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A bstract

Caching is widely mcognized as an effective mechanism for improving the performance of the Would
Wide Web. One of the key components in engineering the Web caching systems is designing docoment
placement/eplacement algorithms for updating the collection of cached documents. The mainobjectives
of such a policy are the high cache hit ratio, ease of implementation, low complexity and adaptability
to the fluctuations in access patterns. These objectives are satisfied by the widely used hearistic is the
Least-Recently-Used (LRU} cache weplacement mle. However, in the context of the independent refer-
ence model, the LRU policy can significantly undeiperform the optimal Least-Frequently-Used (LEFU)
algorithm. Onthe other hand.the benefit of the LFU rule is counterbalancedby itshigher implementation
complexity and lower adaptability to changes in accessfieguerncies.

To alleviate this problem, we introduce a new LR U-based wule, termed the Persistent-Access-Caching
(PACY, which essentially preserves all of the desirable attributes of the LRU scheme. Furthermo®, for
the independent reference model and generalized Zipt'slaw equest pobabilities, we prove that, for lage
cache sizes, the PAC policy performs arbitiarily close to the optimal LEU algorithm. The PAC algonthm
makes the replacement decisions hased on the references collected during the preceding interval of fixed
length that, for large caches, adds a negligible additional complexity when compared to the ordinary
LRI policy.
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1 Introduction

Zince the recent invention of the World Wide Web (WWW), there have been an explosive growth in muln-
media informanen content and setvices that include data, audio, wideo, softwane downleads, remote setvce
hosting, ete. These distributed mulnmedia content and services are now integral part of modern communi-
canon networks (e.g., the Interner) and, therefore, are redefimng the role of networling to incorporate the
stotage and setrwvice of information, 10 addition to the traditiohal task of infotmation transfet. Since network
information and 1ts access are massively distnibuted, and the same content 15 repeatedly used by groups
of users, it 15 clear that bringing some of the more popular items closer to the end-users can improve the
nerweork performance, e.g., reduce the downlead latency and network congesnon. This type of informanon
tepheancoh and redistibunicn systerm 15 often termed Web cactung.

Cne of the key compenents of engineening efficent Web cactung systems 15 designing decument place-
mentfreplacement algerithims that are selecting and poessibly dynamically updatng 4 cellection of frequently
accessed documents. The design of these algonthms has to be done with special care since the latency and
netwotk congestion may actually increase +f decuments wath low access frequency are cached. Thus, the
main chjective 15 to aclueve tugh cache tut ranes, while maintaimng ease of implementaticn and scalabnl-
ity. Furthermere, these algorithims need to be self-orgamzing and rebust since the decument access patterns
extubat a tugh degree of spanal as well as nme flucmancns. The well-known heuristic named the Least-
Recently-Used (LEU) cache replacement rule satisfies all of the previcusly mentioned attmbutes and, there-
fore, represents a basis for desigmng many practical replacement algenthms. However, as shown wn [8] o
the context of the stanonary independent reference model with generahized Zipfs law requests, this rule is
by a constant factor away from the epnmal frequency algorithm that keeps in the cache most frequently used
documents, 1.e., replaces Least-Frequently-Used (LFU)tems. On the other hand, the drawback of the LFU
algonthm 15 that it needs to know (measure) the document access frequencies and employ aging schemes
based on reference counters in order tocope with evelang dccess pattern s, which results in hugh complesxaty.
In the context of database disk buffering, [14] proposes a modificanen of the LEU pohcy, called LEU-K,
that uses the information of the last K reference tmes for each decument in order to make replacement
decisions. 1tis shown in [14] that the fault probabuhty of the LRU-K pohey appreaches, as Kincreases, the
petformance of the opumal LFU scheme. However, practical implementation of the TRU-K pohey would
sl be the same order of complesxty as the LFU mle. Furthermore, for larger values of A, that might be
vequired for nearly optimal performance, the adaptabihty of thas algonthm to changes in traffic pattern s wall
be sigmficantly reduced.

In this paper we design a new LKU-hased pelicy, termed the Persistent- Access-Cactung (FAC) rule, that
essennally preserves all the desirable features of LEU cachung, wiile actneving arbnteari ly close performance
to the cptimal LFU algenthm. Furthermere, the FPAC algenthm has only negonable additicnal complexity
in comparison to the widely used LEU policy. We analyze the FAC replacement scheme with i.d. requests
that arrive at Fosson nme ponts. I a requested decument at ime #, say 4, 15 not found in the cache, it1s
placed inside onlyifitis requested mote than & — 1 timmes 10 interval (& — 3, 2]. The parameters & and /3 ave
the fixed design values of the PAC algonthm, whose detailed description will be prowded in the following
section. When the frequency of requesting a page i 15 equal to the generalized Zipf's law ¢fi™, a > (),
we prove that the cache fault probabuhty asymptoncally approaches, as k increases, the performance of the
optithal LFU algetithm. It 13 surprising that even for the small values of &, the performance ratio between
the FAC and cptimal algenithms sigmficantly improve s when compared tothe erdinaty LEU, for example, in
the case of e > 1, this ratio drops from approxamately 178 for & = 1 to 1,18, 1.08 for & = 2, 3, respectively.
Furthenmore, we show that the derived asymptonc results and simulanon expeniments match each other very
well, even for relatively stmall cache sizes.



Our analyncal approach uses probatnhstc (average-case) analysis that explots the novel large devianon
techmque and asymptonc results that were recently developedn [, 11]. The computation of the LELU fanlt
probabihity 15 mathemancally equvalent to the evaluation ofthe search cost distributien for the related bove-
To-Front (MTT) searchung scheme. For recent work on average casze analysis of MITF and LEU algonthms
see [6, 3, ¥, 11] and the references therein. Feor an alternanve combnatenal (competanve) approach oo
analyzing LRU caches the reader can consult [2, 13] and the references therein.

This papet 15 crgamezed as follows. In Sectien 2, first, we formally describe the FAC pohcy with a
Fosson reference model. Then, using the Fmsson decomposinion/supetposinon propertes, we develop a
tepresentancn theorem for the stanonaty search cost of the related, Ferastent Move-To-Front algonithim.
Thus representanion formula, 1o conjunction with the results on Fomsson processes denived in Subsection 2.1,
provide the stariing pownt for proving our mawn theorems in Section 3. Informally, cur main vesults show
that for large cache sizes, independent reference model, and generalized Zipf™s law request distribunions, the
fault probabnhty of the FAC algorithm appreaches the opnmal LEFU pohey with a neghgble addinonal com-
plexaty. Furthermore, in Sechion 4, extensive numerical experiments show an excellent agreement between
our analytical results and simulatnens. The paper 15 concluded 10 Secticn 5 with a brief discussien of cur
results and their possible extensions.

2 Model description and preliminary results

Consider a set & = {1,2,..., N} of N documents {possibly infimte), out of which 2 can be stored 1n an
easly accessble locanon, called cache. The remaimng ¥ — 2 documents (items) are placed cutsde of the
cache 1n a slower access medium. Documents arve requested at moments {o, hp»1 that tepresent a postive
increasing sequence of Peisson points of unit rate. Furthermore, define a sequence of i.i.d. rand om variables
{fln}ns1, independent from {Tn}ns1, Where {fn, = i} represents a request for item & at time 1. We
den ote Ezquest probatnhnes as ]P"[R",_z i] = ¢; and, without loss of genetahity, we assume ¢ > g 2 ...}
let M%) {1, 1) be the rumber of requests foritem i in an open interval {a, ). Documents stored in the cache
are ordered in a hst, which s sequennally searched upeon a request for a document and is updated as follows.
If a requested decument at the moment T, 52y 4,15 found 1n the cache, we have a cache it In this case, 1if
M) (T — ) = &k — 1,item { 15 moved to the front of the hst whnle documents that were 1n front of
item 4 are stufted one posiion down, otherwise, the hst stays unchanged. Futthermere, 1f decument € 15 not
found 1o the cache, we call it a cache muss or fault. Then, similarly as before, ifM':'?‘]{Tﬂ — A, -rn,]l =h—-1,
document ¢ 15 brought to the first posinon of the cache hst and the least recently moved item, 1.e. the one at
the last poaition of the hist, 15 ewncted from the cache. Previcusly descnbed cache teplacement pohey we call
FAC(3, k) algenthm, The perfermance measurve of interest 15 the cache fault probatnhty, 1.e. the probabuhty
that a requested decument 15 not found in the cache.

Analyzing the FAC(S, k) algonithm 15 eqnvalent to investnganng the corresponding Move-To-Front
(MTE) scheme that 15 defined as follows. Consider a hst & = {1,2,..., N} and a process of requests
for documents determined by {Rn tnm1 and {Tn tn>1 a5 in the preceding paragraph. When a request for a
document atrives, say iy = 4, the listis searched and the requested item s moved tothe front of the hist only
if M () {Tn— 3,mn) & & — 1, ctherwise the list stays unchanged. Previcusly described searching algonthm
we call Feraistent-MTTF, FMTE(j3, k). The performance measure of interest for this algonthm 13 the search
cost G.F,,N] that represents the position of the requested docurment at tme Ty.

MNow, we clam that cempunng the cache fault probablhty of the FAC(S, k) algonthm 13 equvalent to
evaluating the tail of the searchung cost G,E,N] of the FMTE(3, k) searching scheme. Note that the fanlt
probatnhity of the FACF, k) algorithm stays the same regardless of the crdenng of documents in the slower



access medium. In particular, these decuments can be alse ordeved in the increasing order of the last nmes
they are moved tothe front of the cache hst. Therefore, 1t13 intmtively clear that the fanlt probatnhty of the
FAC(SA, k) pohcy for the cache of size 2 after the nth request 15 the same as the probabihty that the search
cost of the PMTF(3, k) algotithm 15 greater than x, i.e. ]P‘[GE.N] > x]. Hence, even though PAC(S, k) and
FMTE(3, &) belong to different appheation areas, thewr perfermance analysis 15 essennally equivalent. Thus,

in the rest of the paper we invesngate the tal of the stationary search cost distbuticn.

First, we ptove the cotvergence of the search cost G,E,N] to statonarity. Suppose that the system statts
at t = () wath imtal condihens given by an athatrary ininal permutation Ilg of the hst and a sequence of
requests Fg = {{70s, fas) piz1 10 interval (=73, 0); 7 € {—73,0) 15 the time of the éth initial request Rg;.
Denote the sequence of tme points of requests for document ¢ as {1-,(,,'“] }“;_-.,1. Then, by the assumphons
oh the request process {fin}, artival nmes {rn} and Posson decomposition theorem, we conclude that
processes {1-5.. ]}",;,1, i > 1, are Fousson and independent.

In crder to prove the convergence of i 1o stanonarity, we define another process of Poisson ponts of
umt rate on the negative part of the real hne {7_p, n 2 0} and set 7p = 0. Also, we define a sequence ofia.d.
tandom vatiables, {R_p }npa, independent from {v_p }npo, Where PR_p = i] = . Now, for each 1o we
construct a PMTE(3, k) algorithm starting at 7, with 2 sequence of requests {f_m :m =0,1,...,n—1}
at times {T_m : m =0,1,...,1n — 1} and having the same initial condition as in the previous patagraph,
given by Il and Rgimnterval {(r_,— 3, 7_p); let Gt_ﬁ] be the seatch cnst at 1. Noete thatin this construction

we assume that for the PMTE(, &) algotithm starting at 1_p there 15 no request at iime 7_p. Now, 1f we
consider the stuft mapmng B, _p =+ H_pandr,_p 2+ 7, fork =0,1,...0n — 1, we conclude that, since

the corresponding sequences are equal 1n distribution, the search costs GE ) and (’,}": ) are also equal in
distibution, i.e. G§Y) £ 4 G':N] Thus, instead of computing the tail of the search cost i), we contine
with evaluating the tml] of GE ] . In this regard, we define a sequence of stopmng times {T!-': ]}“;:1, where
—Ti-': ™ re presents the last nme before ¢ = 0 that item 4 was moved to the front of the list in the case of the

PMTF(3, k) algorithm that started at T_p, if item 4 is not moved in {r_n,0), we take that 7™ = —r_,
a.5. Mext, we define stopmng nmes ¥, & 2 1, as

(]

T: 2 —gup{r ™ < 0: 'rl:q‘] Eq,i] w1 S AL (L

where process {TE';:] }nzq contains the moments of requests for document 4; again, from the assumptiens en
the request process {R_“}“}u and arnval times {‘r_,,,},,_;,u, by Prisson decomposition theoretm, processes

{1-':';“]}"_}1, = 1, are Possen and mutnally independent. Mext, from the defimtions of T and T': "’]
we conclude that given the event {T,!-E ") < —T_p — 3}, equahty T; = _T!-E ™) a.s. holds. Therefore, the
complementary sets of events are the same, 1.e. {T} > —1_, — 3} = {T!.':_"] > —T_p — 3} Then, given
the previcus cbservaticns, we bound the tai] of the search cost (}'t_ﬁ] as

PCY) > 2, Ro =4I ™ <~ — A S POY) > 2, Ro =] < @)
FCYY 5 2, Ro =4, T ™ < 1 — B +PCY) 5 2, Ro =1, T8 ™ 2 -1 — 4].

Mext, sihce the seatch cost GE,“] 15 equal to the number of different documents that are meoved to the front



of the hst from the last nme that wem 4 was requested, we derive

P[Gi_ﬁ] >z, Ry = E,Tgl:_“] < —T_p— A =P | R =14, ZI[T;-:_“] < T-il:_“] <-Ta-flzE
Jeti

=gP D T <L < —mn—flZ x|,
i
where the last equality follows from the independence of processes {R_,tps1 a0d {T_p bn»g 20d the equal-
ity T =Ti.':_“] as,i > 1l,on {9 < —1_, — 5} Thus, since —7_,, —+ 0 a5 asm — m,_we conclude, by
menctone convergence theorem,

¥ N
“H_{E'DZIFTGE—J':;]}mljaﬂ:i!Ti{_T—n_ﬁ]:Z‘?iP Zl[i}{Ti]:_:'E . (3)

i=1 i=1 i

MNext, note that

P > —1 pn— B €Pi = 0l —e)] + P[—1_n = n{l — ) + 3] {4y

Then, due to the strong law of large mumbers, since 15 some fimte constant,
“H_{EDIP‘[—T_“ <nfl —e) + 5] =0. (5

Futrthetnore, since Ty < oxu 4.5, We ohtain

lim P[T; > n{l — )] =10. )
T—+ 00
Finally, equahty of the events {TI-':_“] & —T_n— 3} ={T > —1_n — 3}, independence of processes
{R—n}ngu and {T_ﬂ,}nau and {4 imp]}r

TE—+00

i )
tim B[R = 4T 2 —r_a—f] < lim Plr_p < n(l-e)Hl+ lim 3" gBT: > n(l-e)+8] =0,
i=1 =l

where in the last equalty we apphed (3], (6) and the monotone convergence theorem. The previcus expres-
aoh, in conjunction with (3) and (2), imphes the following tesult:

Lemma 1 Foranv 1l € N < oo, arbitrary initied conditions (g, Ra) end anv 2 = (), the search cost GE.,N]
converges in distribution to W) us n = 0o, where

i)
PIOY) > 2] £ 3 alP[5(T) 2 =]; w
i=1

we define S;(8) 230, 1T <fli2 L
Remark 1 MNote that the assumpticn on the Poisson request times 15 ctucial for the analysis of the FAC
algotithm. In partcular, this assumpnion in conjunchen with Lid. request precess implhes the independence
of the stopmng times T, 1 £ ¢ < N. Ctherwise, 1f the request iimes are not Possen, eg. discrete time
arrivals, these vanables may not be independent, which would make the analysis intractable. The Proasson
embedding techmque for Lid. requests was firstintroduced in [5].

In order to evaluate the tail of the stationary search cost V) we need estimates for random times 75,
i > 1. In the next secticn we prove both lower and upper bounds for T, wiich we use to prove ocur main
results in section 3.



2.1 Preliminary results on Poisson processes

Let {T,E,'?] In»1 be a positive increasing sequence of Poisson points with rate ¢ and let M9 {n,t) be the
number of Prasson points in an open interval (i, ). Now, we investigate the distibution of the first ime T
such that the interval [T, T' + 3) contains at least & > 1 Pmsson points, 1.e.,

T 2inf{r{® : 9, | -9 < g} (8)

Througheut the paper H denctes a suffimently large positive constant, while h denctes a sufficiently

small posinve constant. The values of A and h are generally different in different places. For example,
H2=H H:=H H{+1=H,et.

Lemma 2 For conv e = (), there exists gp = (, such that for altl) < ¢ < o0,
P
PIT » ] € & B0 -9t | g—het*t (9

Proof: For k& = 1 the bound trivially hiolds since T = 14 and, thus, we assume that & = 2.
Let {T,E,d] }n>1 be a process cbtained from {T,l-:l,q]}n;_p]_ by deleting some of the ponts according to the

following mile. Starnng atthe first pont TE'ﬂ, 11 the interval (T]Fq],‘r]l_:q] + /) eontains strictly less than b — 1

pownts fexcluding the pointfl':q]], we delete all the poantsin (Tlm, T]Fq] +3). Otherwise, we leave the interval
{-r'l:';'], 1-1':'?] + ) unchanged. Next, we tepeat exactly the same procedure starting from the fiest pont, say
T}q] , after the time -rf'ﬂ + 3. Following the ime T}'ﬂ + 3 we connnue repeanng this procedure indefimrely.
The remaimng (undeleted) points are enumetated 1n their increasing crder as {T,E,d] }",21. Meow, let Ty be
defined as in (8) for the sequence {T,E,'i] }nz1 instead of {1-,{,,'?]},,,31. Since the sequence of points {-:-,',:,,""':| Izl
15 4 subset of {T,E,'ﬂ In»1, 1tis clear that

T < Ty Lo

Now, we compute the distnbution of Tir. Let X be a random vanable independent of {T,Eq] }“31 with a
geometric distribution P[X = 4] = (1 — p)i~1p. 4 > 1, where pis defined as

p 2PMD(0,) 2 k- 1].

Thet, we claim that
Tu L0 v a(x - 1), (L

where 2 tepresents equahty in distibutien. This equahty follows from the construction of the sequence
{1-15.'1]}“31 and the metmotyless propetty of the Poisson process. In this regard, if the interval {-r'l:q], -rll:q] + )
contains mote ot equal to (k—1) pounts, then Ty = Tl':q] and the probability ofthisevent iz P[AL @) (-r'l:q], -rll:q] +
B2 k—1]=PFMED(0,8) >k — 1] =p. Next, if (1D, ¥ + ) contains less than (k — 1) points, then
Tir > TE'?] + /3 since we deleted all the points in (qu],fiq] + 3}, and that happens with pobabihity 1 — g
Then, due to the memeryless property of the Fosson process, the fiest point 1-5'.:'1] of {-ri!:"""J } after {Tll:q] +3) 13
at an exponential distance from {-rl':'?] + /). Furthermore, since the number of ponts of the Poiusson process

1n nen-ntersecting intervals of the same length 15 independent and equally distnbuted, the probabhty that

the intetval {Tﬂl;d], Téd] + /) contains mote or equal to (k — 1) points of the process {1-5..'?] }n>1 15 again p,

and on this event Ty = 1-2@ £ Til,:'ﬂ + 3. Clearly, by repeating this argument one detives (11



Mext, since 1-5?1 15 the sum of X exponennal tandom vanables and X 13 independent of {1-,':,,'?]}",31, then

itis easy to show (see Theorem 5.3, p. 89 of [3]) that *rjf] 15 also exponential with parameter pg. It 15 also
straightforward to detive for any e > Oand all ¢ < g0 = — log(l — &/2)/3

p=PO0,0) 2 5 112 MO0 = k- 1= ? BT 5 0@ o

At this point, using the cbservations from the previcus paragraph, (L) and (11}, we cbtain, for all ¢
small encugh (g < ),

P =t < FTy =

<P > (1-23¢] +p x> 3] (13)
< g Pall-3) 4 (1 - p}’}-l (14

- if:
1

-1
= P

where 10 the last inequality we appled the bound 1 — 2 € ™%, 2 > () and assumed that g 15 small encugh
such that 1 /{1 — p) < 2. This completes the proct. &

MNext, we will prove the lower bound for the stopmng nme T defined in ().

Lemama 3 For anve = 0), there exisis g = Qsuch theet for el 0 < g < o
P
FT > t] > ¢ T () (15)

Proof: Since the bound 15 immediate Tor & = 1, we assume & > 2.
First, we relabel the ponts {T,Eq]}n;_p]_ as {T,E,'ﬂ {#) = T-,E,q]-{'i, w)} uang the following procedure. Let
rl':q] {0) = T]Fq] and define a stopping time

Z, = inf{i > 1: MO{E90) + (i - 1)8,719(0) +i8) =0}.

Then, all the pointsin the interval (r{® (0}, 712 (0)+32,) are labeled as P(),1 < i € M@ (=90}, 19 (0)+
BZ1). Next, the fiest Poisson point after time 7/9(0) + 82, is named r4 (0] and, similarly as before, we
define a stopmng time

Zp = inf{i 2 1: MO(-fD(0) + (i — 1)3, 757 (0) + i8) = 0}.
Again, all the points in the interval {Téq]{ﬂ:], Téq]{ﬂ:]-l—ﬁZg:] are labeled as 1-2'.:'?] (i),1 < i< MW {Til,:'ﬂ (0}, 7D {01+
3Z3). We continue this procedure indefimtely. Note that, due to the Poisson memotyless propetty, the se-
quence of stopping times {Z; } 151.1.d. with geometric distribution
P{Z; = ] = (PM(D(0, 8) > 0))/ ' P[M @ (0, 8) = 0] (1)

Mext, we define forn 2 1 sets

An 2 {w:nG + 8- 1) — w49 € 5,1 € § < M 0(0), 79 + 52,)).

7



Then, using the definition of & ':'ﬂ{t} we show that
T =inf{rl{i,w) : w € An,n 2 1} 2 Tp 2 inf{+{9(0,0) : w € A, n 2 1}, (L7

where the equahty follows from |T,E,'?]{i] - T,Ef]{jﬂ = 3, for any n # m, and the inequahty 13 1mphed by
l:q]{t:] > |:'i']l:i.']:] for anyn = 1.
Futthermeore, we clam that
i
Iy 2 Yxra (L&)

where Xy, is independent of {m® } and has geometric distibution P[Xg, = §] = (1 — p¥'p,j = 1 with
suceess probabnhty

p=FA,] S P{ME0,8) 2 k — 1} U {ME)0, 3Z,)  k}]

{note that this p1s different from the one in the proof of Lemma 2). The inequahty in (18) follows from
the memotyless propetty of the Fossion process, the defimtion of Z; and the observanon that we can always
teduce the value of the stopmng nme Ty, by excluding the intervals of length 3Z; from s caleulanen.

Furthenmore, similarly as in the proof of Lemma 2, 7 E'ﬂ 13 an expenential random variable with distribution

Firif » ] =e7P, (9
Thus, 1n order to complete the proot, we need an upper bound on . In this respect, using the umon bound,
we uppet bound the success probabnhty poas
p SP{M©{0,5) 2 & -1} U{M0,52.) 2 #)]
<PMD 0,8 2k — 1] +PMD (0, 52,) 2 #]
< PME(0,8) 2 & — 1] +P[Z1 > k] +PIM@{0, 8k) 2 ]
=PM@©0,8) > & — 1] + PIMW9 (0, B) > 0F + PM19 (0, Bk) > k], (20)

where 10 the last equahty we used the geometne distribution of 27 from (16). Finally, (17),(18), (19 and
{200, 10 conjunction with

FM(0,8) 2 m] < B Z{ﬁ' y <o+

forany e = 0 and all ¢ < &/ 3(1 + €}, yield the stated bound 10 the lemma. <

3 Main results

In thus section we denve cur main results in Theerems 1, 2 and 3, where we estimate the asymptetics of
the tail of the stationary search cost O] for e being greater, equal and less than one respectively. Our
methed of proof uses probabhsne and sample path argnments inteeduced 10 [11] for the case of ordinary
LEU (FAC{A, 1) algonithm. The starting poant of cur analysis s given by {7) derived 1n Section 2.

It this paper we are using the following standard notation. For any two real functions a(t) and &{#) and
fixed tg € B U {mo} we will use a{t) ~ b(t) ast — &g to dencte limy ., [a{t)/B(2)] = 1. Similarly, we say
that a{#) = B(t) ast = &g 1f liminf, ., a(t)/602) > 1, a(t) < B(2) has a complementary defimtion.

In the following theoretn, we assume that W = oo and denote 0 = V] i the case of N < oo, the
proct would follow the analegous steps as in the proof of Theorem 2



Theorem 1 Assume thet ¢ o efi® s i S vound o> L Then, usx = oo

P2 > 2] ~ Ke{a)P(R > x|, (21

Hyple) & [P (1— ﬁ)]ﬂ_lr(u i—ﬂ— ﬁ) [22)

Furthermore, functioh Kp(a) is monotonicallv increasing in &, for fived k, with

where

) _ . _ Al 1N ik
lm Ky(a) = 1, augﬂm(az—m{mn—kr(k)e , @)

where v is the Euler constand, Le. v 007721 .. ., aned monctonically decreasing in k, for fxed o, with
im K, =1. E
Hrﬂnﬂ r{ex) (24)

Remarks: (1) On Tigure | we present drastc improvementin performance of the PAC(3, k), &£ = 1,2, 3,
algonthm when compared to the optimal LFU pohicy. Note that even FAC{3, 3) can not perform worse than
B% from the LFU algonthim, which imphes neat optimahty of the FAC algonthm even for telanvely small
values of &, (11) For the cedinary LRU poehey (FAC(, 1)), the comvergence of W) {n distribution as N — oo
and the Laplace transform of the imiting search cost £F arve first derived in [4]. Furthermere, the asymptaotic
tesult in the present form, using alernatve approach that exploeats the Tauberian techmque for imvermng the
Laplace transform was otuginally detived 1n [#].

byl = 175

K, tad

Ky (et = 118 |

Figure 1: Function A ple)

In the proofs of the following theorem s we use results proved in Lemmas 4 and 5 of the Appendix.
Proof: First, we prove the upper bound for the asymptene relahonstup in (21 Define the sum of indicator
functions S{t) £ 2 =1 1[@; < t]; note that §{#) is a.s. non-decreasing in ¢, Le. 5(t) < §(tglx)) as. for
all t £ tg{x). Then, after conditiomng on T} being larger or smaller than {2}, the expression in (¥) can be
upper bounded as

P[C > 2] < F{S(ta(2)) > 2] +§]@1P’[i‘1- > tolx)]; (25)

i=l



where in the previous expression we applied 327, ¢ = 1 and P[S() > 2] £ 1. Next, from the assumption
of the theotett and Lemima 3 1t follows that for any e = ) there exists jg such that for all § > 45 the bound
{153 holds and therefore we can upper-bound the expectation of the sum S(t) as

a0

ES(t) =) PT; < {]

j=l

Etlﬂi -1
< jo+ Z (1 _ e oy ':H“]*)

j_

MNext, using the preceding beund and Lemma 4 of the Appendix, we conclude that, as ¢ —+ oo

i ci‘-ﬁ’-ﬁ TN
Mow, 1f we select Iﬂk{l _ EE]“*{JE: —1)
to{z) =

(1 + e)cFAF1[T (1 — L}]o*
and use {26), 1t 15 easy to show that ES{#g(x)) < (1 — e)x for all 2 large enough. Now, large deviation
bound fer the sum of independent Bernoulh random vanables proved 1n Lemma 5 of the Appendix imphes

P[S(ta(2)) » 2] < e ¥ES00(=]]

for some & = (). Thus, in conjunction with (25), we conclude that as » — oo

PC>x]<a (1..-:1_1) -I—iqi]l"[ﬂ = to(2])]. (27

Mext, from Lemma 2 therve exists ig such that for allt = &g, T; sansfies (9. We use ig to denote a sufficiently
large integer constant that 15 possibly different ar different places in the prootf. Then, since for every § < iy,
the inequahty ¢ = ¢y, holds, the Fosson process of tate ¢ can be consttucted as a supetposition of two
independent Foussen processes wath rates gy, and ¢ — ¢y, Therefore, 10 this constructicn, the process of rate
& will have on each sample path more arnival ponts than the process of rate ¢y, Thus, it 13 straightforward
that the stopmng time T} < T, (a.5.), implying that for all § < g

BT, > #] < P[T;, 2 ). 28)
Therefone, we obtain

1) _
Zq., [T, 2 to(x)] € z.yp ) Zq.! -’*‘w*ﬁiﬂﬂ n zq e het; " o 2)

i=in i=ip

éfl(*’} + Ip(x) + Ij(x), (29

whete 10 the last two sums we used the result of Lemma 2.

L0



After using the bound (9) and replacing tg{2), it immediately follows that

i g A l-a a1
niz) < Zq'i e~ moy i) hery fﬂl:ﬂ*]] — ﬂ(

—1

— ) 45 * — oo (3
»

MNow, by assumption of the theorem, for all 4 large encugh (8 > ég, where dg 13 posnibly larger than in
{2597
{1—elefi™ < ¢ < (1 +e)efi™. (311

Furthermore, for 4 large encugh (8 > 4g) inequahty ¢fi® < (1 4 €)efu™ holds for any # € [{,i + 1] and,
therefore, using this bound, (31), the monctomeity of the exponential funetion and replacing #g{2), yelds

oo il
Liz)< {1+ Y t-iaﬂ Qe
i=iy

ol
< (1 +e)? /Q < Tk g, (32)
1

FThe

where i{e) 2 (1 +€)71{1 — €)¥+1{1 — 2€)™*. Next, using the change of variable method for evaluating the
integral with = = ::“*’L{f][I‘{l — EIE]]‘“*’M_“*’, we obtain that the integral 10 {32)15 equal to

m[l‘(l—ﬁ)]“_lme MR [ R 2 i-F g,

which in conjunction with {32) yelds

]Jmsup [Iﬂ( ) ]-f: Kk(a}{t{e}ju i —+ Hp{a) 2z e 20, (33

where Hp{a) iz defined 1n (22).

In order to estimate asymptotics of Ia{2), we use analogous steps to those we apphed in estimation of
Ia(=). Thus, from the assumption ¢ ~ ¢fi® as { = oo, 1t follows that for § lagge (i > ig) inequalities (31)
and ¢ fi* < (1 +e)efu™ hold for alle € [, 1 + 1] and, therefore, after replacing #a(x)

€ bt
Liz) S(L+e) ) g =0

=i
2 € —he_aTh
<{l+4e€) /-m —e Ty, (341
1
Now, if k = 1,1t 15 straightferward to compute the integral in the preceeding expression and ebtain fa(x) <

(1 +e)2(ef{er — 1)) = o{1/2* 1) as & — so. Otherwise, for & 2 2, after using the change of
vatiable method for solwng the integral in (34 where 2 = hfm“"'ﬂ._“':j’_l], we cbtain, 45 ¥ — %3,

4 e 1 1 1 1 _ 1
hiz) 21+ (hf}ﬁ(l—i]a{k—l}lxﬁiﬂ—llr(k—l atk—1)/ " “\a"1)

The previcus expressicn, in conjuncticn with (3330300, (28 and {27), yelds, as 2 —+ o

PO > 2] & Ke{e)PR > 2] (35

1l



Next, we estimate an asymptotic lower bound for P[C > 2] in (21). Similarly as before, Lemma 2
inphes that for every € > (0and all  large enough ( > ig), 1nequahty (9 holds and therefore

s | rab-tes o 1
ES(t) > Z (1 e oDt ghedy” *)

i=in

> 3 @ >, et 36)

i=in i=in

|éreaE | (1 ghartuog ) ##taE
— &

Mext, aince for § large (i > dg) inequahty (317 holds, after lower bounding the second sumain (36), we obrain,
ast —+ oo

|Htak B i R p_ptmattat g kol
ES(t)2 3 |1-e ] — Hiassg ™ gepion)

i=in

[Htﬁj oyl g1
= > (1_9‘!1_3?-?5'_) 1+ aftar)

i=in
a0 _ 1 +1|:i 'i_it ao _ 1—¢ H-il:'i 'i_lt
= Z (1 —e _I_nu._nl ) _ Z (1 — dlﬁu_nl ) +ﬂ(tﬁ:]_ (37
i=idy

i= [ HtaE |41
Now, after defimng L 2 eF 3%~ 1(1 — €)1 /(k — 1)l and using the inequality 1 — e~® < x for 2 > 0 small

enough, we derive

1 a0 gl bl

lim —— Z (1 —e  #haon ) lim —fm — Lidu

t—o0 ‘t-ﬂ 1 = t—=o0 tar ﬁ 11
i=|Hitad |41

:{ﬂﬂ lHﬂk_l—:nﬂas H — oo, (38)

and, therefore, 10 conjunchion with (37) and Lemma 4 of the Appendix, we conclude
ES() 1 i
O
litn }I‘(l —) —{ —f] -ﬂ-
%0 a3 (k-1

for any € = (). Therefore, after letting € —+ (), we denive

1 _ a1
IES{t:] EP(I—L) Lﬁritﬁ as Tt — . (39)
ak / ((k—1a

Next, we redefine tg{2) as
A 21 +2¢':]“"{k -

[P )] ot

Then, the monotomaty of S(¢) and (39 yield ES(2) > (1 + €)x forall £ > #g{x) and = large encugh, winch
i conjunction with Lemma 5 of the Appendix imphes P[S{t) » 2] = 1 — e for all £ = #g{x). Thus, forz

to{x) &

12



large enough, after conditiotng on T 2 tg(x), expression (7) can be lower bounded as

PO > 22 (1 - 3" 4Pl 2 tofe)] @0)

i=1
Mext, we proceed with esnmanng (400, Byinequahty (13) of Lemma 3 and assumpnon of the theorem,
for & large encugh (i = ig), after replacing fg{2), we chtain

oo _ ey oy eyl
HAC>2]2(l-¢ Y, ge Fo-@re
i=in—+1

Furthenmore, similatly as in estimating fo(x), since for ¢ large (i > 4p) inequalities (31) and efi™ > {1 —
e)efu™ hold for all u € [§ — 1,4], which in conjunction with the monctonicity of the exponential function
yields

PlC>z2] 2 (1— &) f *"“'ff“-Eﬂ"“ “ 1)

where 1{e) 2 {1 + €)*+L(1 + 2¢)**. Then, using the change of varigble method for solving the previous
integral with z = x™*i{e)u—**[I'(1 — _L)]~**, we obtain that the integral in (41) is equal to

ey EE [ B b

{a— 1].-1:""—

which imphes : :
. . Pl
h;rn_}})jgf PR > 2]
where K;,{a-] 15 defined in (22). The previcus vesult in conjunction with (33) proves (21).

Finally, it 1z left to prove the monotomeity of function Kp{e) and its hmts when & — oo, & — oo
Since the function on the tight hand side of (22) 15 well-defined for all real & > 1, we wall assume that
Hp{a) is defined for all real values of & 2 1 and e > 1 as well. Thus, proving that A p(e) is monotonic
over veal & will in particular imply the monotomaoty cver integer values.

First, we prove the monctomeity in e for all fixed k. Since FAC(F,1) algonithm corresponds to the
case of the ordinary LRU, their performances are the same and the monotomcity of K {e) follows from
Theorem 3 of [8]. Thus, we continue with the proof of monctomeity for values of & > 2. Proving that
Hp(a) 13 monctenically increasing in e 15 equivalent to showing that log Kp{e) monotonically increases in
ex. Thus, we chsetve the fn]]c:wing function

1 1 1

1 1 1 1
—lﬁgr(l-l- P E) + (e — 1)logT (2— E) — {2 —1)log (1— E) )
Function log K p{e) monotomeally increases in e 1fits derivative wath respect to s positive forall e = 1
Thus,

> (4e)) a5 F Ky(ar) — Kipla) as e - 0,

log Ky{a) =log =

d 1 1 a—1 1
E{Mgf(;,{a]l} —lngI‘(ﬂ— E) — log (1 - E) -

473
a ke —1 (“3)

1 11
e lomgfa_ 1Y, g 1 L
+ a-ﬂqu (2 )+aﬂk‘1’ (+k m)’

13



whete 11"':-"’], k=1,1,...,ame Polygamma functions (see equancn 6.4.1, p. 260 of [1]). Furthermore, since
11"':”]{1] = — (Eulet’s constant) and TY(1) = 1, by using continwnty and passang & — oo in (43), we
conclude

ﬁlngfﬂ,{a] — 0 a3 & — oo fddy

Therefore, to show that df delog Kep(e) > 0 for all & > 1,1t 15 encugh to prove that the second derivanve

& 1 1 1 1
G = {1 - = _ f1] =
T log K (e) ot T (1 + P k&) + (e — 1)¥ (2 k&):| {45)

2 1 1 1
= |y [ — | — ¢ - _ =
+ P [11" (2 a:k:) ¥ (1 + P Jm)]

is non-positive for all @ € (1,00). Now, equation 6.4.1 on page 260 of [1] implies that T (2} is mono-
tomcally increasing (11"':1] {z) = Oy and concave Ei["':ﬂ] {z) < O and, sinularly, g{t) {2) 15 monotonically
decreasing (Ttﬂj{z] < O and convex (@ {z) = forall 2z = 0. Thus, since forany & > 1, & > 1,
arguments of the funcions T and ¥, 1e. 2 — 1/{ke) and 1 + 17k — 1/{ke), belong 1o the interval
[1,2], and given the values #{O(1) = —, ¥OD(2) = — + 1, TI(1) = #2/B, T2} =2/ — 1, we
derive the following hnear bounds forall 1 < = < 2

2
T > 4 — 142 and T2 g % +1— =2 (46

Next, by first upper bounding #9(2 — 1 /(ka)) with 1 — +, and then using the inequalities from (46) in
{45}, one obtains after some easy algebra

18 +{—18 — 24k 4+ n2)ar — 2h{ 1B + 72 )a? + k%12 4 n?)ed

d?
a7 PR k(2] 5 it {ok — 1)2

(47

Thus, 1t 15 left to prove that for any & > 1 and & > 2, the expression on the nght hand side of (47713 less or
equal to zero. In that respect, we analyze the numerater of (47)

Floy k) 218 +(—18 — 24k + 78 — 2k(—18 + 72 )o® + £3(—12 + n?)a’.

First, we show that function f{e, &) 13 decreasing in & for all k > 2 and any fixed e > 1. Thus, by taking
the derrvanive of £ with respect to &, we obtain

daf

= = of2he®(—12472)— 2a(—18+72) — 2] < o[20? (-2 +272) —2ex(—184+-72) — 24] < —Bex < —B,

ance the maximum of the quadeatic term 1n the previous expressicn 15 less than —B. Therefore, funchen
Fle, k) decreases in k. Since & 2 2and e = 1, we can upper-bound 1ts value by f{ex, 2), 1.6,

Floy k) < 18(1 — ) + (—48 + 7% a — 4(—18 + n?)a? + 4{—12 + 7’
< afde?(—12 +7?) + (72 —4r?) — 4B+ 7?] < —Ta < -7,
since 10 this case the quadranc term in the second inequahty 15 less than —7. Therefore, we obtained that
Flayk) < Oforallk 2> 2, & > 1, and, thus, from (47) it follows that @2 fde? log Kp(a) < 0. This

concludes the proof of monctomaty of funetion Kele) in . Finally, the second himt i (23) follows by
strarghtforward appheatnen of the equanen 6.1.33, p. 256 of [1]. Next, the first hont in {237 10 the case of

14



k =1 follows from Theorem 3 of [X]. Otherwise, for & > 3, the hmit follows divectly from expression (22)
after replacing e = 1.

In order to prove the monotoniaty of function Hele) in k, we observe the first derivative with respect
to k of function log K p({e) and obtain

d 1y 1 1 1 1
- 1=y =|gl@ |1 - —) - g -
—-logK,fa) (1 &) kﬂ [11- (1 m) ¥ (1+ - m)] <0, 8)

where the last inequality follows from the monotonicity of function ¥{%9(z) as discussed before. Thus,
Hp(a) 15 monctomeally decreasing in & for all veal & > 1. In partieular, K (a) 15 decreasing for integer
values of & 2> 1. Finally, the monctomeity of Ap{e) and (237 imply (24, 1.

1=H(l) € Ap{e) < Ke(oo) = 1 a5 k= oo,

which concludes the proof of the theorem.

Theorem 2 Assume that s = hy ﬁas 1<i < N, where hyy is the normedization constant end ) < g < 1
Theh, foreanv <8 < L es N =5

1-—

() oA 21T ad-tp (L
PICW) > dN) ~ ) 2 )i (£ - Zom). 49

where 1§ is the unigue solution af the equction

1 1 i
1- EP (—E:ﬂ)ﬂ“" _'&-!

note that T2, 4}, ¢ = 0, is the incomplete Guman function, Le. Tz,y) = fm e At Furthermare,

Fe(8), 8 € (0,1}, is o proper distribution, with limg g Fe(d) =1, limg 4 .F},,{g:] =1 znef

H — 1 _ 4l—x
Jim Fi(8) =14 (500

Remarks: (1) On Figure 2 we present the relanve performance of the FAC(20, &) veplacement scheme,
k= 1,23, when compared to the optimal static armangerment; 1o this case the cache can store 110 of
the total number of decuments. Note that the performance of the FAC algonthm drasncally improves even
for the small values of parameter &, and, thus, we can claim its near optitnahty; (11) For the ordinary MTF
searchung (k& = 1}, the convergence of V] I,r’J‘n.lT in distbunen as N — oo and the Laplace transform of the
hiating functioh ave chtained 10 Lemma 4.5 of [4]. The tesultih its presented form, also for the ordinary
LRU, was derived in [9]; (1) It 15 possible to relax the assumption ¢; = Ay fi™, 1 € & € N, and that would
ivelve some minot changes in the proof of this result. Forexample, by assuming that for any € 2 0, there
exists g, such that for all ig < < N, inequality (1 — e)ef(i"N'™™) € ¢ < (1 4+ €)ef(i"N'™) holds,
the expression in (53) would be replaced by thus, shghtly different form, and the rest of the proof would be
identical; the final asymptetc formmla in this case weould have factor e instead of 1 — & and all of the other
factors 10 (497 would be the same.

Proof: First, we eshmate the upper bound for the asymptotc relahonstupin (490, Simalarly asin the proof of
Theorem 1, we define the sum S() £ Z';Ll 1[T; « #]. For any #g 3> 0, since 5{#) is (a.5.) non-decreasing

15
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Figure 2: Ratio Fp(l /100 /{1 — (1/10)1—=)

it t, we have S(2) £ (i) a.s. for all £ £ 4g. Thus, after conditiomng on T} baing larger or smaller than g
in expressicn (1), we easily obtawn the fellowing upper bound

i
PICY) > 6N] < P[S(to) > 6N] + 3 4P, 2 t]. b
=1l

Then, by Lemma 3, for ¥ large and any € > ), there exists ig such that for a1l £ > i inequahty (13) holds,
and, in conjuncton with the monstomarty of the exponennal function, we obtain

ES(t) = Y P[T <]

i=1
Ig"—1;1+.-11
< ig + Z (1—.9 Sy )
i=in-+1
..:: N— f _l%[j. 1‘,|||:]-'|"F]t (52

At thus print, note that from the assumption E:L_ hy fi* =1, 1t1s straightforward to check that for IV large
ennugh

(l_f:'Nl <hy < (1 +f}Nl —. (53)

Thus, if we assume that tincreases in N ast = niV* f£(e), wheren > 0 isafixed constant, using inequalities
(521 and £53), we bound IES{?}N*{E{f}] for A large as

-
ES (';::}) <N - [ F‘Edu, (54)

where £{e) 15 defined as
a L+ aprpt
e = k- 1)!
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Mext, using the change of vatiable = N "‘*’mr""-" method 10 the integral 10 (54), we obtain

i
WV ¢ v lok [T ek
IES(E(E})EN Naknu/‘; =i Iz, {553

Futthetmeore, sihoe
qﬂh 1 1
f e 2z "ady tT (_E’ n) as N = ma,
n

we obtain, for & large enough

1
ni _ TR e sy S
ES (f{f}) < N-N(1 E}ak'rjl LI"( F ) . {56)
Now, define the funchion fi{n) as
1 L 1
and let ng{eg) be a umque soluticn to the equation
fin) =8(1 — &), (58)

for some eg 3> () the umqueness of the solution will be justfied at the end of the proef. Then, from (563, 1t
foollows

tia{ea) N* el s -
Es( o) )gml (1 — )1 - 61 —2e0)))-

Thus, for all € < egd{1 — 2e0) /{1 — 8{1 — 2eg}), the preceding expressions are bounded ny
]
ES ( E{N:; ) <A1 +eq)d(l — 2e0) VW £ (1 — eg)d V.

Now, since S{2) is a.s. non-decreasing in ¢, we conclude that for all # < #g 2 ngleg )JN*(£(e)) !
ES{t) < {1 —eg)dN.

At this pont, we use the large devianon (Chernoff) bound for the sum of N independent Bernoulh
tandom vanables from Lemima 5 of the Appendix

P[S(ta) > 6N] € e~
for some @, > (0, and, thus, after upper bounding the first term in (5 1) and replacing tg, we derive
N
P = 4N < afl) + Zq.iur[:n- > ] as N = . (59
i=1

MNext, we estimate the second term on the tight hand side of (59 The same atguments that resulted 1n
inequahty (28) in the proof of Theorem 1, 1n cnnjunctit:n with (9, yield, for N and ig latge encugh,

Z@M > ta] ﬂ:Z@P[Ti > tq] +Z@1P’[Ti > ta]

i=l i
ot s PO _
< #P[Tyy 2 ta] + Z e -1 oy Z qie_h‘q? Lo
i=in —m
£ L(8) + B(8) + hd). 0
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After replacing g 1n I, (4}, it is straightforward to conclude

ot Aty

L) <ig |e w0 +e"”’?:f1*“] =o(l) as N — oo (61

Next, we estimate To{d). After applynng inequahty (53), replacing #g, usng the monotonaty of the
exponential function and relation hy fi® < (1 + e}hy fou™ forall o € [§,4 + 1] and € lacge (i = i), we
obtain N

1—w Belnp] npci
2 —&[«] i)
Iﬂ{&-:] E (1 +E} '/;. WE e dil‘!., ('52)
where we define 1fe) 2 (1 — e/*+1(1 4 €)~¥+1). Then, similarly as before, using the change of vatable
method for solving the integral with 2 2 we)ngleg)n** N*, we derive

il
_ Eﬁ]ﬂt‘ﬂ]N
5(0) < (L + PUNF eyt [ A
ak s{e)ns{ )
1l —a

-

< (4 PUNS S ) d T (] - S i)

Thus, after lething e | 0, eg | 0, we conclude

. l-—a 11 {1 1
hﬁrﬂ_f;lnpfﬂ{ﬂ <~ (g)=aTal (E - E,m) , (63)

ance, by continmty of f{x), ns{ed) — 75 25 &g } 0, where 55 13 the umque solution to the equation
flos) = 4.

Finally, we estimate f3(4). Here, we observe two possible cases: & = land & > 2. In the case when
k =1, after applying (53), replacing fg, and using relation hy fi%* < (1 +elhy fo® forall € [§, i+ 1] and
ilarge (i > ig), we obtain

Nl T

< {1+ —a(1) as N = .

1-— M1
Td) € (1 + )2 Z gher® f L
in

Next, we estimate f3(4) in the case when & > 2. Simmlatly as before, after using (53), replacing #g, in
conjunction with the monctomaty of the exponential function and hy fi* <€ (1 + elhy fu™ for all v €
[{,i + 1] and i large (i = ig), we obtain

1431 - N1 _penead
(refla) [* 1 banst,

™

I{4) =

iy
Then, using the change of variable method for solving the integral, with z = heNak—atly, —e(k-1] e
detive, for & large,

h“”(ﬁ ]n{.i -1

Iid) < heimtla—1 pramrla—1) e~y imtla—1-14,
hetw
1 .1 1 .1 ao
< hei-tla—prazala—tl 2 d
- hetw
< hermtla—yasila—e oY — 401y a5 N o oo (64)

1%



Finally, (64), (63), (61}, (60) and (59 imply

l—w 11 1 1
: ] -+ - =
ljrr::lmpIP[G > 8N] € — —(ng)=s 3T (k l ,m) . (65)

Next, we estimmate the asymptotic lower bound for ]P’[('}":N] = dN] in (4%, By Lemma 2, for any e = 0
and N large, there exists ig such that for all i = dg inequahty (9 helds, and, in conjuncticn with the
monotomeity of the exponennal function, we obtain

I I
ES(t) = PIT, <t 2 Y PIT, < o
=1 —yy
N P
i=in

-1 a-lpy o

Al N i1
::-N-:u—f P AT T f e et
i

Then, after replacing the bound in (53), letting ¢t increase in W ast = nN"’;’f{e} , Whete, sitmilatly as before,
7 = (15 a fixed constant, we define

i ] N ek i) i —oet- 1
ES(W)}N f E_,Eidn_[ e M e
'f( } b v
AN—ig—IL- I (56)
with £{e) redefined as £{e) 2 (1 — ¥ 11 — o) ((k — 1))~
First, we esnmate the upper beund of Iy for A large. Uang completely analogous steps to those apphed

in estimatng expressions (34), (5357 and (56), after using the change of vanable methed to solve the integral
with 2 = N“*mr“*’, we obtan

fr]“‘j'
I < Nﬁﬁ—/‘ ezl aids
ak k)

11 1
< Nopad EP (—Em) . (67

Now, we redefine ng(e) to be the unique solution to the equation fing) = (1 + 2€)4, for some € > (), where
Fin) was defined in (57). Then, after replacing ngle) 1n (67), we obtain

I < Nm{fjiﬁr (—ﬁ,m(f}) = N(1 - &(1 +32€)). (68)

Next, we estimmate the upper bound of f5. Similarly ag in estimating Ja(4) before, we observe two
possible cases: & = 1 and & > 2. In the case where & = 1, we obtain

¥
Iz g [ e~ N dn = (N —igle™ ™ =a(1) as N — oa.
io
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Furthemmore, 10 the case & > 2, after using the change of variable method for sohang the integral, where
2 = heNok—atly—akta we compute, for N large

TV pepad—atl
Ia < f g wcd—11 gy

i
< heal D N taED /-u: e *dz
he ¥
1 1
< hedB-TI N TaB-T g =5 — (1) as N - oo (69

Finally, (697, (68) and {66) imply that for any € > 0 and N large encugh

1€} N i N .
IES( o )zN o — N(1—5(1+%)) — e,

which for all N 2 (ig + e+ 4(1 + €)) /{1 + 2€)d yrelds

ns{e) NF
ES ( 5 ) > (1 + &d. a0

Now, since S{2) is a.s. increasing in ¢, we obtain that forall ¥ and ¢ large, ¢ > tg 2 ns(e) NE{£{e)) 1,

ES{t) > (1 +€)6N. 710

At this point, using the previcus chservanons, the monotomaoty of S{t] and (¥}, after conditiomng on
T: being greater than g, we obtain the lowet bound

PCtY) > 6N] > P[S(ta) > 4N] D> &[T 2 td]. 72

i=l

Now, given the inequahty (71), the large devianen {(Chernoff) bound from Lemma 5 of the Appendix imphes
forany e > 0 and ¥ large encugh
F[S{tg) > dN] > 1—e

Thus, the previcus inequahty and (72) yeld
W~
PO > dN] 2 (1 —€) D aP[T: 2 ta].
i=1

Now, by Lemima 3, for any € = (0 and 4 large (€ = 4g), inequahty (15) helds, and, therefore

N gl =1y oy
Ao — o
]p[(’;'l:N] > 8N] 2 (1 —e) E __:;"re whEo
i=ig+1

which, using the inequahty by fi® 2 (1—e)hy fo™ for all { large (i > ig) and & € [i—1, ], the monctomaty
of the exponential functicn and inequahty (53, after replacing 4, imphes

HCW > 4N 2 (1 -«

1—a ¥ 1 _sdngtands
Nl f ﬂ—ﬂe ® o, K}
iy
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where we redefine 1(e) £ (1 + )11 — ) t*1), Next, similarly to bounding I (&) in (62 — 63), we use
the change of variable 2 = u(e)nz(e}VN *u~"* t0 solve the integral in (73), we derive for N large

t 1l—a 11 ':%]hw':*]”:"] 11
PICW) > 6] 2 (1 - o) (m(e) 5 =S et [ e~z a Ny,
ke
£l (]
which, after taking lim infy_y o and leting € —+ 0, renders
lim inf P[CHY) > 6N] > 1__&{??5}:11.—1.11‘ 1_1 "
N—oo = mk kK k! !

where 7 15 the umque solution to the equation f{n) = 4. The previcus expression 10 conjunction with (635)
concludes the proof of this theorem.

Finally, we prove the uniqueness of the solution #g for any 0 < 4 < 1 and the hmiting values for Fe(d)
when & — oo, § = 0and 4 — 1. First, ohserve the function f{n) as defined 10 (57). After expressing the
function I —1/{ak),n) in integral form and applyng the integranion by parts, we obtain

1 1 ™ L
=1 — —ya¥ —ti—ai L@
sy =1 o [ e
1Ty [ et Ea (74)
n

MNow, since fot any 5 > 0
d 1 4 1
S = dt [ etrdaso,
o ek "

we conclude that f{n) is monotonically increasing in % > 0. Now, note that from (74), it 13 straightforward
to conclude f{n) = 0 for any > 0. Furthermore, since f{n) is continucus function in g 2 0 and

Fim) 51—&""+?}n_11-I‘ (l—ﬂl—k) —+0 as n =0,

we conclude limg, ,q f{%) = 0. Next, note that for large #, we can upper bound £{) as
— 1 ac —,— 1 _ 1 1
fln)=1-e ”+n-=‘==f et aidt < 1 — e 4 paiy ek =1,
7

and, therefore
12 fin)zl—e =1 a3 5= oo,

Thus, f(#) is strictly increasing continusus functicn for 5 > 0 with limg g fin) = 0 and limg o0 f{n) =
1. Thuz imphes that for any (0 < 8 < 1, there 15 a umque solution #{d) = 0 of the equation f{x) = 4.
Next, we prove the hmmtting value of the asymptotic expression in (49 when & — oo, Note that since

ri-2 IR SRR S SR Trddig | etrda<r (1o 2
ak ak) U7 k) Jy =/, = ak )
{(75)
then, using the contimuty of I'(2) at 2 = 1, for any € = (), there exists g and kg, such that for all & > ky,

D<n<n
l—fﬂ/mﬂ_tt_zlifﬂﬂl-l-f. (76)
v
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Thus, for any k& > kg and n < 7
1
Fin) 2 fulm) 2035 (1 —e). n
Now, using (77) and the fact that functions f{x), f1{n) are monotonically increasing, if the solution Mg Of

the equatien f; () = 4 satisfies T s < "g. 1t Tollows that the unique soliticn s,s of the equation fim) =4
trst satisty

Thd S Hege (78)

5 nk
s < (1 _E) :

and, therefore, 1f € < 1 — 4, there exists kg (posably greater than before), such that for all & 2 kg inequahty
Wi g = 7o holds, whichin conjunction with (78) yelds

Then, from (77, it follows

b].l_.lil;nm,,g = (79

Mext, it 13 not hatd to check that

d 1—ay? a1, 11 l—a
— R = —— | perE f “heEaaldr — iyl
ik 5 w0 ( an ) s 1';l.'i-e;.E ak ) Tea

1— a2 11 a0 1-—
( ﬂ') ppa b lg"ﬂ-.&f t%_ﬁ_lfﬂ— akﬂﬂ_m'émc_,ls =0,
Th g

1A

and, therefore, for all & large, after using (78) and replacing e 4 With 'n;ﬁ in expression (49), after applying
integration by parts and simlar asguments as o (75), we lower bound the ta] of the search cost Fip(4) as

Fo(d) 2 L — S ai [ etiala
exf .
i
1_1 1 1 & L=
=1— (g g)F II‘(l-I—E—E,ﬂ;J)—}l—(l_E) as k —+ oo, (R

which, after letting € —+ 0, imphes
lim F,(8) =1 — 4. (g1
ko0

Mext, similatly as before, using the arguments that led to (76) and the hat in (79), for any e = () there exists
kg = 0, such that for all & 2> kg, inequality ne s < %o helds and, furthermore, we can upper bound f{n) for
all n < ng as

Fn) S Falm) 2 e+ {1+ elyai.

Then, using the analogous reasoning as before, for all k > kg, the solution (say 7} ; = ({8 —e)f(l+¢€)
to the equation fo{%) = 4 must be smaller than %y . Thus, using the monctomcity of Fp{4) in 5z and
aimlar arguments asin (80), after replacing s with %e5 10 (49, we uppet bound the tail of the search cost
and obtain

)=*)

] d—eyt™
o (52~

which, after lething € —+ 0, 10 conjunchon with (8 1), yelds (500,
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The following thentem estimates the tail of the search cost distribution B[] » SN] as N = main
the case whete & = 1. Since the proof of this result uses completely analogous arguments to the ohes used
in the proof of Theorem 2, 10 crder to avond repetations we just state the result and present an cuthne of the
proot.

Theorem 3 Assumte that @; = hyfi. 1 £ 1 € N, where hy s the normaliztion constunt. Then, for anv
D<dcl,us N2

a 1
(log MYPICE) > 6] ~ FL(8) £ LT(0, ), ®2)

where 1§ uniguelv solves the equetion
11 1
1- E"?IP (—Fﬂ) =&

note thet, T{z ), ¢ > 0, is the incomplete Gamarr function, Le. Tz, y) = ]-;D e W L4t Furthermore,
foranv( < 8 < 1,

lim = log 4. B3

F(8) = log (83)

Remarks: (1) In the cottext of the otdinary BTTE searclung on the hist (& = 1), the conwvergence 1n dis-
tribution of the ratio log G':N]I,r’ log &V to the uniform random variable on the umt interval 1s first proved in
Lemma 4.7 of [4]. (1) Sirularly asin the remarl (1u) after Theorem 2, 1t 15 possible torelax the assumpnion
@ =hyfi,1 €1 N Agan, by assurrung that for any e = ), there exists ig such that forallig £ £ N,
wequahty {1 — ejeflogN =< @ < (1 + €)eflog NV holds, the expression (84) would be replaced by tins
form, tmplying an almest identical formula to the one in (¥2), where the only difference 15 1n the additional
factor ¢ on the nght-hand-side.

Cntline of the proof: In order to estimate the uppet bound, we use the same arguments a3 10 inequahty
{51). Note that for any € = 0 and & large encugh, the nonmahzation constant by 15 bounded by

1
log N

=g ¥ (84

Thus, after bounding ES{#), sirnlatly asin (32) and (54 ), assummng that#increases in & as t = (W log N}*{f{e},
where 5 > ()15 a fixed constant, we chtan

k 1) ik
ES (%) < N-— f & o g &5

note that in this case £{¢) 13 defined as

14¢ Hlﬁ#—l
g2 LTI AT
(k- 1)!
Then, using the change of variable z = N*nn—* the integral in (85) and apphying the analegous steps asin
[55 - 58), we obtain that for all £ < #g 2 n5(eg)( N log N)*{E{e)) L, any g > 0, N large and € > 0 small
enough (e < egd{1 — 267) /{1 — 8{1 — 2e)))

ES(t) < (1 — eq)éN,
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where ng{eg) 15 the unique scluticn to the equation

sy 21— i1 (~10) =801~ 2.

MNext, using the large dewiation beund for the mum of & independent Bem culh random variables, simi-
latly as 10 (59, we detive, as IV — oo,

() 1
P[C }Jﬁﬂ{a(hg )-I—Zqi [T, > 1] (86)

Now, after sphimng the sumain the previcus expression, analegously asin (607, we obtain, for & and dg large
ennugh

a1 g
S GBI > ] GBI, 2 ba] + 3 g A0 4 3 g

i=1 =iy =iy
21 (&) + L (8) + Li(4). (87
Then, after replacing g and using similar arguments that led to (617 and (64, we cbtain
1 1
I]_{J} =ua (lngN) IH{JJ =ua (lﬂg—N) as N . (EE)

Now, by upper bounding the sum in I3{d) with an integral, as in (62, applying the change of varable
z=(1 — e)* {1 + &)~ *+pg(eq) N*2~* and using the same arguments that led to (63), we conclude

Ia(8) < lngLNEP{ﬂ’m} a5 N = oo,
where ng umquely solves the equation f{n) = 4, and, therefore, 10 conjunction with (88), (87) and (86,
yields the asymptotic upper bound for PO = 4N,

In crder to prove the asymptotic lower bound for P[C7 > V] in (82), we start by estimating ES{#) using
the idennical arguments asin the proof of the lower bound 10 Theerem 2. Thus, by lemng ¢ increase in & as
t = n(Nlog N)* j£(e), where 5 > (is a fixed constant, we define, similarly as in (66), for any € > 0 and
ig, IV latge enough

k T T ¥ ]

ES (M) > N—iu—[ e—’i—f‘dn—[ e A gy
£le) i dir

EN—ig—h — I, (XM

where £(e) is redefined as £(e) 2 (1 — &)1 35 1({(k — 1)1, Then, using the change of variable z =

NEyn—F for solving the integral of I, and the analogous arguments as in (6% — 713, we obtain that for all
2 tg 2 () (N log NY*(£(e)) L, any € > 0 and N large, inequality

ES(#) > (1 + )dN

holds, where ng{e) is the unique solution to the equation f{n)] = {1 + 2¢)4. Then, applying the same
reasomng as i (F2), in conjunction with the lange deviation beound for the sum of independent Bernculh
tandom variables proved in Lemima 5 of the Appendix, we obtmn that for & large

PCY) > 6] 2 (1 - €) 3" aPIT; 2 t].

i=1
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Next, by Lemma 3 and the analogous arguments as in (73), after using the change of varable 2 = {1 +
eVt (1 — )~y (e)N*4—* to solve the integral and letting e — 0, we conclude
P[] > N] 2 Llr{n ng) as N — oo, (90
~log Nk
where ng 15 the umque sclution to the equation f{n) = 4. Thus, (90 in conjunction with the asymptotic
uppet bound from before proves (82).

Finally, it iz left to prove the umqueness of the solution ng of the equation f{xn) = & and the limitin
{83). We omut the details of this proof since these propernies follow divectly from simular arguments as in
the proot of Theorem 2.

<

4 Numerical experiments

In this sectien to illustrate cur main mesults stated 1n Theorems 1, 2 and 3, using sumulathon experiments.
Since the asymptetic results are obtained for infinite number of decuments &V 1n Theerem 1, whilein The-
otems 2 and 3 the number & 15 passed to infimty, it can be expected that asymptonc expressions give
teasonable approximation of the fanlt probalnhty IF’[G':N] = x|, only if both W and x are large (wath &V
much larger than ). However, cur expenments show that the chtained appresimanens work well for rela-
tively small values of & and almost all cache azes » < V. Furthermore, cur sitmlations vahdate sigmficant
imptovement in petfotmance of the introduced FAC(E, k), & 2 2, algonthm when compared to the ordinaty
LEU scheme (& = 1), as predicted by cur asymptotc results.

4.1 Convergence to stationarity

In order to ensuve that the simulated values of the fault probatnlites do net dewvate sigmficantly from the

stationaty otes, we fiest estimate the difference between the disttibutions of ¥ and G&N], whete GTEEN] 15
the seanch cost after n vequests with arbitrary imtila conditions. Thus, using (2 - 4)with e = 1;’2, we uppet
bound the difference berween the tals of these distnbutions as

sup P[CEY) » 2] — POV ::-.-r]‘ Eﬂnéﬂ‘[‘m‘i %] +§;@P[ﬂ' > %—ﬁ]:

where T, 15 the nth artival pont in 2 Powsson process of umt tate. Thus, by apphnng the bound (14) and
setting € = 1 /2, yelds

n n
1! . _ a &_n . Ii_]_ .
en <P [-r“ < E] +§q! [e rerig(3—A) {1—p:) # : (21

tecall that probabnhnes b, = H"[Mé'}‘] >h—1],1<i£ N, where Mt':'?] 13 4 counting Pmsson process of

tate ¢. The first term 1n expression (91) 15 easy to estimate since P, < nf2] = P[Mi;jﬂ > nlyin addition,
since the Posson distbution 15 bughly concentrated arcund the mean, thus term cormverges very fast to zero.
Therefore, 1t 13 easy to see that the error bound 1n (917 13 doounated by the sum. Furthemmore, the value
of the sum decredses as 3 increases since p; = G{ﬁ*_qu _l]. Hence, the increase of the paramerter 3
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speeds up the convergence of the seatch cost process {G,',:,,N] } to stationatity. Thus makes the algotithm mote
adaptable to the possible fluctuations o the document populanties. On the other hand, the larger 7 imphes
the larger expected size of the addinonal storage needed to keep track of the past requests. Thus, although
the statiohaty performance of the FAC algorithm 15 invatiant to 3, this parameter provides an impottant
desigh component whose chmce has to balance between the algonithm complesaty and adaptamhty.

4.2 Experiments

In the presented experiments we take the rumber of documents tobe N = 1300 with populanities sansfying
g = hy fi*, 1 <1< 1300, where hy = {Z‘illﬁ“}—l. Also, we select §F = 20anda: () = 1.2, (2
&= 1land (3) & = 0.B. In each expeniment, before we conduct measurements, we allow the nme of the first
n = 10" requests to be a warm-up time for the system to reach stationatity. Then, the acmal measurement
fime is also set to be 10' requests long. The initial permutation of the list is chosen uniformly at random
and the initial set of requests in {—/3, 0 15 taken to be empty. The fault probabilities are measured for cache
azes 2 = 00§, 1 £ § =< 15 Simulancn results ate presented wath *** symbaols oh Figures 3, 4 and 5, whnle
our approximatcns are presented wath the schd hnes on the same figures.

-0
| S fe]
-0.8 log, P
\ + simulated Ic:-_c_l1 DP[C}K]

- — log, P[A=x]
=1.2F
—1 .4}
—1 .6}

k=1

—.8F i

_QD 100 200 300 400 HO0 800 F0O a00
cache &ize X

Figure 3: Tllustation fot the case of & = 1.2

Experiment 1 We set & = 1.2 and measure the cache fanlt probabihties for values FAC20, k), £ =1, 2, al-
gotithm. We compare the obtained measurements with our approximation given by P® (x) = Kp(a)P[R >
2], as imphed by Theorem 1. The expetimental results for the cases when & 2 3 are almost indistingush-
able from the performance of the optimal algotithm, PR > 2], and for that reason we did not present them
on Figure 3. After esnmanng en 1 (91) for 2 given warm-up time from above, we obtain that &q < 108
forboth & = 1,2, which 15 neghgible when compared to the smallest measured probatihnes (> 10~2)and,
therefore, the measured fault probabihties ave essennally the stancnary ones. Figure 3 shows an excellent
agreement between the approximation PE){2) and experimental results, as well as a significant improve-
ment in performance for b = 2.

Experiment 2 Here, we select & = 1 and measuve the cache fault probatihines for £ = 1,2,3. Since
the nermahzation constant hy = log N 4+ 4 +aofl) as N — oo, where + 15 the Eulet's constant, the
tano by f log N corverges slowly to one and, therefore, instead of using the approximatcon ]1:"[{':r":J"‘r ) >
#] =3 (log N )Fy (2 /), as suggested by Theorem 3, we define P¥){2) = hy Fi(2/N). Furthermore, after
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Figure 4: Thastration for the case of e =1

COMpUNng &n, We obtain that for & = 1, 2, the error e, < 1078, while for & = 3 it satisfies en < 0.004,
which 15 insigmficant when compared to the smallest values of the measured probalnhnes and, thus, the
measured process is basically in statioharity. Again, the accuracy of the approximation PL{z) and the
improvement 1n performance 15 apparent from Figure 4.

Experiment 3 Finally, the third example assumes & = (LB and considers cases & = 1,2, 3. Sumlarly asn
the case of & = 1, due to the slow convergence thNNl—""f{l — &) 1o ohe 23 N — oo, We 1se an estimate
P (2) = Ay (N /{1 — &)) Fe(2/N) instead of F(xz/N) that can be inferred from Theorem 2. After
estrmating the error &,, we obtain that for all &k = 1,2, 3 it satisfies &, < 1078, which again is much smaller
than the smallest measured value of the fault probabihity and hence, the process 15 effectively in statiohanty.
Once again, the validity of the approximation P®){2) and the benefit of the PAC algorithm is evident from
Fugure 5.

5 Conxluding remarks

In thus paper we propose a new LEU-based, FAC(J, &) replacement tule that possesses all of the desirable
propeties of the LRU pohey, such as law complexnity, ease of implementation, adaptahty to vatabihoy in
access patterns. In the case of independent reference model, we derive that the performance (fanlt prob-
atmhty) of the PAC pohcy, for large cache sizes, can approach arhaitranly clese to the optimal, frequency
algotithm, with a neghgble addinenal complexity. Cur model considers request process sansfinng genet-
ahzed Zipf's law populanity distbution and attoving at Foesson nime poants. Our analyntical approach uses
probabihshie {average-case) analysis that rehes on the well-known connection between the LEU caching
and Move-to-Front searchung scheme, We exploit the novel large deviation appreach intreduced recently in
[L1]. Qur results ave further vahdated using sirnulanon. Note that 4§ dees not influence the asympteotc pet-
formance, but snll, grven the cheervanonsin Subsection 4.1, 1013 animpottant desigh parameter tepresenting
the tradectt between the faster adaptabihty (small ) and shetter transience (larger #). Futthermore, smu-
latien s show a sigmficant improvement of the FAC algotithm in comparisen to the ordinary LEU scheme,
even for 4 small values of & (& = 2, 3). The excellent agreement berween the analyncal and expenmental
tesults and sumphenty of the FAC algonthim self, imphes a very tugh petennal of the proposed pohey for
practical purposes.
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Figure 5: Tllustranon for the case of @ = 0.8

Ghiven the analyhc approach estabhshed 1n our recent work on the analysis of the LEU pohey 1n the
presence of the dependent request traffic [11] and wvestiganien of the tandermized LEU pohaes that consider
documents with different sizes [ L0], we conjecture that analogous results hold for the FAC algonthm as well.
In the context of the ordinary MTF wath lighter taled request dismbunens, the asymptonc analysis on the
flmd hemt of the search cost denived in [8] could be analogously apphed tothe case of the FAC pohcy aswell.
Finally, we would hke te note that cur algonithm velates to the eather proposed “kn-a-row™ rule [12, 7).
Thus tule was stated in the context of the expected hst search cost. However, its analytical performance in
the caching framework retmains unknown.

Appendix
Lemma 4 Let S(t) = 3700 Bi(t) aned assume s ~ efi® s i = oo, witha > Land e > 0. Then, as

t—r ox,

m(t) 2E5() ~T (1 - l) ¢ata,

&
This lemma 15 onginally stated and proved in [8]

Lemma 5§ Lef {B;,1 €1 £ N}, N £ o0, be « sequence of independent Bernoulli rondom variables,
5= Zf:l B; emed o = H[S). Then foranv e > 0, there exists 8, > (), such that

F|5 —m| > me] € 2e %™,

This lemma, 10 shghtly different form, 15 stated and proved wn [11].
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