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Virtual Path Bandwidth
Allocation In Multiuser Networks
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Abstract—We consider a multiuser network that is shared By the term “user” we refer to some typically large network
byt_nqnco_c;perative U;_err'ls- Ea]f:h user sets up Virtlfl_é;:_ paths that cystomer, such as a corporation setting up a virtual private
optimize its own selfish performance measure. This measure ; - :
arc)counts for the guarantee?:l call level quality of service, as well as network. Accor.dlng to thg 'tralelonaI gpproach, such a task is
for the cost incurred for reserving the resource. The interaction handled by a single administrative entity. In other words, users
among the user strategies is formalized as a noncooperative game.are essentially passive and would quite often reduce their own
We show that the game has a unique Nash equilibrium and that it performance for the benefit of the entire network. Recently, it

possesses a certain faimess property. We investigate the dynamics, oo hoan recognized that system-wide (single) administration
of this game and prove convergence to the Nash equilibrium of

both a Gauss—Seidel scheme and a Jacobi scheme. We extend ou§ @n impractical paradigm for the control of giant broadband
study to various general network topologies. Finally, the formal networks. Moreover, the practical difficulties of coordinating

results and some extensions thereof are tested by emulating theamong controllers in large-scale networks often require that
schemes on an experimental network. each controller would effectively attempt to optimize its own
Index Terms—Bandwidth allocation, distributed algorithms,  performance. According to this formulation, the network is

game theory, Nash equilibrium, network control, virtual path. a common resource shared and competed by “selfish” users.
This is a typical scenario of a “game” [13]. The application of

I. INTRODUCTION game-theoretic tools to networking problems has been gaining

TRADEOFF encountered in communication networks iiglcreasing interest within th? past few years [2], [3], [5], [7],

between bandwidth utilization and the complexity ofSl: [11]. [16], [20]. Competition on network resources can be
call setup. Consider, for example, virtual circuit networks ifPServed, for example, in AT&T's customer-specified routing
which bandwidth is reserved upon call setup and releasdd] and in networks implementing the intelligent network (IN)
immediately upon call completion. This results in an opticoncept [4], such as the Deutsche Bundespost Telekom [19]. A
mal bandwidth utilization but at the expense of a comple)@tural competition among users arises when they attempt to
per-call resource management. This complexity might proveéserve network bandwidth in order to establish their virtual
prohibitive in large networks, such as emerging broadbapéths.
asynchronous transfer mode (ATM)-based networks. In suchAn obvious implication of the virtual path scheme is that,
systems, users would experience large call setup delays.typically, part of the reserved bandwidth will be unused
such cases, the user will be willing to sacrifice bandwidithence, the sacrifice in resource utilization). Yet another im-
utilization in order to reduce the setup complexity. A commoplication is that at times a user will experience lack of
way to obtain that is offered by the virtual path approach [15bandwidth to accommodate all incoming calls, thus resulting
[18]. A virtual path is a set of preestablished virtual circuitgn call blocking. In a noncooperative (“game”) scenario, as
dedicated to a specific source-destination pair. These resourggscribed above, each user would attempt to reserve the
are reserved for a time span longer than the duration ofnfaximum possible amount of bandwidth for its own virtual
specific_call. path. Coupling this greedy behavior of users with the limited

A major question arising from the virtual path approach igmount of bandwidth would lead to undesirable effects such
how the available bandwidth is to be distributed among userg; instability and unfairness.
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After formulating the model, we investigate the equilibriunalso denote byC' the total amount of reserved capacity, i.e.,
properties and the dynamics of the system. We show thatCa= ", C;. The cost function for usei, denoted byJ;, is
Nash equilibrium exists and that it is unique. We demonstraté the following form:
that this unique equilibrium exhibits certain desirable proper- _ _
ties, such as fairness. We then prove convergence to the unique Ji(C) = Ji(Ci, €) = Fi(Ci, €) + Gil i) @)
equilibrium under the Gauss—Seidel and the Jacobi schemdtere the functior”; accounts for the availability of resources
[1]. In general, users may be sharing more than one resouras perceived by théh user, whereas the functig#; accounts
such that the underlying network of resources constitutesiax the effect that the amount of reserved capacity has on
graph of general topology. We extend several of our resutise performance of that user. Following the above discussion,
to apply to these cases. Finally, the formal results and somh@se functions are assumed to have the following properties:
extensions thereof are tested by emulating the schemes on aaq Fy(-, ) monotonically increases in each of its two

experimental network. arguments.
The paper is organized as follows. The model is formulated 2 £,(¢;, ) is continuously differentiable with respect to
in Section Il. In Section Ill we investigate the Nash equilib- C;.

rium and prove its existence and uniqueness. The dynamicgg Fy(C;, ©) is strictly convex inC;.

of the system and convergence to the equilibrium point aregy4 AF,(C;, 0)/AC; is nondecreasing with respect @
investigated in Section IV. Extensions to more general config- (and, due to [F3], it is also strictly increasing with
urations are presented in Section V. The experimental results respect toC;).

are presented and discussed in Section VI. Concluding remarkgs lime, _ g Fi(C;, C) = 0.

appear in Section VII. Due to space limitations, most technical g1 G;(C;) is continuously differentiable.

proofs are omitted and they can be found in [9]. G2 G;(C;) is strictly decreasing.

G3 G;(C;) is convex.

G4 liInCZ._,o Gz(cz) = .

We consider a set ofN users, denoted byZ = \ye shall denotd” (C;, C) £ 9F,(C;, C)/8C; andG(C;) £
{1,2,---,N}, that share a resource of total capacityq,(c;,)/dC;. We note that the; function increases with both
(bandwidth) of 5 units. We refer to this resource agsangle) the reservation demand of usernd with the total amount
link. The common resource may stand for more than a sing¢ reservations (assumption F1). Assumption F5 imposes the
link, as long as, from the users’ standpoint, the capacifgstriction that a user is not allowed to exhaust the resource
available in the various links can be “condensed.” Howeves, its own. This assumption will be further strengthened by
if different reservation rules apply at each link or if Usergssumption F6, in the sequel. THg function decreases with
prefer one link to the other (e.g., due to their qualities), then. hys reflecting the improvement in usés performance.
;uch a system cannot be treated as a single Iin_k and will R@sumption G4 states that any user needmeamount of
investigated in the more general context of Section V. capacity. The reader may note that the above assumptions do

Each user reserves some of the resource capacity in orggf prevent users from reserving capacities in a total amount
to establish a virtual path for its incoming calls. Calls that aig 5t exceeds the available capaciB; This issue will be

blocked at the virtual path level, i.e., that find the correspongyqressed in the sequel. We make the following additional
ing virtual path full upon arrival, can be assumed to either bassymption concerning the entire model:

lost or else to be accommodated through an alternative virtuaIM
circuit scheme. In the latter case, the user faces the need to
consume processing resources and waste time on call setup.
';Z:sz}ri:aii(t:r;eaggrs:a;:gﬁking at the virtual path level leads to least one usey with infinite cost(J;(C;, C) = oo)
Users are noncooperative, meaning that each seeks to opti- tgat SCS c?h thr:z?geits |tsCO;)tvv nbezg;tggy ﬁ:::g’ Isrély
mize its own performance. To that end, the user minimizes a fojr C = (Ch e, Cir, Gy Crpn, e C, ) ’
cost function. This function should account for the following 1(©) < o Lot M=l Mg ML T BN
tradeoff. On the one hand, each user should try to minimize the =~ “* T
blocking probability of its incoming calls at the virtual path Since the cost function of each user depends on the strate-
level, which is a decreasing function of the reserved capacity@gS of all the other users, we are faced withomcooperative
the user's virtual paths. On the other hand, reserving capa e[13]. We are interested in the Nash equilibrium solution
becomes more difficult (and thus costlier) as the systenf§ the game, i.e., we seek a game strategy vector such that
resources are less available. This tradeoff is formally quantifi@@ USer finds it beneficial to change its strategy. Formally, a
as follows. Denote by; the strategyof useri, i.e., the amount 92Me strategy vecto€™ in the game strategy spackis a

Il. PROBLEM FORMULATION

1 For every strategy vectoC = (Cy, Cs, -+, Cn)
of reserved capacities, either all user costs
Ji(C) = J,(C;, C) are finite, or else there is at

of capacity that user reserves. We can assume, withodash _equilibrium point (NEP) if, for all =1, 2, ---, N, the
loss of generality, that a user always obtains the amount fgflowing holds:

capacity it requests (see [9] for a related discussion). The(c*) = j,(Cy, -+, Cf_,, CF, Ciit ey C%)

strategy spacef useri is [0, B], i.e., C; € [0, B]. Hence, _ , T(CF o OF O O Y. O
C = (Cy, Cy, ---, Cy) is the game strategy vectprand oglgfI%B'Z( Do Giny G Gy oo, O).

the game strategy spacis C = {C|Vi0 < C; < B}. We 2
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Assumption M1 immediately implies that, at any NEP, thechedulable regiofi6]. The interpretation of the schedulable
costs of all users must be finite. Moreover, from assumptionsgion in our context can be done in two alternative ways.
F5, G4, and M1, we can deduce that the boundaries of tAecording to the first, each user reserves a capacityand
strategy space of any user are not reached under an optitheh computes the schedulable region that corresponds to that
response of the user (to the strategies of the other users) arid Alternatively, a global schedulable region can be computed
in particular, at any NEP. for the whole system and then subdivided among the users

As already mentioned, the assumptions made thus far a@ccording to the values @f;, i.e., user: would get a portion
not prevent users from reaching an NEP at which the tota}/B of the schedulable region. We note that the second
reserved capacity’ is more than the available amouBt It approach is applicable only in cases in which all users have
is tempting to add an assumption of the form the same type of calls.

Example: Motivated by [15] and [18], let the functio®;
be of the following form:

(and F;(C;, C) = oo for C > B). However, such an &

assumption would not be consistent with assumption M1.Li(Ci, O) = { max(B;, ) — C;’ )
Indeed, consider a system of three use¥s= 3) where each 0, otherwise. 3)
reserves a capacity @& /2. If we assume thak;(C;, C) = o

for C' > B, then no user will be able to make its cost finite ju

lim F;(C;, C) =0
C—B

if C; < max(B;,e€;)

In other words, for each unit of reserved capacity the cost
Yo user: is 1/(max(B;,¢) — C;). For G;, we employ the

K)/Iy an action of 'tﬁ %Wn't;r his is dprorllrf)ltlve n tlerms of faltr.nes i(Iang-B loss function. Assume that the call arrival process
oreover, as will be observed in (he sequel, assumption each user is Poisson with ratey;. Thus, the Erlang-B

is essential in our analysis for establishing the existenceI Es
a (finite) NEP. Thus, we must elaborate on the additiong‘
required assumption in a more careful way. Denotefpythe | *
capacity that is left available to usgr.e., B; = B—E#i Cj.
Also, to each usei we assign a value; > 0. Then, the
additional assumption is defined as follows:

function corresponding to useis a function of«; and
and is denoted by¥(«;, C;). Let x; < 1 be an upper
bound on usef’s call blocking probability, as determined by
its call-level QoS requirements. We then defidgto be

1
Gi(Cy) = { ki — Elay, C;)’ it ri > Ba )
o0, otherwise.

_ (4)
F6 lim L(C;, C) = .

C;—max(B;, €;)

We now show that, for the above example and for parameters

This assumption guarantees that the cost of a user cann%aIt satisfy E1 and E2,our assumptions F1—F6 and G1-G4

.. . [
go to infinity solely because of the stratggles of the_ Othﬁrold. Consider first thé; functions. Assumptions F1-F4 im-
users. In other words, the termax(B;, ¢;) imposes a kind

of “fairness” constraint: If the unreserved capacity available {aedlately follow by observing thaax(B;, ¢;) is independent
. o . T . of C;, and thatmax(B;, ¢;) — C; = max(B — C, ¢; — C;).
user: is less thar;, user: will be “charged”as ifthe available

. . . Since B; < B (by definition) ande; < B (by assumption
capacity were:;. This ensures that usercan always reserve E1), we have thatmax(B;, &) < B, thus assumption F5

an amouniC; < ¢; while encountering #inite cost, regardless holds. Assumption F6 is immediate. Turning now to tig

of the_actlons of ot.her users. In view of this interpretation, thfﬁnctions, we note that assumptions G1-G3 follow from the
following assumptions are made e

) ) ) i properties of the Erlang-B loss function shown in [12], whereas

El >« < B, i.e, there is enough capacity to satisfy thgs4 follows from the fact thatime, o E(as, C;) = 1 while
minimal guaranteed amounts. r; < 1. Finally, assumption M1 holds because a usean

E2 There exists & min, such thatC; .in € (0, &) and always choose &; such thatC; i, < C; < ¢, which

G(C) < o forall C; € (Ci,minz ), !.e.., the arr_lount makesG; (C;) < G4(Ci min) < oo (by assumption E2) and
guaranteed to each user complies with its required Caﬁ;(a C) < .

level quality of service (Qo0S).

Assumption E1 simply means that there is enough capacily g ,qrence aNp UNIQUENESS OF THENASH EQUILIBRIUM
to satisfy the minimal guaranteed amounts. Assumption E2 is
needed when the functio; goes to infinity before”; goes e begin by showing that, for the model set in the previous
to zero, i.e., when a user needs a strictly positive minim@gction, an NEP exists. By its definition, the game strategy
amount of capacity in order to satisfy its QbSn such sPaceC is a convex, closed, and bounded sbtc RY.
cases, assumption E2 states thas higher than that minimal Furthermore, the cost function of each us&{C;, C) is,
amount. wherever finite, continuous i6; and convex inC; for every
Remark: We note that the above formulation accommodatded value ofC. By assumption M1, all cost functions must be
the case in which a user has calls of different classes. In sdtHte at any NEP (if it exists). Therefore, as shown in [16], [17,
a case, a user should find an appropriate scheme for shafﬁh’@ 1] can be accommodated to guarantee that an NEP exists
the capacity by the various types of calls, i.e., one that satisffg§ this game. We note that, in order to establish the existence

the requirements of each type. This amounts to computing ®the NEP, it is enough to assume that the strategy spaces are
C; € [0, B], that the functiongF; and G; are continuous (a
1we note that, in fact, this is the typical case. However, for generality, we
assumed the more relaxing assumption G4. 2Note that E2 trivially holds for; = 1.
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milder assumption than F2 together with G1), and that F3, G3,The last theorem implies that, if all users have the same
and M1 hold. In other words, existence per se is guarantefeictions F; and G, then at the NEP we have; = C/N
with a more relaxed set of assumptions than the one that fee all : € Z.

imposed.
\F/)Ve proceed by proving that, at any NEP, the total amount IV.- CONVERGENCE TO THENEP
of reserved capacit¢’ is less than the resource capacity In this section we will explore the system dynamics and
Lemma 1: At any NEP C = (Cy, Cs, ---, Cy), C = show convergence to the NEP under two different iterative
YN.Ci < B. schemes, namely Gauss—Seidel and Jacobi.

Proof: Let C = (Cy, Cs, ---, Cy) be an NEP. liC; < )
¢ foralld,i=1,2 ---, N, then} ,C; <> . ¢; < B, where A. The Gauss—Seidel Scheme
the last inequality is due to assumption E1. In this subsection we consider a dynamic scheme in which
Assume, then, that there exists soinfor which C; > ¢;. users operate iteratively in an asynchronous fashion. At each
Since cost functions are finite at any NEP (due to assumptit@ration, each user recomputes its reserved capacity so as to
M1), it follows from assumption F6 thaC; < B, i.e., optimize its cost function with respect to the current state of
C, < B-— Z#i C;, which means that’ < B. 0 the system. More precisely, we assume that values of reserved
We observe that the cost function of each user is cooapacities are recomputed in a sequence of steps. At each step
vex against any set of strategies of the other users. Tiwely one user updates the value of its reserved capacity based
Kuhn-Tucker optimality conditions [10] imply that a strategyn information orthe total capacity reserved by all other users
vectorC = (Cy, Cs, ---, Cy) is an NEP if and only if, for up to the previous step. No particular order in which users
all userséi, 1 < i < N update their values is assumed; we will, however, require that
the number of steps between any two subsequent updates by
the same user ifinite. Following common terminology, we
will call this mode of operation th&auss—Seidel scheme
Throughout this section we will denote by* and C} the
Note that the constraint® < C; and C; < B are not respective values at the (unique) NEP.
manifested in the above conditions since assumptions G4 andh what follows we will show that, under the Gauss-Seidel
F5 guarantee that the boundaries are not met at a (finig€heme, the vector of capacities reserved by all users at step
optimality point. n, C(n) = (Ci(n), C2(n), ---, Cn(n)), converges to the
The following theorem states the uniqueness of the NE®nique NEP(CY, C3, ---, C%), asn — oo. If the time
We note that the result follows immediately from the moriterval between any two subsequent stediige, thenC(n)
general uniqueness result obtained in the sequel for systetasverges to the unique NEP as— oco.
of parallel links; see Theorem 5. Let C(n) = Ef\:l C;(n) be the total capacity reserved by
Theorem 1:In a system ofV noncooperative users sharingall users after step, and define the following metric:
a resource of capacit®, as formalized in Section Il, the NEP N
's unique. S(Cm) = Y_[Ciln) = Cf +1Cm) = C7L. (6)
Next, we derive a fairness property of the (unique) NEP. 1

To that end, we mal_<e the further assumption that al COI%twill be shown that5(C(n)) converges to 0. We begin with
functions F; are identical for all usersi.e., for alli € Z, . ]
the following lemma:

L(C;, C) = F(C;, C). The fairness property will guarantee ; .
that a user that is in greater “need” for capacity will indee%é‘:mma 2: Assume that user performs the(n + 1)th step,
get more capacity at the NEP. In the following, all references
to capacity values are to those at the NEP. Cln+1)>C*"= Ci(n+1) < Cf
Definition 1: A useri is said to have a (strictly) higher loss-
sensitivity than a usef if G(z) < G'(x) (correspondingly, (and, conversely)
Gi(z) < G%(2)) for all (positive) values ofr. Cln+1) < C* = Cy(n+1) > Cr.
Note that, since the derivative of tlie function is negative,
the second condition implies thais more sensitive thajito Furthermore, the above holds also when all inequalities are
call loss. strict.
Definition 2: An NEP C = (Cy, Cs, ---, Cy) is said to Proof: See [9]. u
be fair if, for each pair of users and j, such that;i has ~ We next prove that the sequenc&C(n)), n € N, is
a (strictly) higher loss-sensitivity thaj, we haveC; > C; nhonincreasing.
(correspondingly C; > Cj). Lemma 3: Under the Gauss—Seidel scheme
We then have
Theorem 2:1n a system ofV noncooperative users sharing S(Cn+1)) < S(Cm))
a resource of capacity, as formalized above, in which allfor all n» € IN.
functions F; are identical, the (unique) NEP is fair. Proof. See Appendix. O
Proof: This is a particular case of Theorem 6, presented We now show thats(C(n)) strictly decreases after a finite
in Section V. The proof is thus omitted. O number of steps.

Fi(Ci, C) = =Gi(Cy). ()
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Lemma 4: For all n there exists a (finite} > », such that, V. EXTENSIONS
if (Ci(n), ---, On(n)) # (Cf, -+, CF), then S(C(k)) < As explained in the previous section, the resources available
S(C(n)). to users cannot always be modeled by a single link. For

Proof: See [9]. example, capacity might be available in various links of
We are now ready to prove the convergence of thggerent quality, thus a user would have preferences among the

Gauss—Seidel scheme to the unique NEP. links. Moreover, such links may not directly connect the source
Theorem 3:Under the Gauss-Seidel scheme, the vectffye (g the destination node, meaning that resources may take

of capacities reserved by all users at step C(n) = e form of a graph of general topology. Such extensions to
(Ci(n), Co(n), ---, Cx(n)), converges to the unique NEP, - model are investigated in this section and in [9].

(Cf,C5,---, C%) asn — oo, that is,lim,, ., C(n) = C*.
Proof: Follows from Lemma 4 and continuity argumentsA. Parallel Links
For the details see [9]. L' Consider the following extension of the model. Instead

B. The Jacobi Scheme of a single link, users share a system bfparallel links,

A h f the Jacobi sch h | ¢ denoted asC = {1, 2, ---, L}, each with a total capacity
t each step of the Jacobi scheme, the values of reservga ry,;q corresponds to the case in which there are various

capacities of all users are updated simultaneously. We nEjgtinguishable resources thditectly interconnect a source to

that the assumption on simultaneous updating should not Slestination. Usei reserves an amount of capacitif on a
interpreted as a strict timing synchronization requirement @Rk 7 subject to the following constraints:

the users, but rather as the more relaxed assumption that., C'ﬂ > 0
at each step, the network provider will consider capacity i =

l l
reservations placed by all users simultaneously (however, users Ci<B

can still place their requests at any instance in time). We denote by = 37, C] the total capacity reserved on a link
We observe that, in general, this scheme can lead to unstdbl!S0, we denote by’; = 37, C! the total capacity reserved
system behavior. For example, at some iteration each uéen all links) by uset. The cost fupction of a user is composed
might reserve an amount @i/, thus ending with a total Of the sum of two types of functions, name#f andG;.
reserved capacity o2B. In the next iteration, each user AS before, F} is a function of two arguments, namely
would reserve an amount that is less tharthus resulting in a the capacity reserved biyon link [ (i.e., C{) and the total
new total reserved capacity that is (possibly much) lower th&aPacity reserved there by all use'). In other words F}
B, thus enabling each user to reserve, once again, an am@ffounts for the cost of reserving capacity for a user on each
in the order of2B/N, etc. Therefore, in general, we cannolink, as perceived by that user. Note that, according to this
expect such a scheme to converge. However, we will shdgrmulation, a user may pay different prices for reserving the
that a modified version of the Jacobi scheme does convergé@ne total amount of capacity, but distributing it differently
the unique NEP. Denote b§;(n + 1) the capacity that user among the links. Moreover, the! functions can reflect user
would reserve at theth step of the (regular) Jacobi schemePreferences among the links, for example, if some firias

Then, rather than reserving this value, useeserves some undesirable property, such as high propagation delay, a
) user: which is sensitive to end-to-end delay could add to the

1
Ci(n +1) = Ci(n) + (Ci(n + 1) = Cy(n)) ~ (7)  respectiver function a large additive constant or multiply it
by a large constant factor, etc. We make the same assumptions

wherel/N is a “damping” constant andy is the total number ) .
/ ping on the F-functions as before, that is:

of users in the network. . . . ) .
As with the Gauss—Seidel scheme, we define a metricPF1 Z;(-,-) monotonically increases in each of its two

S(C(n)), show that it is decreasing in, and conclude that arlgurpenlts._ _ _ _ _
the modified Jacobi scheme converges to the unique NEPPF2 Ff,(C}»C) is continuously differentiable with respect
The metric to be used is to Ci.

N PF3 FY(C!,C") is convex inC!.
5(C(n)) = Z |Cs(n) — C*| + |C(n) — C*|. (8) PF4 OF}(C!, CY)/0C; is nondecreasing with respectd
i=1 (and, due to [PF3], it is also strictly increasing with

We note thatS(C(n)) has the same form as the metric respect toCy).
defined for the Gauss—Seidel scheme. However, note thaPF5 limce_ g F(C}, C) = oo
the capacity values are not those derived from the exactA user can assign an incoming call to any link (or combina-
optimization condition, but from their damped counterpartsion of links) on which the amount of capacity, which has been
calculated according to (7). Also recall that, at stejall users reserved by the user but was not used yet, can accommodate
update their capacity. In [9], the following result is establishedhat call. This means that the loss process of a user depends

Lemma 5:If C(n) # C*, thenS(C(n + 1)) < S(C(n)). only on the total amount of capacity reserved by that user

We then obtain the following convergence property: and not on the precise distribution of that capacity among the
Theorem 4:Under the modified Jacobi schemén, .., links. As a consequence, the cost funct@n(which accounts
C(n) = C*. for the loss process), takes as its argument the total capacity

Proof: Follows from Lemma 5 in similar lines to the C; reserved by uset. The assumptions made d@r; are the
proof of Theorem 3. 0 same as before.
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We still need an assumption on th€ functions that is ~ We borrow the definitions dbss sensitivitandfairness as
similar to F6, i.e., that guarantees that the resoui?tat each stated in the previous section, only that now the definition of
link is not exhausted. To that end, and following the previodairness applies to the total capacity reserved by each user.
terminology, denote byB! the capacity that is left available We derive a fairness property for the (unique) NEP, similar to
to useri at link 7, i.e., Bj = B' — 37, C!. Again, to each the one derived for a case of a single link.
useri and for each link we assign a value}; however, in ~ Theorem 6:In a system ofV noncooperative users sharing
the case of parallel links it is enough to assume #fat- 0 L parallel links as formalized above, for which the functions
for at least ondink n (rather than for all links), while at other F} are identical, the (unique) NEP is fair.
links ! the value may be! = 0. We also denote’ = 3, ¢!. Proof: See [9]. O
The additional assumption is then defined as follows: As was the case with a single link, the last theorem implies

. Ll that, if all users have the same functioﬂﬁ and G;, then the

PF6 limcy o F(G, ) = oo NEP is symmetrical, i.e., for all € £ and for alli € 7 we

As before, the following assumptions are madecan have C! = C'/N.

PEL 3%, ¢ < B', e, ateach link, there is enough capacity syppose that users are numbered by increasing order of

to satisfy the minimal guaranteed amounts. loss-sensitivity. Suppose that, at the NEP, usefrains from

PE2 There exists &, min With Ci, min € (0, &), such that ysing link . It follows from Theorem 6 that so does any

Gi(Gi) < oo for all C; € (G, min, €i)- userj with a smaller loss-sensitivity, i.e¢? = 0 implies
From the above discussion it follows that, as far as call routiigy = 0 for j < <. Thus, at equilibrium, we can partition the
is concerned, all links behave as one logical link whose tofgfft Of links into a sequence of sefs, £, -- -, Ly, such that
capacity isB = Y, B'. The distinction among links is in £» & £ for 1 < n < N and £, is the set of links that
the different costs for reserving capacities, which is manifestégused exclusively by users, » + 1, ---, N. We have that
by the F!-functions. L, D L4, also, since each user, including the one with the

To conclude, the cost functiof) of a useri is defined as e12 Smallest loss-sensitivity, should use some link, we have that
L1 # O (other sets may be empty).

—max( F)'f s

Ji(C) =D F}(Cl, CY) + Gi(Cy). B. General Topologies

! In [9], we consider a network of general topology in
N o . which capacities are reserved on a multihop basis. We further
We shall denoter; (C;, ) = 9F(C, C)/0C; and, @S gytend the model and some of the results of Section V-A. In
before, G3(Ci) = dGi(C;)/dC;. _particular, we indicate that an NEP exists and that if users

Here too we assume that, at any configuration of capacitiQha e the same source and destination nodes and employ the

each user can change its own capacity to make its cost finlig,e ¢ost functions, the NEP is unique and symmetrical.
(i.e., assumption M1).

The strategy space of each ugeon each link is C! €
[0, BY]. The existence of the NEP follows from [17, Th. 1] in VI. EXPERIMENTAL RESULTS
an identical way as for the single link case. Also, the proof In this section we present emulation results of the iterative,
that, at any NEP, the total amount of reserved capacityat noncooperative schemes studied in Section 1V, performed on
any link I does not exceed the resource capadityfollows a network of interconnected workstations.
as in Lemma 1. The objective of our experimentation was twofold. First,
Note that, due to the assumptions made on the cost functithrough emulation, we could test the behavior of our schemes
the boundaryB! is not reached by a uséron any link/ at when employed in a practical setting, involving communi-
any optimal response of that user and, in particular, at teation delays, protocol overhead, computational load, etc.
NEP. Thus, the Kuhn-Tucker conditions ignore the uppeBecond, the experimentation allowed us to study additional
bound constraint or”! (but not the lower-bound constraint)properties, beyond what was available through formal analysis.

and they can be stated in the following form: In particular, we were interested in the dependence of the
) ) convergence rate on the form of the cost function, the scheme
F! (q{, cl) >\ F! (q{, cl) =\, if ¢! >0 Vi, 1 employed, the number of users, the level of link utilization

9 and the arrival or departure of users to the system.
©) An issue of primary interest is to determine how these

G(C) ==X (10) properties can be affected by the network manager. Therefore,
in Section VI-B we introduce a parametrized cost function that
where \; are nonnegative Lagrange multipliers [10]. allows architecting of the user’'s strategies. In Section VI-C
The following result establishes the uniqueness of the NER present the results of three experiments. The first explores
for a network of parallel links. the dependence of convergence rate on the parameters of the

Theorem 5: In a system ofV noncooperative users sharingcost function. The second seeks to characterize the impact of
L parallel links as formalized above, the NEP is unique. the addition of new users to the system. Finally, the third
Proof: Part of the proof follows similar lines to the proofexperiment investigates the impact of the number of users on
of [16, Th. 5.1]. For details, see [9]. O the convergence rate.
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Fig. 1. Family of link capacity cost functions for different values of theparameter.

A. Protocol Description of uncertainty in estimating the schedulable region of the link
We assume that the capacity of each link is allocated ¥{€n shared by more than a single traffic class. Wescétile
a link or switch controller, which is responsible for virtuaCongestion avoidance parametérsample of functions for the
circuit and virtual path setup and tear-down. Individual usePit cost of link capacity is shown in Fig. 1 for different values
communicate with the controller to inquire about the state 8f e parameten. In this figure,a; = 0.01, az = 0.001, and
the link, but not among themselves. B = 100 Mbls- ) ] _
In our implementation, controller and users were modeledS Shown in Fig. 1, the unit cost of capaciy(Ci, C)/C;
as separate processes: communication with the controller f¥5iPits two basic regions: one in whichi(C;, C)/C; ~
achieved using UDP (the IP user datagram protocol) socket§! + @2), i-€., the unit cost of capacity is almost constant,
The asynchronous Gauss—Seidel iterative scheme requﬁ‘@g one in wh|c.h the unit cost increases ra.p'|dly. with the total
gserved capacity. We call the first thew utilization region

a locking scheme to ensure that, at any time, at most oh ! )
user can modify its reserved capacity. The iterative Jacd¥id the second theongestion regionFor small values o,

scheme employs a “broadcasting” scheme to “synchroniZ&® congestion region starts at higher values of total reserved
but its slope increases. Intuitively, when users operate

all capacity reservation requests. The controller broadcasts B#2City, _ , ,
the first region, their strategies are decoupled and the cost

current cost of capacity to all users in periodic time interval¥] >ty T
In the following, we will be using the terms link CapacityOf capacity is independent of other users’ actions. When users

cost and link state (meaning total link capacity reserve&Perate in the congestion region, small c_hanges in the c_apacity
reserved by one user may affect dramatically the capacity cost

interchangeably, since one uniquely determines the other.
of other users.

B. The Form of the Cost Function
) ) C. Results
The network manager can architect the strategies of the ) in the i . ) |
users by appropriately choosing the cost functiafC;, C). As mentioned in the mtr_odu_ctlon to Section VI, we would
to explore how properties like the convergence rate can be

By changing a parameterized cost function, the manadgﬁe X X
pilots the users into achieving an NEP that has desiraffiiuénced by the network manager. Using the cost function
characteristics such as the percentage of total capacity rese 1)'_ we conducted the following experiment in order to
and the rate of convergence. determine the dependence of the convergence rate on the
In order to understand the capabilities of the manager, \Bgramert]ern. We set the total Imtf caphacn)h @ = 100
have used in our emulation th& function defined in (4) and Mb/s, the capacity requirement of eac ca IaMb/s and
a; = 0.01, o = 0.001. We then considered four users,

a modification of thet" function of (3), as follows: L )
with traffic loadsa; = 10 Erl, ax = 20 Erl, a3 = 20 Erl,

g and ay, = 30 Erl, respectively. For various values of the

Fi(C;,C)=Cilon + 1o (11) parametemn, Fig. 2(a) and (b) shows the number of iterations

(1-%) for achieving convergenéefor both the Gauss—Seidel and

where B is the total link capacity ane, «, n are positive the Ja_cob| schemis, while Fig. 2(c) shows the yalue of total
real numbers. Note that/(1 — £)" is an increasing function capacity reserved™ at the NEP. As the plots indicate, small
of C that approaches infinit;lla a€ — B. The constants values ofn lead to high capacity utilization at the expense
in (11) can be interpreted as follows; represents a fixed ©f SIOW convergence rates. This is due to the fact that if
cost per unit of capacity, whilex, represents a unit costthe tota_l dem:?md IS h'gh’ users_wnl pperate close to the
attributed to “congestion.” Congestion is (loosely) defined &gngestlo_n region and their strategl_es W|_II be strongly coupled,
a situation in which the total reserved capadityapproaches thus leading to a large number of iterations. However, as the
the link capacityB. The parameter. determines how early  syye assumed that the algorithm has converged wign— C*|/C; <

congestion is detected; alternatively, it can express the degtee’, vi.
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Fig. 2. Rate of convergence for (a) Gauss—Seidel, (b) Jacobi schemes, and (c) total capacity reserved at the NEP.

value ofn increases beyond a certain value, the convergeraival statistics. We considered the setting of the previous
speed starts to decrease again. This is due to the fact thaegseriment, initiated at its NEP, to which we added a new
n increases, the total capacity at the NEP moves closeruser with loada; = 15 Erl and zero initial capacity. Fig. 3
the congestion region, leading, again, to a slow convergerd®picts the number of iterations that this system needed to
rate. In Fig. 1 we depict this by showing the value(sf that reach the new NEP. As the figure shows, small values of
corresponds to each value ofby a small vertical line on the lead to a very slow convergence when the system operates
horizontal axis. under congestion. This means that, for smalh user joining

The above results point to a fundamertraldeoff between a highly utilized system experiences a long delay until it can
capacity utilization and convergence rat€hus, the network reserve capacity equal to its NEP value.
manager is faced with the question of how to trade link capac-Finally, we investigated the impact of the number of users
ity utilization with convergence speed. A balance between ta the convergence rate. In our last experiment, the congestion
two is achieved using an appropriate value of the congestianoidance parameter was fixed to 1.0 and the aggregate call
avoidance parameter. arrival rate of all users to 80.0 Erl. This rate was equally split

It is also observed that the Jacobi scheme exposes a sigrifitong an increasing number of users. The results are shown in
cantly slower convergence rate than the Gauss—Seidel schelrig. 4, where we observe that for both schemes the number of
This is to be expected, since even the undamped Jacobi schégerations increases as a constant total demand is split among
is slower than the Gauss—Seidel for iterative solution of linean increasing number of (smaller) users. The Gauss—Seidel
systems; in our case, the damping factor slows the Jacsbheme appears to scale better with the number of users; this is
scheme further. due to the fact that the damping constant of the Jacobi scheme

In our second experiment, we studied the dynamic behavierequal to the number of users. It can also be observed that
of the two iterative schemes in response to changes in ufie rate of increase in the number of iterations per user in the
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unss—SeideI schgme decreases for larger number of usg{é'blem has a unique NEP. We have also indicated that the
This C.OUId be attributed t_o the fact that, as the number unigue NEP possesses desirable properties such as fairness.
users increases, the capacity at the NEP for each one decrea'§uer hermore, we investigated the dynamics of such a system

therefore, the NEP gets progressively “closer” to the starU%d showed that convergence to the unique NEP is guaranteed

point, which is 0 for all users. under both the Gauss—Seidel and Jacobi iterative schemes.

Our results highlight the differences between the tw. . .
? . . hese convergence results are of particular importance from
schemes. In particular, while the Gauss—Seidel scheme_is . . -
L : . a practical standpoint, as they indicate how such a system
shown to be significantly faster in convergence, its protocpl " . -
. : o ehaves and stabilizes under dynamic conditions. We extended
structure is more complex since it involves a two-phase . o
. . . some of these results to more general settings. We indicated
procedure for capacity reservation. It needs to |mplemerr]1

lockin Leueina of messaces. and timeouts in order tow to apply our insights to the case of multiple traffic classes
N9, d 9 Sages, then the capacity of the links is represented by schedulable
avoid deadlocks, all of which are not needed for the Jacobi : . S :
regions [6]. A possible direction for further research is to
scheme. On the other hand, the speed of the damped Jacopi . I .
coI?S|der competition among usemsdependentlyon each

scheme decreases with the number of users, thus making,. . - . .
: . S %lmensmn of the (multidimensional) schedulable region. We
less appropriate for implementation in large-scale networks

; ) : ote that our contribution on convergence to the NEP can
with a potentially large number of noncooperative users.

addition, in the Jacobi scheme, users need extra informatli%q)]SO be applied to the problem of noncooperative routing, thus

to calculate their updates, namely the damping constant. errllf]ancmg the existence and uniqueness results presented in
We plan to further explore these results, as well as [0 :

) . While the family of cost functions that we have examined
broaden their scope to more general network topologies. . . : . :
in this paper is general enough to incorporate a considerable

range of interesting functions, further investigation of other
classes of functions and structures is of interest.

In this work we have investigated the virtual path capacity The formal model was emulated on an experimental setting.
allocation problem in a noncooperative setting. In our formul@part from testing the behavior of our schemes in a practical
tion, users try to optimize individual cost functions that reflecicenario, these experiments indicate how the network manager
the inherent tradeoff between user performance and the limiggh pilot the operating point and the dynamics of the system
availability of resources. We have shown that the canonidhlrough a proper choice of the cost function parameters.

VII. CONCLUSIONS
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We believe that the properties demonstrated in this study,

namely the existence, uniqueness, and convergence to the Nash

equilibrium, support the possibility of effectively operating

multiple users in virtual path-based networks.

APPENDIX

Proof of Lemma 3:Let useri be the one who updates its

value of reserved capacitf; at step(n + 1) and assume,

w.l.o.g., thatC(n + 1) > C*. This implies, by Lemma 2, that
Ci;(n+1) < Cr. (By symmetry, all arguments will apply for

the reverse case as well.) Define
N
A(n) =" |Ci(n) - CF|
j=1

and
B(n) = |C(n) — C*|.

We distinguish among the following cases:
1) Ci(n) > Cf
SinceC;(n+1) < C¥, C; “crosses’Cy at stepn + 1.
Also, sinceC;(n + 1) < C* < Ci(n), we infer that
C(n) > C(n+1) (> C*). Hence

Aln+1) = A(n) = (CF — Ci(n+ 1)) — (Ci(n) = C})
while
B(n+1) — B(n) = Ci(n+1) — Ci(n).
Thus,

S(C(n + 1)) - S(C(n))
=(A(n+1)+ B(n+1)) — (B(n)+ A(n))
=2(C; —=Ci(n)) <0
which implies thatS(C(n + 1)) < S(C(n)).
2) Ci(n) < C;
Since C;(n 4+ 1) < Cf, C;(n) and Ci(n + 1) are

on the “same side” of”f. We distinguish between the

following two subcases:
a) C;(n+ 1) < Ci(n). Then, by Lemma 2((n) >
C(n+1) (= C*). Hence
A(n+1) — A(n)
= |Ci(n +1) = C7| = |Gi(n) - €7
and
B(n +1) - B(n)
=[C(n+1) - C*| = |C(n) - C7|
=C(n+1)—C(n)=Cin+1) - Ci(n).

Thus, S(C(n + 1)) = S(C(n)).
b) Ci(n + 1) > C;i(n). SinceCiy(n + 1) < CF, we

have thatC;(n) < C. In this case, we cannot tell

whetherC(n) > C* or C(n) < C*. Therefore, term
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(n +1). We can, however, give an upper bound on
the increase ofB(n).
Aln+1) — A(n)
=[Ci(n+1) = C7| = |Ci(n) - CF|
=Ci(n) — Ci(n+1)
and
B(n+ 1) — B(n)
=|C(n+1) - C*| = |C(n) - 7|
<Cln+1)—C(n)
=Ci(n+1)— Ci(n)

which shows thatS(C(n + 1)) < S(C(n)). This
concludes the proof. O
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