of functions and structures is of interest.

The formal model was emulated on an experimental setting.
Apart from testing the behavior of our schemes in a practical
scenario, these experiments indicate how the network manager
can pilot the operating point and the dynamics of the system
through a proper choice of the cost function parameters.
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We believe that the properties demonstrated in this study,
namely the existence, uniqueness, and convergence to the Nash
equilibrium, support the possibility of effectively operating
multiple users in virtual path-based networks.

APPENDIX

Proof of Lemma 3:Let user be the one who updates its
value of reserved capacity at step and assume,
w.l.o.g., that . This implies, by Lemma 2, that

. (By symmetry, all arguments will apply for
the reverse case as well.) Define

and

We distinguish among the following cases:

1)
Since “crosses” at step .

Also, since , we infer that
. Hence

while

Thus,

which implies that .
2)

Since and are
on the “same side” of . We distinguish between the
following two subcases:

a) . Then, by Lemma 2,
. Hence

and

Thus, .
b) . Since , we

have that . In this case, we cannot tell
whether or . Therefore, term

might either increase or decrease after step

. We can, however, give an upper bound on
the increase of .

and

which shows that . This
concludes the proof.
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