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Abstract

We investigatea widely popular Least-Recently-Used(LRU) cachereplacementalgorithm with
semi-Markov modulatedrequests.Semi-Markov processesprovide the flexibility for modelingstrong
statisticalcorrelation,including the broadly reportedlong-rangedependencein the World Wide Web
pagerequestpatterns.Whenthefrequency of requestinga page� is equalto thegeneralizedZipf ’s law��� ���	��

��� , our main resultshows that the cachefault probability is asymptotically, for large cache
sizes,the sameas in the correspondingLRU systemwith i.i.d. requests.This appearsto be the first
explicit averagecaseanalysisof LRU cachingwith statisticallydependentrequestsequences.Thesur-
prising insensitivity of LRU cachingperformancedemonstratesits robustnessto changesin document
popularity. Furthermore,we show that thederivedasymptoticresultandsimulationexperimentsarein
excellentagreement,evenfor relatively smallcachesizes.
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1 Introduction

Thebasicideaof cachingis to maintainhigh-speedaccessto a subsetof � itemsout of a largercollection
of � documentsthat cannotbe accessedquickly. Originally, cachingwasusedin computersystemsto
speed-upthedatatransferbetweenthecentralprocessorunit andslow local memory. Therenewedinterest
in cachingstemsfrom its applicationto increasingthespeedof accessingInternetWebdocuments.

Oneof thefundamentalissuesof cachingis theproblemof selectingandpossiblydynamicallyupdating
the � itemsthatneedto bestoredin thefastmemory(cache).Theoptimalsolutionto this problemis often
verydifficult to find and,therefore,anumberof heuristic,usuallydynamic,cacheupdatingalgorithmshave
beenproposed.Among the mostpopularalgorithmsarethosebasedon the Least-Recently-Used(LRU)
cachereplacementrule. Thewide popularityof this rule is primarily dueto its high performanceandease
of implementation.LRU algorithmtendsto bothkeepmorefrequentitemsin thecacheaswell asquickly
adaptto thepotentialchangesin documentpopularity, resultingin efficientperformance.

In orderto furthertheinsight into designingnetwork cachingalgorithms,it is importantto gaina thor-
oughunderstandingof the baselineLRU cachereplacementpolicy. Basicreferenceson the performance
analysisof cachingalgorithmscanbe found in Section � of Knuth [17]. In the analysisof LRU caching
schemetherehave beentwo approaches:combinatorialandprobabilisticstudies. For the combinatorial
(amortized,competitive) analysisthereaderis referredto Bentley andMcGeoch[3] andSleatorandTarjan
[23]. Recentresultsandreferencesfor this approachcanbefoundin Borodinet al. [5] andIrani et al. [13].
In this paperwe focuson theaverage-caseor probabilisticanalysis.

Earlywork on theprobabilisticanalysisof LRU caching,andtherelatedMove-To-Front(MTF) search-
ing,algorithmwith i.i.d. requestsdatesbackto McCabe[18]. Thiswork hasbeenfollowedby investigations
of Burville andKingman[6], Rivest[21], Bitner[4], Phatarford[20], Fill [11], Flajoletetal. [12] andothers;
amoreextensive list of referencesandbrief historicaloverview canbefoundin [15].

Recently, for the independentreferencemodel,in [15] a new analyticallytractableasymptoticapprox-
imation techniqueof the LRU fault probability wasdeveloped. However, an equivalentunderstandingof
LRU performancewith statisticallydependentrequestsequencesis still lacking. Severalpapers,including
Rodrigues[22], Dobrow andFill [9] andCoffman andJelenković [8], develop representationresultsfor
theLRU cachefault probability, but theseresultsappearto be computationallyintractable,aspointedout
in [8]. Despitethe lack of analyticaltractability, numerousempiricalstudies,e.g. see[1], emphasizethe
importanceof understandingthecachingbehavior in thepresenceof strongstatisticalcorrelation,including
thelong-rangedependence.

In orderto alleviatetheprecedingproblem,thispaperprovidesthefirst explicit asymptoticcharacteriza-
tion of theLRU cachefaultprobabilityin thecaseof statisticallydependentrequests.Ourdoublystochastic
Poissonreferencemodel,capableof capturinga broadrangeof statisticalcorrelation,is describedin the
following section.UsingthismodelandthePoissondecomposition/superposition properties,similarly asin
Fill [10], in Section3 we developa representationtheoremfor thestationarysearchcostdistribution. This
representationtheoremprovidesa startingpoint for our new large deviation analysisthat, for the caseof
generalizedZipf ’s law requests,yieldsourmainresultsstatedin Theorems2 and3.

Informally, ourmainresultsshow thattheLRU faultprobabilityis asymptoticallyinvariantto theunder-
lying dependency structureof themodulatingprocess,i.e., for largecachesizes,theLRU fault probability
behavesexactly thesameasin thecaseof independentrequestsequences[15]. This mayappearsurprising
giventheimpactthatthestatisticalcorrelationhason theasymptoticperformanceof queuingmodels.Fur-
thermore,in Section� extensivenumericalexperimentsshow anexcellentagreementbetweenouranalytical
resultsandsimulations.Thepaperis concludedin Section � with a brief discussionon the impactof our
findingsondesigningnetwork cachingsystems.
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2 Model description

Consider� items,outof which � arekept in a fastmemory(cache)andtheremaining����� arestoredin
aslow memory. Eachtimea requestfor anitem is made,thecacheis searchedfirst. If theitem is not found
there,it is broughtin from the slow memoryandreplacedwith the leastrecentlyaccesseditem from the
cache.Sucha replacementpolicy is commonlyreferredto asLRU, aspreviously statedin theintroduction.
Theperformancequantityof interestfor this algorithmis theLRU fault probability, i.e. theprobabilitythat
therequesteditemisnot in thecache.Ourgoalin thispaperis to asymptoticallycharacterizethisprobability.

The fault probabilityof theLRU cachingis equivalentto the tail of thesearchingcostdistribution for
theMTF searchingalgorithm.In orderto justify this claim,we notethat � elementsin thecache,underthe
LRU rule, arearrangedin the increasingorderof their last accesstimes. Eachtime thereis a requestfor
anitem that is not in thecache,theitem is broughtto thefirst positionof thecacheandthelastelementof
thecacheis movedto theslow memory. We arguethatthefault probabilitystaysthesameif theremaining����� itemsin theslow memoryarearrangedin any specificorder. In particular, they canbearrangedin the
increasingorderof their lastaccesstimes. Theobtainedalgorithmis thenthesameastheMTF searching
algorithm. Additional argumentsthat justify theconnectionbetweentheMTF searchcostdistribution and
LRU cachefault probabilitycanbefound in [12], [10] and[15]. Hence,we proceedwith a descriptionof
theMTF algorithm.

More formally, considera finite list of items �������! #"#"#"$ %�'& , anda sequenceof requeststhat arrive
accordingto a sequenceof Poissonpoints �$(*)� #�,+.-0/1-2+3& of unit rate. At eachpoint (*) , we use 45)
to denotea documentthathasbeenrequested,i.e. anevent �$45)��768& representsa requestfor document6 ;
we assumethat thesequence�$4 ) & is independentof thearrival Poissonpoints �$( ) & . Thedynamicsof the
MTF algorithmis definedasfollows. Supposethat thesystemstartsat moment (#9 of : th requestwith an
initial permutationof the list ;59 . Then,at every time instant (*) , /=<>: , that an item, say 6 , is requested,
its positionin the list is first determined;if 6 is in the � th positionwe saythat thesearchcost ?A@) for this
item is equalto � . Now, the list is updatedby moving item 6 to the first positionof the list anditemsin
positions�! #"#"#"$ B�C�D� , aremovedonepositiondown. Notethat,accordingto thediscussionin thepreceding
paragraph,EGFH?A@0I3�KJ representsthestationaryfault probabilityfor acacheof size � .

In theremainingpartof thissectionwedescribethedependency structureof therequestsequence�$45)�& .
Let �#LM)N #�5+ ->/0-O+3& , LP9RQS:'-�LUT , be a point processwith almostsurely(a.s.) strictly increasing
points VWLM)!XYTZI2LM)\[ and �^]^_a`b #�5+ -2/=->+3& a finite statespaceprocesstakingvaluesin ���! #"#"#"a %c�& .
Then,we constructapiecewiseconstantright-continuousmodulatingprocess]ed , as

] d �7] _ `b if L ) Q
fg-1L )^XYT "
Weassumethat ]ed is stationaryandergodicwith stationarydistribution h�ij�3EGFk]edU�=�KJ andindependentof
Poissonpoints �$( ) & . Next, for any �l 8mnQ3c , dueto ergodicityEGFk]edU�=�poq]�95�rm�Jlsth�i as fusv+r" (1)

To avoid trivialities,we assumethat wyx{z\iYhNi|I3: .
For each �}Q~�=Q�c , let �K� i#��  86�<�� be a probability massfunction. Next, the dynamicsof 45) is

uniquelydeterminedby themodulatingprocess]ed accordingto thefollowing equation

EGF 4,�l�r6��� ��AQ��UQ
/Goq] d  8fgQ�( ) Jl� )��k� T � ������� �� � /�<0�!� (2)
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i. e.,thesequenceof requests45) is conditionallyindependentgiventhemodulatingprocess]ed . Therefore,
theconstructedrequestprocess�$45)N& is stationaryandergodicaswell. Wewill use

� � �3EGF 47�r6�JP����i#� T h�i��K� i#��
to expressthemarginal requestdistribution with theassumptionthat � � I�: for all 6A<�� . The preceding
processesareconstructedonaprobabilityspaceV��, %��V���[� �EU[ .
3 Preliminary results

In this sectionwe first provide, in Lemma1, generalconditionsunderwhich the searchcostprocess? @)
convergesto stationarity. Then,in the following subsectionwe characterizethestationarysearchcostdis-
tribution in Theorem1 andProposition1. The remainingpart of the sectioncontainsthe resultson MTF
searchingwith i.i.d. requeststhatwill beusedin proving ourmaintheorems.

Lemma 1 If the requestprocess45) is stationaryand ergodic, thenfor any initial permutation; 9 of the
list, thesearch costprocess? @) convergesin distribution to ? @ as /¡s¢+ , where

? @3£ @� � � T
¤�¥ � T V��G¦�§ � V¨m©�3�$[8[��eF 4|ª ¥ �r6B 8« � V¨m©���$[� %4 9 �r6�J� § � V¨m¡[ is thenumberof distinctitems,different from 6 , among4 ª ¥  #"#"#"a %4 ª T andevent « � V¨m¡[ £ �$4 ªK¬®­�6% ��jQ°¯yQ
m±& , m�<0� ; §CV�:�[³²´: , « � V�:�[³²=� .

Proof: For simplicity let ?G)¡²O? @) . Note that,dueto thestationarityof the requestprocess�$4 )�& , ?G) is

equalin distribution to the searchcost ?µ� ) �9 at the momentof : th request(#9 , given that the MTF process
startedat time ( ª ) with initial permutation; 9 . Now, eachof thesummandsof thefollowing identity

?¶� ) �9 � @� � � T ?¶� ) �9 �eF 4,9��r6�J (3)

canberepresentedas

?¶� ) �9 �eF 4,9��r6�JM� )�¥ � T V��G¦
§ � V¨m����$[8[��eF 4 ª ¥ �r6% 8« � V¨m·���$[� %4,9��r6�J\¦
?µ� ) �9 �eF « � V¨/Y[� %4,9 �r6�J� (4)

since ?µ� ) �9 ���¸¦�§ � V¨m·�r�$[ on event �$4 ª ¥ �¹6% 8« � V¨m·�r�$[� %4,9j�068& . Thesecondtermin thepreceding
equalityis boundedby ���eF « � V¨/Y[�J , which,by ergodicity, satisfiesa.s.º x{w)^» ¤ ���eF « � V¨/Y[�JM�´:\"
Thus,thelastlimit, monotonicityof thesumin (4) andidentity (3) imply that ?¶� ) �9 convergesa.s.to ? @ as/¡s¢+ . Therefore,?|@) convergesin distribution to ?A@ as /¼sv+ . ½
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3.1 Representation theorem

At this point, we will derive a representationtheoremfor the stationarysearchcost ? @ , as definedin
Lemma1. Note that ? @ is uniquelydefinedby the searchcostprocess�$4 )  8/SQ�:¾& and, therefore,it
implicitly dependson �^]e¿�ÀBXld� 8fÁQ3:¾& . However, since (#9 is independentfrom �^]ed8& , theprocess�^]e¿�ÀBXld� 8fÁQ:¾& is equalin distribution to �^]ed8 8f¸Q�:¾& . Thus,without lossof generalitywecanset (#9C�´: . Next, let ( �ª T be
thelastmomentof time fg-�: thatitem 6 wasrequested.Then,anequivalentcontinuoustimerepresentation
of ? @ is equalto ? @ � @� � � T V��g¦
§ � V�( �ª T �*]Y[8[��eF 4,95�´6�J� 
where,similarly asin Lemma1, § � V¨f��*]Y[ representsthenumberof distinct items,differentthan 6 , thatare
requestedin interval FÂ�Cf� %:�[ . Now, usingdoubleconditioningandthelastidentity, we arrive at

EGFH? @ I�ÃbJM�3Ä¶Å ¤9 @� � � T EÇÆ#ÈgÉÊ§ � V¨f��*]Ç[¸I
Ã®���! %4 9 �´6% %( �ª TCË V��Cf� #�Cfp¦ÍÌef%[ÏÎY 
where �bd is the � -algebra��VÏ]eÐ� #�Cf Q7Ñ'Q�:�[ and E Æ È*FÂÒ Ju�7EGFÂÒWo ��d�J . Usingthefact that therequestprocess45) , by (2), is conditionallyindependentgiventhemodulatingprocess]ed andthatthevariables§ � V¨f��*]Y[ and( �ª T areuniquelydeterminedby thevaluesof �$45)� 8/}Q=�|��& andthePoissonarrivalsfor fG-�: weconclude
that 4 9 is conditionallyindependentfrom § � V¨f��*]Y[ and ( �ª T , given � d , andthus

EGFH? @ I
Ã�JM�3Ä Å ¤9 @� � � T � �{� À �� E Æ#ÈGÉ § � V¨f��*]Y[¸I�Ã®���! %( �ª T Ë V���f� #�Cfp¦ÍÌ�f8[ Î " (5)

Next, we intendto show thatvariables§ � V¨f��*]Y[ and ( �ª T areconditionallyindependentgiven �bd . To thisend,
we exploit thePoissonsuperposition/decomposition propertiesof thearrival process.Let � ¬ V¨ÑY�*]Ç[ be the
numberof requestsfor item ¯ in FÂ�CÑY %:�[� %:Ó-3Ñ¡Q3f and Ô ¬ V¨f��*]Ç[g�2�eF � ¬ V¨f��*]Y[¸Ir:�J . Then, § � V¨f��*]Y[ canbe
representedas § � V¨f��*]Ç[³� �¬�Õ� �¨Ö T8× ¬ × @ ÔÁ¬�V¨f��*]Y[�" (6)

Now, we show that, for different ¯ , processes�$� ¬ V¨ÑÇ�*]Y[� %:1-©Ñ7Q©fB& aremutually independentPoisson
processesgiven ��d . In this regard, for any f�ItÑ©IØ: , let Ù	) be an interval in FÂ��ÑÇ %:�[ on which the
modulatingprocessstaysconstant,i.e. Ùb)µ�3LM)^XYTÇÚR:j��LM),Û�V��CÑP[� 
where ÜRÚÍÝÍ²vw®x{zpV�Ü� BÝ#[ and Ü�ÛÍÝ°²Þwyß�àpV�Ü� BÝ#[ . Since,by (2), the requestprocessis conditionally
independentgiven �bd , andindependentfrom thePoissonarrival points,thePoissondecompositiontheorem
(seeSection4.5of [7]) impliesthatthenumberof requestsfor item ¯ in aninterval Ùb) , given ��d , is aPoisson

variablewith expectedvalue � �{�Bá `�â^ãÂä^å�æ �¬ Ù ) . Furthermore,thePoissonvariablesfor different ¯ anddifferent
intervals Ùb) are independentgiven �bd . Thus,given �bd , aggregating the independentPoissonrequestsfor
item ¯ over all intervals Ù	)�ç�FÂ��ÑÇ %:�J , by Poissonsuperpositiontheorem(seeSection4.4 of [7]), shows
that � ¬ V¨ÑÇ�*]Y[ aremutually independentPoissonvariablesfor different ¯ . Furthermore,by repeatingthe
precedingargumentsover an arbitrary set of disjoint intervals FÂ�CÑ ¥  #�CÑ ¥ ª T�[� #"#"#"a $FÂ�CÑpT� %:�[� %:7-èÑÇT'QÒ#Ò#ÒZQéÑ ¥ ª T QØÑ ¥ Qéf , it easily follows that, for different ¯ , �$�5¬KV¨ÑÇ�*]Y[� %:2-éÑ�Qtf�& are mutually
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independentPoissonprocessesgiven �bd . In particular, for any fixed f , theBernoulli variablesÔ ¬ V¨f��*]Ç[ are
conditionallyindependentgiven ��d withEÇÆ#È*F ÔÁ¬�V¨f��*]Ç[³����JM���Á�°ê ª³ëìWí d  (7)

where î� ¬ �.��i#� T �K� i#�¬
îh�i and

îhNi,� �f Å 9ª d �eFk]eÐµ�=�KJ$Ì�ÑÇ" (8)

Therefore,since �$( �ª T I©fB&¡�è�$� � V¨f��*]Y[Z�ï:¾& , the conditionalindependenceof variables� ¬ V¨f��*]Y[ , and
equation(6) show that § � V¨f��*]Ç[ and ( �ª T areconditionallyindependentgiven ��d . Usingthis factandE Æ È�F ( �ª T Ë V���f� #�Cfp¦ÍÌ�f8[�JM�rE Æ È�F � � V¨fð�}Ì�f��*]Y[³�=:\ %� � V¨f��*]Ç[ð�'� � V¨fð�'Ìef��*]Y[�����J�¹ê ª³ëì�ñ d �K�{� ä È �� Ìef
in (5) we derive thefollowing representationtheorem

Theorem 1 Thestationarydistribution of thesearching cost ?A@ satisfies

EGFH? @ I
ÃbJP�3Ä¶Å ¤9 @� � � T �K�{� À �� ���{� ä È �� ê ª³ëìÏñ d E Æ È*FH§ � V¨f��*]Y[gI
ÃÓ����JòÌef� (9)

with § ¬ V¨f��*]Y[� %Ô ¬ V¨f��*]Y[ and

î� ¬ satisfyingequations(6), (7) and(8), respectively.

Remark 1 Throughoutthis paper we will usethe property that variables § ¬ V¨f��*]Ç[� %Ô ¬ V¨f��*]Y[� �¯�<ó� are
monotonicallyincreasingin f and Ô ¬ V¨f��*]Ç[� �¯Ó<0� are conditionallyindependentgiven �bd .

In thepropositionthat follows we investigatethe limiting searchcostdistribution whenthenumberof
items �nsÞ+ . Now, assumethattheprobabilitymassfunctions �K� i*��  ��AQ=�RQrc aredefinedfor all 6G<��
with wyß�àÁ� � i#�� I´: . Usingtheseprobabilities,for a givenmodulatingprocess]ed andeach �ôQ=�éQ0+ we
defineasequenceof requestprocesses�$4 @) & , whoseconditionalrequestprobabilitiesareequalto

� � i#��¨Ö @ � �K� i#��õ @� � T �K� i#��  v�jQ�6�Q����
then,for eachfinite � , let ? @ bethecorrespondingstationarysearchcost.In thecaseof thelimiting request
process4 ) �©4 ¤) , similarly asin (6), introduce § � V¨f��*]Y[ô� õ ¬!Õ� � ÔÁ¬eV¨f��*]Y[ to be equalto the numberof
differentitems,not equalto 6 , thatarerequestedin FÂ�Cf� %:�[ ; Ô ¬ V¨f��*]Ç[ is theBernoulli variablerepresenting
theeventthatitem ¯ wasrequestedat leastoncein FÂ�Cf� %:�[ . Now, weprove thelimiting representationresult
thatprovidesastartingpoint for our largedeviation analysisin Section4.

Proposition 1 Theconstructedsequenceof stationarysearch costs ? @ converges in distribution to ? as��s¢+ , where thedistribution of ? is givenby

EGFH?2I
ÃbJM�rÄ Å ¤9 ¤� � � T � ��� À �� � �{� ä È �� ê ª³ëìÏñ d E Æ#È FH§ � V¨f��*]Y[gI
Ã®�3��J$Ìef�" (10)

Remark 2 For thei.i.d. case, this resultwasprovedin Propositionö	"÷ö of [10].

Proof: In orderto prove theconvergencein distribution, it is enoughto show thepointwiseconvergenceof
distribution functions,i.e. for any Ã�<�: , EGFH?A@OIøÃbJGsùEGFH?~I2Ã�J as �Þs + . This is easilyachieved
usingtheDominatedConvergenceTheorem.For detailsseetheappendix.
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3.2 Results for i.i.d. requests

In thissectionwestateseveralresultsthatconsiderLRU cachingschemewith independentrequeststhatwill
beusedin proving ourmainresults.TheMTF modelwith i.i.d. requestsfollows from our generalproblem
formulationwhenthemodulatingprocessis assumedto bea constant,i.e. ]ed³²�ú*û�/Çü�f�ÜK/Pf . In this casethe
Bernoullivariables�$Ô ¬ V¨f%[� �¯Ó<0��& thatindicatethatanitem ¯ wasrequestedin FÂ��f� %:�[ areindependentwith
successprobabilitiesEGF Ô � V¨f8[g����JY�ø�C��ê ª ì�ñ d . Then,usingthenotation § � V¨f8[g� õ ¬�Õ� � Ô ¬ V¨f8[ , it is easyto
seethatthedistribution of thelimiting stationarysearchcost ? from Proposition1 reducesto

EGFH?�I
Ã�Jl� Å ¤9 ¤� � � T �!ý� ê ª ìÏñ d EGFH§ � V¨f8[¸I
Ã®����JòÌ�f�" (11)

Thefollowing two results,originally provedin Lemmas� and þ of [14], arerestatedherefor convenience.
In thispaperweareusingthefollowing standardnotation.For any two realfunctionsÜlV¨f%[ and Ý!V¨f%[ andfixedf�9 Ë'ÿ�� ��+3& we will use ÜMV¨f8[��2Ý!V¨f8[ as f�sóf�9 to denote

º x{w¶dò»,d{ÀPÜMV¨f8[��!Ý!V¨f%[��©� . Similarly, we saythatÜMV¨f8[��¹Ý�V¨f%[ as f�sØf�9 , if
º x{wÍx{z	��dò»,d À ÜlV¨f%[��!Ý!V¨f8[Á<0� ; ÜlV¨f%[�
=Ý!V¨f%[ hasa complementarydefinition.

Lemma 2 Assumethat � � �´ú��a6
� as 6ðs¢+ , with �°I0� and ú,I�: . Then,as f�s¢+¤� � � T V�� � [�ý�ê ª ìÏñ d � ú���� ��� þj� ���� f ª ý X ��  
where

�
is theGammafunction.

Lemma 3 Let §ÁV¨f%[�� õ ¤� � T Ô � V¨f8[ and � � �=ú��a6 � as 6ðsv+ , with ��I7� and ú,I�: . Then,as fus¢+
m'V¨f8[ £ ÄU§ÁV¨f8[�� � � �¸� �� � ú �� f �� "

Throughoutthepaper� denotesa sufficiently largepositive constant,while � denotesa sufficiently small
positiveconstant.Thevaluesof � and � aregenerallydifferentin differentplaces.For example,���!þô��� ,� ý ��� , �©¦´� ��� , etc.Thenext straightforward lemmawill berepeatedlyusedin thepaper.

Lemma 4 Let �$Ô �  86j<O��& bea sequenceof independentBernoulli randomvariables, §´� õ ¤� � T Ô � andmï�3ÄGFH§YJ . Thenfor any ��I�: , there exists ����I�: , such thatEGF{o÷§±�}m�oKI�m ��JpQ!�±ê ª#"%$ ¥ "
Theproof is givenin theappendix. ½

Now, weprovideageneralboundon thesearchcostdistribution for thecasewhentherequestprobabil-
itiesarepolynomiallybounded.In thefollowing two lemmas,wealsoallow for someof the � � -s to beequal
to zero.

Lemma 5 If :ZQ
� � Q!�&�a6 � , thenfor any Ã¼<0�
EGFH?2I
ÃbJÇQ �Ã � ª T "
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Proof: If therewerefinitely many � � s that arepositive, thenwe could alwaysfind a large enoughcache
sizesuchthat the fault probability is equalto zeroandthe boundtrivially holds. Hence,without lossof
generalitywe canassumethat � � I�: for countablymany 6,<O� . Therefore,m'V¨f%[�'.+ monotonicalyasf(' + , implying thattheinversem ª T V¨f%[ existsfor any f¸<r: . Next, define Ã)���øV��C�*��[*V¨Ã����$[ , for some:Z-+�C-0� . Now, using § � V¨f8[¸Qr§ÁV¨f%[ in (11),we derive

EGFH?�I
Ã�JÇQrÅ ¥ ä � �-, $ �9 ¤� � � T � ý� ê ª ìÏñ d EGFH§ÁV¨f%[¸I
ÃÓ����J$ÌefÇ¦
Å
¤¥ ä � �-, $ �

¤� � � T � ý� ê ª ì�ñ d Ì�f£�. T V¨ÃM[Ç¦ . ý V¨ÃM[�"
Then,since §CV¨f8[ is non-decreasingfunctionin f

. TaV¨ÃP[gQ1EGFH§ÁV¨m ª T V¨Ã/��[8[¸I
Ã®����J Å ¥ ä � �0, $ �9 ¤� � � T �!ý� ê ª ì�ñ d Ì�f�3EGFH§ÁV¨m ª T V¨Ã/��[8[¸I
Ã®����J ¤� � � T � � V��Á��ê ª ìÏñ�¥ ä � �0, $ � [Q1EGFH§ÁV¨m ª T V¨Ã/��[8[¸I
Ã®����J
which,by m'V¨m ª T V¨Ã/��[8[���V����1��[*V¨Ã����$[ andLemma4, implies. TaV¨ÃP[gQ!�±ê ª#"%$ , �´û � �Ã � ª T � as ÃRs¢+ . (12)

Next,

. ý V¨ÃM[�� Å ¤¥ ä � �-, $ �
¤� � � T ��ý� ê ª ì�ñ d Ì�fQ ¤� � � T � � ê ª ì�ñ�¥ ä � �-, $ �

Q �m ª T V¨Ã � [32 ,54� � � T � � m ª T V¨Ã/��[�ê ª ìÏñ{¥ ä � �-, $ � ¦ ¤�� � 2 ,54 XYT
� � " (13)

Since687	9	:�; 9=< ê ª : �=ê ª T implies � � m ª T V¨Ã)�8[�ê ª ìÏñ�¥ ä � �0, $ � Q3ê ª T for all 6 and
õ ¤� � 2 ,54 XYT � � Q?>

¤, ���aÑ � ÌeÑ ,
theprecedinginequalityrenders . ý V¨ÃP[gQ ÃMê ª Tm ª T V¨Ã)�8[ ¦ �V@�D���$[ÏÃ � ª T " (14)

Next, from � � QA�&�a6 � , the monotonicityof �A�=ê ª , d andLemma3 we derive m'V¨f8[RQA�¡f#�� , implyingm ª T V¨Ã)�8[g<+�bÃ)� , and,therefore . ý V¨ÃM[gQ �Ã � ª T  
which, in conjunctionwith (12),provestheresult. ½
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Lemma 6 If :ZQ
� � Q!�&�a6
� , then ¤� � � T � � ê ª ìÏñ d Q!�¡f ª TÏX �� "
Proof: Similarly as in the proof of Lemma5, the claim follows easily from 6B7	9	:�; 9=< ê ª : �óê ª T , the
assumption� � Q!�&�a6 � and ¤� � � T � � ê ª ì�ñ d Q �fC2 d �� 4� � � T � � f�ê ª ì�ñ d ¦ ¤�� � 2 d �� 4

� �  
where D <FE is theintegerpartof < ; weomit thedetails. ½
4 Main results

In this sectionwe derive our main resultsin Theorems2 and3. Theseresultsfully generalizeTheorem3
of [14] that was proved for the independencereferencemodel. Furthermore,our proving methoduses
probabilisticandsamplepatharguments,in contrastto theTauberianapproachusedin [14].

4.1 Lower bound

In preparationfor our main results,we prove the following lower boundthat holdsfor the entireclassof
stationaryandergodicmodulatingrequestprocesses,asdefinedin Section2.

Proposition 2 Assumethat � � �´ú��a6 � as 6ðs¢+ , �°I0� andG V@�u[ £ � �¸� �� �IH � � �¸� �� �KJ �  (15)

where
�

is theGammafunction.Then,as Ã�s¢+EGFH?�I
ÃbJ/� G V@�u[�EGF 4�I
Ã�J�"
Proof: For any �®IL�¶I7: , let �$Ô ª �� V¨f%[� 86,<S��& bea sequenceof independentBernoulli randomvariables
with EGF Ô ª �� V¨f%[R� ��J¶�v�ô�¹ê ª ìÏñ � T ª � � d , § ª ��V¨f8[ £ õ ¤� � T Ô ª �� V¨f%[ and m ª �*V¨f8[ £ ÄY§ ª �^V¨f%[�� õ ¤� � T V��ô�ê ª � T ª � � ì�ñ d [�" Note that, usingthe independencereferencemodelinterpretationfrom the beginning of Sub-
section3.2, § ª �*V¨f8[ representsthenumberof distinct itemsrequestedin interval V��Cf#V��C�M��[� %:�[ . Therefore,
we canassumethat § ª ��V¨f8[ is constructed,on a possiblyextendedprobability space,monotonicallynon-
decreasingin f . Wealsodefine N V¨f%[ £ wyß�àT8× i × � o

îh�i �'h�i	o (16)

thatfor all O Ë � N V¨f8[gQ?�*& and �AQ3��Q�c , implieshNiKV��Á����[gQ îhNi5² îhNi¾V¨f%[GQ�h�i\V��G¦M��[� 
and,therefore � � V��Á�*��[GQ î� � ² î� � V¨f%[gQ�� � V��G¦M��[� (17)
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for all 6G<0� . This furtherimpliesthatfor every O Ë � N V¨f%[gQ+�#&E Æ È*F Ô ¬ V¨f��*]Y[�����JM���C�'ê ª³ëì�ñ d <0�Á��ê ª � T ª � � ìÏñ d �3EGF Ô ª �� V¨f%[�����J�"
Therefore,for every O Ë � N V¨f%[µQP�#& , by Strassen’s theoremon stochasticdominance(e.g.,seeTheoremþ¾"RQ¾"{� of [2]), thetotalnumberof distinctitems §CV¨f��*]Y[�²¹§ � V¨f��*]Y[Ç¦°Ô � V¨f��*]Y[ requestedin FÂ�Cf� %:�[ satisfiesE Æ#È FH§ÁV¨f��*]Ç[¸I
ÃbJÇ<
EGFH§ ª ��V¨f%[gI
Ã�J�" (18)

Then,representationexpression(10)andequations(17-18)renderfor any ST�³I3:
EGFH?2I
ÃbJÇ<
Ä Å ¤U $ , �

¤� � � T � �{� À �� � ��� ä È �� ê ª³ëì�ñ d E Æ#È FH§ÁV¨f��*]Ç[¸I
ÃbJ$Ì�f
<
Ä¶Å ¤U $ , �

¤� � � T ���{� À �� �K��� ä È �� ê ª ì�ñ � TÏX=� � d EGFH§ ª �*V¨f8[gI�ÃbJ��eF N V¨f%[gQ+�8J$Ìef�"
Now, usingthelastexpressionandmonotonicityof § ª ��V¨f%[ we derive

EGFH?�I
ÃbJp<1EGFH§ ª �*VVST�ÏÃ � [gI
Ã�J Å ¤U $ , �
¤� � � T ê ª ì�ñ � TÏX=� � d Ä�WÏ�K��� À �� �K��� ä È �� �eF N V¨f8[¸Q+��JYXZÌef�" (19)

The ergodicity of ]ed andfinitenessof its statespaceimplies that uniformly in �l %� andall f large enough
( fg<
f � ) EGF N V¨f%[gQ+�� *]�9��=�l *] ª dU�´�WJÇ<0V����1��[�hNiahN�� 
whichyieldsfor all 6G<0� and f large,Ä�W�� �{� À �� � �{� ä È �� �eF N V¨f%[gQ+�8JYX¶<�V��Á����[*V�� � [�ý!" (20)

Next, if we chooseST�¡� � TÏX ý � � �Z � T ª � �\[ ] � T ª �� �_^ � , then, it is easyto checkthat, by Lemma3, Äpm ª �!VVS`��Ã � [a�V��|¦�þT��[ÏÃ as Ãøs + , from which it follows that for all Ã large ( ÃO<ØÃ)� ) Äpm ª ��VVST��Ã � [±< V��A¦L��[ÏÃ .
Therefore,by Lemma4, for all Ã¡<
Ã � EGFH§ ª �*VVS`�ÏÃ � [GI�ÃbJÇ<0�¸�*�#"
Thus,replacingthelastinequalityand(20) in (19),we concludethatfor all large Ã

EGFH?2I�ÃbJp< V��Á�*��[ ýV��G¦���[ ý Å ¤U $ , �
¤� � � T V�� � V��G¦M��[8[�ý�ê ª ì�ñ � TÏX=� � d Ìef�" (21)

In orderto estimatethelastintegral,we observe that,by Lemma2, for all fG<�f%�¤� � � T V�� � V��G¦���[8[ ý ê ª ìÏñ � TÏX=� � d <7V��Á����[ V8V��g¦M��[�ú#[ ��� �*� þ,� �� � f ª ý X �� "
Hence,usingthelastestimatein (21) andcomputingtheintegral resultin

EGFH?�I
ÃbJp< V��Á����[%bV��G¦M��[ ý V8V��g¦M��[�ú�[ ���¡�3� ��� þ,� �� � VVST��Ã � [ ª TÏX ��  
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that,in conjunctionwith thedefinitionof ST� , for all Ã¼<
Ã/� yields

EGFH?2I�ÃbJp< V��Á����[dc ª ��V��G¦
þT��[ TÏX � ª �� G V@�ð[ úV@�±�3�$[ÏÃ � ª T "
Thelastboundandtheasymptoticbehavior of therequestdistribution EGF 42I
Ã�J/e´ú��\V8V@�µ�D�$[ÏÃ � ª T [ further
imply º x{w
xòz	�, » ¤ EGFH?2I
ÃbJEGF 4�I
ÃbJ < V��Á�*��[ c ª ��V��G¦1þT��[ TÏX � ª �� G V@�u[� 
which,by passing�gfô: , concludestheproof. ½
4.2 General modulation

In this sectionwe prove our first main result,with the underlyingprocess]ed beingsomegeneralprocess
with sufficiently fastrateof convergenceof empiricaldistribution.

Theorem 2 If � � �´ú��a6
� as 6Usv+ , ��I0� andfor any �CI3:w®ß�àT8× i × � EGF{o
îhNi¾V¨f%[U�'hNi\oKI+�8Jl�´ûih�f �� ª ý5j as f�sv+3 (22)

then EGFH?�I
Ã�J/� G V@�ð[�EGF 4øI
ÃbJ as Ã�s¢+r 
with

G V@�ð[ asdefinedin (15).

Remark 3 ThisresultandTheorem3 of thefollowingsubsectionshowthatLRU fault probability is asymp-
totically invariant to themodulatingprocessandbehavesthesameasin thecaseof i.i.d. requestswith fre-
quenciesequalto themarginal distribution � � . G V@�ð[ is monotonicallyincreasingin � with

º x{w � »¶T G V@�u[��� and
º x{w � » ¤ G V@�ð[G�=ê5kml��!"0n`o , where p is theEuler constant;thiswasformally providedin Theorem Q

of [14].

Remark 4 Condition(22) mayexcludethesetof processeswhoseautocorrelation functionsdecayslower
than f)�� ª ý , in particular long-range dependentmodulatingprocesses]ed . To seethis,considerthecasewhen
thejumppoints VWL ) ��L ) ª T [ are i.i.d. with thefirst jumppoint distributedasEGF LYTCI
fÏJM� Ìf%q  �:µ-�r'Q0�
for someconstantÌ , andthemodulatingprocessobservedat this points ]^_�` is a finite stateMarkov chain
independentof �#L ) & . Then,Theorem n of [16], showsthat theautocorrelationfunctionof ] d satisfiess V¨f%[�e3EGF LUTCI
f�J as fusv+ ,

implyingthat > ¤T s V¨f8[¾Ì�fG�0+ ; hence, ]ed is long-range dependent.On theotherhand,since ]�9 is indepen-
dentof LYT EGF{o îh�i\V¨f8[ð�'h�i\o¾I+��Jp<
EGF{o îh�i	V¨f8[Y��h�i	oKI+�# �LUTCI
fÏJ�rEGF{oÂ�eFk]�95�=�KJ��}hNi\oKI?��J�EGF LUT�I
fÏJM� Ì	Tf q  
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where ÌbTg�´Ì^EGF{oÂ�eFk]�9,�=�KJb�'hNi\oKI+�8J . Therefore,f�ý ª �� EGF{o îh�i �'h�i	oKI+�8JÇ<�Ì	T8f�ý ª �� ª q sv+ as f�s¢+ ,

which violatescondition(22).

Proof: Using §ÁV¨f��*]Ç[³²¹§ � V¨f��*]Y[p¦ÍÔ � V¨f��*]Y[Á<r§ � V¨f��*]Y[ andtherepresentationin (10), for any � I�:
EGFH?�I
Ã�JÇQ1Ä Å�t , �9

îu V¨f%[�E Æ#È FH§ÁV¨f��*]Y[¸I
ÃÓ����J$ÌefÇ¦�Ä Å ¤t , �
îu V¨f%[�E Æ#È FH§ÁV¨f��*]Y[gI�Ã®����J$Ì�f£�. T$V¨ÃM[p¦ . ý V¨ÃP[� (23)

where îu V¨f%[ £ ¤� � � T �K��� À �� �K�{� ä È �� ê ª³ëìÏñ d Q ¤� � � T �K�{� À �� ���!" (24)

Furthermore,the empirical distributions areuniformly boundedby

î� � � õ �i#� T
îh�ia� � i#�� Q õ �i#� T � � i#�� Qv� � £ � � �Uw®x{z	iYhNiy-7+ , since wyxòz	iYhNiyI¹: . Then,we definea sequenceof independentBernoulli random

variables� vÔ � V¨f8[� 86C<2��& , with EGF vÔ � V¨f8[¸�>��JU�>�C�°ê ªxwì�ñ d and
v§CV¨f8[¸� õ ¤� � T vÔ � V¨f%[ ; similarly asin theproof

of the lower bound,
v§ÁV¨f%[ canbe constructednon-decreasingin f . Note that for every O , E Æ È*F Ô � V¨f��*]Y[y���JÇQ1EGF vÔ � V¨f%[�����J and,therefore,by stochasticdominance(seeStrassen’s Theoremþ¾"RQ¾"{� in [2]), we obtainE Æ È*FH§ÁV¨f��*]Y[jI0ÃR�´��JGQ¹EGF v§�V¨f8[,I0ÃR�´��J uniformly in O . Usingthis observation andthemonotonicityofv§ÁV¨f%[ , we arrive at . T$V¨ÃP[gQ Åyt , �9 EGF v§CV¨f%[gI
ÃÓ����J$Ìef¸Q!�¡Ã � EGF v§�V\�	Ã � [¸I
Ã®����J�" (25)

Now, dueto Lemma3, Ä v§|V¨f8[�Qz�¡f �� , andtherefore,we canalwaysfind � smallenoughsuchthat for any�ÁI3: andall Ã largeenough Ä v§|V\�	Ã � [G-7V��Á����[*V¨ÃÓ���$[�" (26)

Then,(25), (26),Lemma4 andLemma3 imply, as Ã�s¢+. T$V¨ÃM[¸Q!�¼Ã � ê ª#" $ , �´û � �Ã � ª T � " (27)

Then,by using
N V¨f%[ asdefinedin (16),weobtain. ý V¨ÃM[gQ1Ä Å ¤t , �
îu V¨f%[�E Æ#È FH§ÁV¨f��*]Y[ÁI
Ã®����J$Ì�f

�3Ä¶Å ¤t , �
îu V¨f%[�EÇÆ#È*FH§ÁV¨f��*]Y[ÁI
Ã®����J��eF N V¨f8[ÁQ+��J$Ì�fP¦�Ä¶Å ¤t , �

îu V¨f%[�EÇÆ#È*FH§ÁV¨f��*]Y[ÁI
Ã®����J��eF N V¨f8[ÁI+��J$Ì�f� . ý T V¨ÃP[p¦ . ý8ý V¨ÃM[�" (28)

Note that, by assumptionof the theorem,for any {1I�: and f large enough,EGF N V¨f8[ I|��JµQ }d�~ ä �� and,

therefore,using(24), for all Ã largeenough. ý8ý V¨ÃM[gQrÅ ¤t , � {f�ý ª �� ÌefgQ {V��Á� T� [�� T ª �� Ã � ª T "
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Thus,since { canbearbitrarily small. ý8ý V¨ÃP[��´û � �Ã � ª T � as Ã s¢+ . (29)

Next, we will provide the estimatefor . ý TaV¨ÃM[ . Similarly as in the proof of the lower bound,we define§=��V¨f8[ £ õ ¤� � T Ô �� V¨f8[ , where �$Ô �� V¨f%[� 86�<ø��& is a sequenceof independentBernoulli randomvariableswithEGF Ô �� V¨f%[¶�è��J����j��ê ª ìÏñ � TÏX=� � d . As before, § � V¨f%[ canbe constructednon-decreasingin f . Therefore,by
stochasticdominance,for every O Ë � N V¨f%[gQ+�#& ,E Æ È*FH§ÁV¨f��*]Y[gI
Ã®�3��JÇQ1EGFH§=�*V¨f8[¸I
Ã®����J�"
Furthermore,sincefor all O in � N V¨f8[¸Q+�*& (17)holds,by using(24),weobtainthatfor any constantST�³I3:

. ý TaV¨ÃM[¸Q1Ä Å ¤9 ¤� � � T �K�{� À �� ���{� ä È �� ê ª³ëìÏñ d EGFH§=�*V¨f8[¸I
Ã®����J��eF N V¨f8[ÁQ+��J$Ì�f
Q1Ä Å U $ , �9 EGFH§=��V¨f%[gI
ÃÓ����J$ÌefÇ¦ Å ¤U $ , �

¤� � � T Ä*WÏ� ��� À �� � ��� ä È �� �eF N V¨f8[¸Q+��JYX�ê ª � T ª � � ì�ñ d Ìef�" (30)

If weselectS � � � T ª ý � � �Z � TÏX=� �\[ ] � T ª �� �Y^ � , then,dueto Lemma3, ÄU§ � VVS � Ã � [�e2V��³�DþT��[ÏÃ , which impliesthatfor allÃ largeenough( Ã¼<
Ã/� ), ÄU§=�!VVST�ÏÃ � [g-7V��Á����[*V¨ÃÓ�
�$[�"
Hence,since § � V¨f%[ is non-decreasing,by applyingLemmas4 and3 weconcludethatfor Ã large( Ã¡<
Ã � )

Å U $ , �9 EGFH§=�*V¨f8[gI�Ã®����J$Ì�fgQ�S`�ÏÃ � EGFH§=�*VVST��Ã � [GI
Ã®����JYQ!�¼Ã � ê ª#" $ , �´û � �Ã � ª T � " (31)

At this point, it remainsto derive anestimateof thesecondintegral in (30). Similarly asin theproof of the
lowerbound,since ]ed is ergodicandhasfinitely many states,for all 6G<0� and f large( fG<�f%� )Ä³F÷�K��� À �� �K��� ä È �� �eF N V¨f8[¸Q+��J�JÇQ�V��G¦M��[*V�� � [ ý "
This impliesthatfor Ã largeenough( ÃD<
Ã)� ), thesecondtermin (30) is boundedby�G¦M�V��Á����[ ý Å ¤U $ , �

¤� � � T V8V��Á����[�� � [�ý�ê ª � T ª � � ìÏñ d Ìef�"
Boundingthe precedingexpressionis analogousto evaluatingthe integral in (21), i.e., we useLemma2
to upperboundthe sum underthe integral for large Ã and then computethe integral for the chosenST� .
Therefore,combiningtheboundobtainedin thiswaywith (31), (30), (29), (28),(27)and(23),we deriveº x{w�687�9, » ¤ EGFH?�I1ÃbJ{Ã � ª T Q V��g¦M��[ b ª ��V��Á��þT��[ TÏX � ª �� G V@�ð[ úV@�±�
�$[  
which,by passing�gfô: , finishestheproof. ½
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4.3 Semi-Markov modulation

In orderto cover the caseswhencondition(22) is not satisfied,e.g. thoseexamplesfrom Remark4 that
exhibit the long-rangedependence,we assumethe following detailedstructureof themodulatingprocess.
We considertheclassof semi-Markov processes,that is uniquelydefinedby thefollowing evolution of ]ed
at jump points Ll) EGFk]^_ ` �¹�l �Ll)^XYT���LM)®Q
f�oq]^_ í  �L ¬ XYT# �¯y-
/MJ�*� � i¾V��Á���Yi\V¨f8[8[ on �^] _ ` ä � �368&e 
where �Ui\V¨f8[¸�¹EGF Ll)^XYTG�'Ll)¼Qrf�oq]^_ ` ���KJ and� � i¶�=EGFk]^_ `�� � ���poq]^_ ` �¹6�J (seeSection5 of Chapter10
in [7]). Weassumethat ��� � ¬ & is astationaryandergodic(irreducible)finite stateMarkov chain.Recallthat,
without lossof generality, wesetLP9,-�:ZQ
LYT . Throughoutthissectionweassumethat ÄGF L ý �ZLUT8J TÏX } -r+
anddefineN i £ EGFk]^_ � �=�KJ� �pi £ ÄGF L ý �}LYT�oq]^_ � �=�KJ and � £ Ä³F L ý �}LYT8Jl� ��i*� T N i��piK"
Then,for ]ed in stationarity, Ä³V¨L ý �±LUT�[ TÏX } -´+ impliesfor all �jQ3��Q�c

EGF LUTCI
Ãðoq]�95�=�KJl� > ¤, V��Á���Ui	V¨ÑM[8[¾Ì�Ñ�pi �´û � �Ã } � as Ã�sv+r" (32)

For ]ed asdescribedabove,westateoursecondmainresult.

Theorem 3 Assumethat ] d is semi-Markov with ÄGF L ý �1L T J TÏX } -�+ , for some{±IO: . If � � �·ú��a6 � as6ðsv+ , �°I0� , then EGFH?�I
Ã�J/� G V@�ð[�EGF 4øI
ÃbJ as ÃRs¢+ ,

with
G V@�ð[ asdefinedin (15).

In preparationfor theproof we definethemomentsof reversedjump points L��) £ �ÁL ª ) , /r<2: ; this
notationis convenientsince ? dependson ]ed for negative valuesof fôQ�: . Note that VWL �9  *]�9�[ is equalin
distribution to VWLYT� *]�9$[ and,thus,(32)holdsfor L��9 aswell.

Heuristic outline of the proof: The proof of the lower boundfollows from Proposition2. Hence,in
orderto completetheproof, we needto prove theupperbound. To this end,we observe that

îu V¨f%[ , asde-
fined in (24), is a randomvariablemeasurablewith respectto ��d . Therefore,using §ÁV¨f��*]Ç[j<�§ � V¨f��*]Ç[ andE Æ#È FH§ÁV¨f��*]Y[ÁI1ÃbJM�3Ä Æ#È �eFH§ÁV¨f��*]Y[¸I
Ã�J , theintegral representationin (10) is boundedby

EGFH?2I�ÃbJpQ1Ä¶Å ¤9
îu V¨f%[��eFH§ÁV¨f��*]Y[ÁI
ÃÓ����J$Ìef

�3Ä Å _)�À9 ¦ Ä Å _)��0� �V���%�_ �À ¦ Ä Å ¤_ ��0� �V��� �£�. T V¨ÃP[p¦ . ý V¨ÃM[p¦ . b V¨ÃP[�" (33)

For agiveninitial state]�9��¹� , theintegral representationin . T$V¨ÃM[ approximatelycorrespondsto thecaseof

i.i.d. requests,representedin (11),where � � is replacedby ��� i#�� andtheintegrationis truncatedby a random
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time L��9 . Now, usingthefactthat EGF L��9 I
Ã�Jlsé: as Ã�s + andLemma5,weestimate. TaV¨ÃM[��=û\V����aÃ/� ª T [
as Ã¹s + . Next, observe that for Ã large enoughL �2 , �V�
� 4&� Ã Td� b � . Then,by using

îu V¨f8[RQ�� andthe

definitionof
v§ÁV¨f%[ from theproof of Theorem2, we conclude

. ý V¨ÃP[�� Å , �V�
���9 EGF v§CV¨f%[gI
ÃÓ����J$ÌefQ
Ã Td� b �MEGF v§CV¨Ã Td� b �Y[GI�ÃÓ�
��J�´û � �Ã � ª T � as Ã�s¢+ ,

wherein the last equalitywe exploited Lemma4. Finally, dueto ergodicity of the process]ed , for f large
enough

î� � � � � and,therefore,from thedefinitionsof Ô � V¨f��*]Y[ and §ÁV¨f��*]Y[ , we deducethat §ÁV¨f��*]Y[ � §ÁV¨f8[ ,where §ÁV¨f%[ corespondsto thenumberof distinct requestsin FÂ�Cf� %:�[ for thecaseof an i.i.d. requestswith
distribution � � , asdefinedin Subsection3.2. Hence,for Ã largeenough,. b V¨ÃM[ is approximately. b V¨ÃM[ � ÄôÅ ¤, �V��� �

îu V¨f%[��eFH§ÁV¨f��*]Ç[ÁI
Ã®�3��J$Ìef
� Å ¤, �V�
� �

¤� � � T ê ª ì�ñ d Ä³F � �ò� À �� � ��� ä È �� J�EGFH§ÁV¨f%[¸I�Ã®����J$Ì�f
� Å ¤9 ¤� � � T ê ª ìÏñ d V�� � [�ýBEGFH§ � V¨f%[gI
ÃÓ��þaJ$Ìef� 

since,by (1), ÄGF �K��� À �� �K�{� ä È �� J�l·V�� � [ ý and § � V¨f%[j<�§ÁV¨f%[u�=� . The lastexpressionequalsto thecaseof i.i.d.
requestsstatedin equation(11) andcanbe estimatedusingeitherTheoremQ of [14] or our Theorem2.
A rigorousproof of the theoremis muchmoreinvolved andvery technicaland,therefore,we presentit in
separateSection7 of thispaper. ½
5 Numerical examples

In thissubsection,weprovidethreesimulationexperimentsthatillustrateTheorems2 and3. Weconsiderthe
casewheretheunderlyingprocess]ed is a two-state�$:\ ���& semi-Markov processwith parametersimplying
strongcorrelation. Sincethe asymptoticresultswereobtainedfirst by passingthe list size � to infinity
andtheninvestigatingthetail of thelimiting searchcostdistribution, it canbeexpectedthattheasymptotic
expressiongivesa reasonableapproximationfor EGFH?A@nIï�KJ whenboth � and � arelarge. However, it
is surprisinghow accuratelytheapproximationworksevenfor relatively smallvaluesof � andalmostall
valuesof ��-3� .

The initial positionof itemsin the list is chosenuniformly at random. In eachexperiment,beforewe
conductmeasurements,we allow �#:�� units of warm-uptime for the systemto reachits steadystate. In
orderto make surethat the simulationresultsareaccurate,we run anothersimulation,wherewe take the
initial positionof itemsaccordingto the reversedorderof their popularity (i.e. the first item is the least
popular, etc.). In all theseexperiments,themeasuredresultsarealmostidenticalfor thesedifferentinitial
conditions. Therefore,onecansafelyassumethat the experimentsreachedthe steadystate. The actual
measurementtime is setto be �#:�� unitslong. In all of theexperiments,themeasurementsareconductedfor
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cachesizes�®�
¯��Y�!:\ ��AQ°¯yQ0��� andarepresentedwith star“*” symbolsonFigures1, 2 and3, while our
approximation,

G V@�u[�EGF 42I
/MJ , is representedwith thesolid line on thesamefigures.
Thetotal numberof documentsin all threeexperimentsis setto �è���#:^:^: . TheMarkovian transitions

of thetwo-statemodulatingprocessare �N9�T �+�pT�9|�©� . We use ( 9 and ( T to denotethevariablesequalin
distribution to thesojourntimescorrespondingto states: and � , respectively. In thefirst two experiments( 9 and ( T arediscreterandomvariables,while in thethird experimentthey arecontinuous.

Example 1 In this experimentwechoosediscreterandomvariables ( 9 and ( T to bedistributedas EGF ( T �6��µ�#:�J¶�èEGF ( 9 �è6��µ�#:�J¶�ØÜ&�ZV����\V¨6��Z�#:�[%b¶�����\V8V¨6g¦ø�$[K�Z�#:�[%b$[ , where 6 Ë ���! #"#"#"a ��#: c & and Ü´��#:TbeV�� �r���\V��#: c ¦=�$[%b�[ ª T . In state : , only odditemsare requestedaccording to � � 9 �ý � XYT �L� 9@ �\V�þ�6Ç¦¹�$[ T�� c ,� � 9 �ý � �´: , where ����� 9@ � õ c8���� � 9 ���\V�þ�6$¦¡�$[ T�� c , whilein state � , theprobabilitiesareconcentratedexclusively

on evendocuments,�K� T �ý � ��� T@ �\V�þ�6�[ T�� c , �K� T �ý � XYT ��: , where ����� T@ � õ @ � ý� � T ���\V�þ�6�[ T�� c . Theexperimental
resultsare presentedin Figure 1. Thismodelcorrespondsto thecasewhere two differentclassesof clients
requestdocumentsfrom disjoint sets. Evenin this extremescenario,our approximation

G V@�ð[�EGF 4vI��KJ
matchesverypreciselythesimulatedresults.
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Figure1: Illustrationfor Example1

Example 2 Here, we selectvariables ( 9 and ( T to be distributedas EGF ( T �>6��|�#:�Jg�øEGF ( 9 �>6��|�#:�Jg�Ý��5V����\V¨6x� �#:�[ 9��   �����\V8V¨6Ç¦´�$[x� �#:�[ 9��   [ , where 6 Ë ���! #"#"#"$ ��#: c & and Ý��ø�#: 9��   V��Á�3���\V��#: c ¦=�$[ 9��   [ ª T . In

state : , itemsare requestedaccording to distribution � � 9 �� �2? 9@ �a6 T�� c , where ���^? 9@ � õ @� � T ���a6 T�� c , andin

state � , thepopularityof documentsis givenby �K� T �� ��? T@ �a6 c � 9 , where ���^? T@ � õ @� � T ���a6 c . Our intention
in thisexperimentis to showthatonly theheaviertailedrequestprocessimpactstheLRU performance. The
simulationresultsin thiscasearepresentedin Figure2. Asin theprecedingexperiment,weobtainaccurate
agreementbetweentheapproximationandsimulation.

Example 3 Now, weillustrate thecasewhere EGF ( T I´f�JÇ��ê ª b d , f Ë F :\ �+
[ (exponentialdistribution) andEGF ( 9 I¹fÏJU�O���af 9��   , f Ë FÊ�! ��#:T¡*J and EGF ( 9 I¹f�JU�2: for f5I��#:T¡ . In state : , itemsare requestedaccording

to distribution �K� 9 �� �¢� 9@ �a6 b , where ����� 9@ � õ @� � T ���a6 b . In state � , the popularity of documentsis
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Figure2: Illustrationfor Example2

�K� T �� �P� T@ �a6 T�� c , where ����� T@ � õ @� � T ���a6 T�� c . Thisexperimentshowsthat evenin thecasewhen ÄÇ( 9 �ö��¤£vÄp( T �>���`Q , thetail of thesearch costdistribution is asymptoticallydominatedby theheaviertail of
requestsin state � . Again,theexcellentagreementof theapproximationwith simulatedresultsis apparent
fromFigure 3.
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Figure3: Illustrationfor Example3

6 Concluding remarks

In this paperwe investigatedthe asymptoticbehavior of the LRU cachefault probability, or equivalently
the MTF searchcostdistribution, for a classof semi-Markov modulatedrequestprocesses.This classof
processesprovidesboththeanalyticaltractabilityandflexibility of modelingawide rangeof statisticalcor-
relation,including theempiricallymeasuredlong-rangedependence.Whenthemarginal probabilitymass
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functionof requestsfollows Zipf ’s law, our mainresultsshow that theLRU fault probability is asymptoti-
cally proportionalto thetail of therequestdistribution. Theseresultsassumethesameform astherecently
developedasymptoticsfor the i.i.d. requests,implying that theLRU cachefault probability is invariantto
the underlying,possiblystrong,dependency structurein the documentrequestsequence.This surprising
insensitivity suggeststhat onemay not needto modelaccurately, if at all, thestatisticalcorrelationin the
requestsequence.Hence,this may simplify the modelingprocessof the Web accesspatternsandfurther
improve thespeedof simulatingnetwork cachingsystems.

Our resultsarefurthervalidatedusingsimulation.Theexcellentagreementbetweentheanalyticaland
experimentalresultsimpliesthepotentialuseof ourapproximationin predictingtheperformanceandprop-
erly engineeringWebcaches.Theexplicit nature,highdegreeof accuracy andlow computationalcomplex-
ity of our resultcontrastthelengthyprocedureof simulationexperiments.

7 Proof of Theorem 3

In orderto prove thetheoremwe will needthefollowing technicallemma.Recallthedefinitionof L �) from
Subsection4.3.

Lemma 7 If Ä³F L��T �±L��9 J TÏX } -r+ , then � I3: such thatuniformlyfor all /�Q?�	Ã
EGF L �) ��L �9 I
ÃbJYQ
/pû � �Ã TÏX } � as Ã�sv+ .

Proof of Lemma 7: Weconstructasequence��¥ �  86GQ
/ð& of i.i.d. randomvariableswithv�®V¨ÃM[ £ EGF ¥ � I
ÃbJl� wyß�àT8× i × �
v�Ui\V¨ÃM[� 

where
v�Yi\V¨ÃM[ , �,Q3��Q�c is definedat thebeginningof Sectionö . Therefore,EGF ¥ � I
ÃbJp<
EGF L �� �¡L �� ª T IÃðoq]^_ �ñ J and

EGF L �) ��L �9 I
Ã�Jl�3E+¦ )� � � T VWL �� ��L �� ª T [GI
Ã#§�3Ä ¦ E ¦ )� � � T VWL �� �}L �� ª T [gI
Ã©¨¨¨ ]^_ í  ��AQ�¯yQ�/ §#§Q1E+¦ )� � � T ¥ � I
Ã�§¼�3E+¦ )� � � T ¥ � �}/MÄª¥ � I
Ã®�'/MÄ=¥ � §µ"
Now, sinceÄGF L �T ��L �9 J TÏX } -=+ , we concludeÄ«¥ T�Xª¬� -!� , for any :ZQ3ü|Q+{ andsomesufficiently large
positive constant� andtherefore,uniformly for all /±Q+�	Ã , we obtain

EGF L �) ��L �9 I
Ã�JpQ1E ¦ )� � � T ¥ � �}/MÄª¥ � I
Ã®�*���¡Ã § "
Now, by taking �RI�: suchthat ���������!þ andapplyingCorollary �!"q� of [19] we concludetheproof. ½
Proof of the theorem: In view of the heuristicoutline of the proof from Subsection4.3, we proceedby
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deriving the upperboundsfor the expressions. ¬ V¨ÃP[ definedin (33). In order to estimate. TaV¨ÃM[ , we first
conditionon L �9 beingrespectively greaterandsmallerthan �	Ã �
. T V¨ÃM[��rÄ¶Å _)�À9 ¤� � � T V��K��� À �� [ ý ê ª ì ã®­ À æñ d �eFH§ÁV¨f��*]Ç[ÁI
Ã®�3��J$Ìef
Q1Ä¶Å _ �À9 ¤� � � T V�� ��� À%�� [ ý ê ª ì ãR­ À æñ d �eFH§CV¨f��*]Y[¸I�Ã®����J��eF L �9 I+�bÃ � J$Ì�fp¦'Ä¶Å _ �À9 �eFH§ÁV¨f��*]Ç[ÁI
Ã®�3��J��eF L �9 Q+�	Ã � J$Ìef£�. T8TaV¨ÃP[p¦ . T ý V¨ÃM[�"

Next, wedefine§G� i*�� V¨f8[ £ õ ¬�Õ� � ÔÓ� i#�¬ V¨f%[ , § � i#� V¨f%[��¹§G� i#�� V¨f8[�¦ÓÔÓ� i#�� V¨f%[ , where �$ÔÓ� i#�� V¨f%[� 86G<0��& is asequence

of independentBernoulli randomvariableswith EGF Ô®� i#�� V¨f%[5����JG���5�
ê ª ì ãR¯�æñ d . Then,from thedefinition
of §CV¨f��*]Y[ it follows that EGFH§ÁV¨f��*]Y[°I¢Ãuoq]�91�ó�l 8f°-tL��9 J��vEGFH§ � i#� V¨f8[�IéÃ�J . Thus, using this fact,�K� i#�� Q v� � Q+���a6 � , Lemma5, andequation(32),we obtain

. T8TaV¨ÃM[GQ ��i#� T EGFk]�9 �=�l �L �9 I+�bÃ � J Å ¤9 ¤� � � T V�� � i#�� [�ý�ê ª ì ãR¯�æñ d EGFH§ � i#�� V¨f%[gI
ÃÓ��þaJ$Ìef
Q3c¹EGF L �9 I+�bÃ � J �Ã � ª T �´û � �Ã � ª T � as ÃRs¢+ . (34)

In estimating. T ý V¨ÃM[ we useL �9 Q?�	Ã � andexactly thesameargumentsasin (25 - 27), rendering. T ý V¨ÃP[GQ+�	Ã � EGF v§CV\�	Ã � [gI
ÃÓ����JM�´û � �Ã � ª T � as ÃRsv+ .

Thus,theprecedingboundand(34) imply. TaV¨ÃM[³�´û � �Ã � ª T � as Ã�s¢+ . (35)

At this point,we provide anestimatefor . ý V¨ÃP[ . If we define .±°) V¨ÃP[ £ Äm> _ �`_ �` ä �
îu V¨f%[��eFH§ÁVWL �) �*]Y[�I3Ã��3��J$Ì�f ,

then. °) V¨ÃP[��3Ä¶Å _ �`_ �` ä �
îu V¨f8[��eF L �9 I+�bÃ � J��eFH§ÁVWL �) �*]Y[gI�Ã®����J$Ì�fp¦°Ä¶Å _ �`_ �` ä �

îu V¨f%[��eF L �9 Q+�	Ã � J��eFH§ÁVWL �) �*]Y[gI
Ã®�3��J$Ìef£�. °) Ö T V¨ÃM[P¦ . °) Ö ý V¨ÃM[�"
Next, whenwe replacetheboundîu V¨f%[GQ ¤� � � T ���{� À �� � ��� á �` �� ê ª ì ãR­ À æñ _)�À ê ª ì ãR­ á �` æñ � d ª _/�` ä � � for f Ë VWL �) ª T  �L �) J (36)

in .±°) Ö T V¨ÃM[ andevaluatetheintegral,we derive

. °) Ö T V¨ÃM[¸Q1Ä ¤� � � T �eF L �9 I+�bÃ � Jò� ��� À �� ê ª ì ã®­ À æñ t , � V��C��ê ª ì ãR­ á �` æñ � _/�` ª _)�` ä � � [�"
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Then,using �g�'ê ª , Q
Ã for Ã¼<3: , wyß�àÇV�� �{� À���  %� ��� á �` �� [gQ v� � Q!�&�a6 � and 687�9	:�; 9/< ê ª : �=ê ª T , similarly as
in (13),we arrive at

. °) Ö T V¨ÃM[GQ1Ä 2 ,54� � � T ê ª T �eF L �9 I+�bÃ � J�	Ã � v� � VWL �) ��L �) ª T [p¦�Ä ¤�� � 2 ,54
�eF L �9 I!�	Ã � JÏV v� � [�ý!VWL �) �}L �) ª T [

Q1ÄGF�V�L �) �±L �) ª T [��eF L �9 I+�	Ã � J�J �Ã � " (37)

SincerandomvariablesVWL �) �'L �) ª T [ , /°<�� and �eF L �9 I²�	Ã � J areconditionallyindependentgiven ] 9 , we
derive Ä�FòVWL �) ��L �) ª T [��eF L �9 I+�	Ã � J�JM�3Ä³F Ä5F L �) ��L �) ª T oq]�9�J�EGF L �9 I?�	Ã � oq]�9�J�JQ7V¶wyß�àT8× i × � ÄGF L �) ��L �) ª T oq] 9 �=�KJ¨[�EGF L �9 I?�	Ã � JQ7V¶wyß�àT8× i × � �pi![�EGF L �9 I?�	Ã � J�" (38)

Thus,theproceedingbound,(37) and(32)yield uniformly in /. °) Ö T V¨ÃM[³�´û �´�Ã � � as Ã�s¢+r" (39)

Next, we computeanestimatefor .±°) Ö ý V¨ÃM[ . Using(36)andcomputingtheintegral in .±°) Ö ý V¨ÃP[ resultin. °) Ö ý V¨ÃP[GQ1Ä ¤� � � T �eF L �9 Q+�bÃ �  �§ÁVWL �) �*]Y[¸I�Ã®����Jò�K��� À �� ê ª ì ã®­ À æñ _)�À V��Á��ê ª ì ãR­ á �` æñ � _)�` ª _)�` ä � � [Q1EGF L �9 Q+�	Ã �  �§ÁVWL �) �*]Y[¸I1Ã�����JQ1EGFH§ÁVWL �) �*]Y[gI
Ã��
�! �L �9 Q+�	Ã �  �§ÁVWL �9 �*]Y[¸Q+�%Ã®����J¾¦�EGF L �9 Q?�	Ã �  v§CVWL �9 [¸I+�8ÃÓ����J� (40)

since
v§CV¨f8[ stochasticallydominates§ÁV¨f��*]Y[ . Let §ÁV¨ÑÇ 8f��*]Y[ , :Í-�Ñ7-�f , be the numberof distinct items

requestedin FÂ�Cf� #�CÑM[ ; then,it is easyto seethat §CVWL �) �*]Ç[¸Q´§ÁVWL �9 �*]Y[p¦
§ÁVWL �9  �L �) �*]Y[ . Thus,if we choose� smallenoughsuchthat Ä v§AV\�	Ã/��[gQ �ý Ã for large Ã , then,by Lemma4, we obtain( Ã¡<
Ã)� ). °) Ö ý V¨ÃM[gQ1EGFH§CVWL �9  �L �) �*]Y[gI�V��Á����[ÏÃ�J\¦�EGF v§ÁV\�bÃ � [gI?�8Ã®�3��JQ1EGF v§�VWL �) ��L �9 [GI7V��Á����[ÏÃbJ\¦y�±ê ª#"%$ , " (41)

Now, if we pick � smallenoughsuchthat Ä v§AV\�bÃ)��[G-7V��Á�°þT��[ÏÃ , we obtainthatuniformly for all /�Q
Ã ��EGF v§CVWL �) ��L �9 [gI0V��C����[ÏÃ�JÇQ1EGF v§CV\�bÃ � [gI�V��Á�1��[ÏÃ�J\¦�EGF L �) ��L �9 I+�bÃ � J (42)Q1EGF v§CV\�bÃ � [gI�V��Á�1��[ÏÃ�J\¦°/ME H L �T �}L �9 I �	Ã �/ JQ!�±ê ª#" $ , ¦1û � �Ã � ª ý � b � as Ã�s¢+r 
wherein thesecondinequalitywe usedtheunionbound,andin the lastexpressionLemma4 and ÄGVWL �T �L �9 [R-n+ . This implies . °) Ö ý V¨ÃM[��èû h T, � ä ~ ��� j as Ã7s + , uniformly for all /øQ�Ã Td� b . Therefore,in

conjuctionwith (39),we derive

. ý V¨ÃP[�� 2 , �V�
� 4�) � T . °) V¨ÃP[��´û � �Ã � ª T � as Ã s¢+ . (43)
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In order to derive asymptoticsfor . b V¨ÃM[ , we usethe fact that semi-Markov process]ed observed at jump
points �^]^_ �`  #�,+ -S/0-�+3& is a Markov chain. Definethe amountof time that ]ed spendsin state � inL��9 Ö ) ²2VWL��9  �L��) [ as (#i¾VWL �9 Ö ) [ £ ) ª T� � � 9 �eFk] _ �ñ � � �=�KJÏVWL �� XYT ��L �� [� 
Then, Äp(#iPVWL �9 Ö ) [�� ) ª T� � � 9 EGFk]^_ �ñ � � �=�KJ�ÄGF L �� XYT ��L �� oq]^_ �ñ � � �¹�KJM�3/ N i��pi,�r/ª�ph�i�"
For any �¼Q>�1Q>c , well-known resulton finite stateergodic Markov chainsshows that for any �®I>: ,
thereis �ai Ö � I
: , suchthat

E+¦�³³³³³
) ª T� � � 9 �eFk]^_ �ñ � � �=�KJ�� N ia/´³³³³³ I+�%/=§DQ3ê

ª#" ¯Bµ $ ) "
Next, sinceintervals L��� �}L��� ª T arenonnegative randomvariableswith finite mean,they have boundedleft
tailsand,thus,largedeviation argumentsandthepreceedinginequalityeasilyyield for any ��I�: andsome���³I�: EGF (#i¾VWL �9 Ö ) [G-7V��Á����[�ÄÇ(#ilVWL �9 Ö ) [�JpQrê ª#"%$ ) " (44)

Therefore,theprobabilityof thecomplementof thefollowing set¶ V¨/Y[ £z· T8× i × � �$(#i¾VWL �9 Ö ) [¸<7V��Á����[Ï/ª�pi N i�&
is exponentiallyboundedEGF ¶ Z V¨/Y[�JpQ�c�ê ª#"%$ ) . Then,we decompose. b V¨ÃM[ as

. b V¨ÃP[gQ1Ä ¤�) � 2 , �¸��� 4
Å _ �`5� �_ �`

îu V¨f8[��eF ¶ Z V¨/Y[�J$ÌefÇ¦�Ä ¤�) � 2 , �V�
� 4
Å _ �`5� �_ �`

îu V¨f%[��eFH§ÁV¨f��*]Y[CI
Ã®�3��J��eF ¶ V¨/Y[�J$Ì�f�"
Now, replacing(36) in thefirst expressionof thepreceedinginequality, computingtheintegralandusingthe
exponentialboundon EGF ¶ Z V¨/Y[�J leadto

Ä ¤�) � 2 , �V��� 4
Å _ �`5� �_ �`

îu V¨f8[��eF ¶ Z V¨/Y[�J$Ìef¸Q ¤�) � 2 , �V�
� 4
EGF ¶ Z V¨/Y[�JP�´û � �Ã � ª T � as Ã�s¢+ .

Hence,applyingtheprecedingestimateandconditioningon thelengthof L �9 resultin

. b V¨ÃM[u�rÄ ¤�) � 2 , �V�
� 4
Å _ �`�� �_ �`

îu V¨f%[��eFH§ÁV¨f��*]Ç[CI
ÃÓ���! �L �9 I+�	Ã �  ¶ V¨/Y[�J$Ì�f
¦�Ä ¤�) � 2 , �V��� 4

Å _)�`5� �_ �`
îu V¨f8[��eFH§ÁV¨f��*]Y[ÁI�Ã®���! �L �9 Q+�bÃ �  ¶ V¨/Y[�J$ÌefÇ¦Íû � �Ã � ª T �

£�. b TaV¨ÃM[p¦ . b ý V¨ÃP[P¦Íû � �Ã � ª T � " (45)
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Notethatfor all O Ë ¶ V¨/Y[
��i#� T (#iKVWL �9 Ö ) [�� � i*�� <7V��Á����[Ï/ ��i#� T � � i#�� N i¹�pi,��V��Á����[Ï/ª� �� i*� T � � i#�� h�ij�2V��Á����[Ï/ª�p� �  

andtherefore,for f Ë VWL �)  �L �)^XYT Jîu V¨f%[��eF ¶ V¨/Y[�JÇQ ¤� � � T � �{� á �À �� � �{� á �`�� � �� ê ª ì ãR­ á �À æñ _ �À ê ª � ) ì�ñ � T ª � � ê ª ì ãR­ á �`5� � æñ � d ª _ �` � �eF ¶ V¨/Y[�J�" (46)

Therefore,by usingthepreceedinginequalityin . b T V¨ÃP[ , thencompletingthe integrationandapplying � �ê ª , Q
Ã , Ã¼<3: , we derive

. b T$V¨ÃM[¸Q1Ä ¤�) � 2 , �V��� 4
Å _ �`�� �_ �`

îu V¨f%[��eF L �9 I+�bÃ �  ¶ V¨/Y[�J$Ìef
Q|º�Ä ¤� � � T ���{� À �� ê ª ì ãR­ À æñ t , � � ��� á �`5� � �� �eF L �9 I+�bÃ � JÏVWL �)!XYT �}L �) [%» ¤�) � 2 , �V��� 4

ê ª � ) ì�ñ � T ª � �
Q!� Ä ¦ �eF L �9 I+�bÃ � JÏVWL �)!XYT ��L �) [ ¤� � � T ���{� À �� ê ª ì ãR­ À æñ t , � §  

wherethelast inequalityuses
õ ¤) � 2 , �V��� 4 ê

ª � ) ì�ñ � T ª � � �I¼
V���� v� � [ and � �{� á �` �� Q v� � . Hence,upperbounding
theprecedingsumand ÄGF�VWL��)^XYT �°L��) [��eF L��9 I½�bÃ)�¾J�J similarly asin (13) and(38), respectively, we easily
arrive at . b T�V¨ÃP[��´û � �Ã � ª T � as Ã s¢+ . (47)

Next, in evaluating. b ý V¨ÃP[ , we conditionon thelengthof L��)!XYT ��L��)
. b ý V¨ÃP[�� ¤�) � 2 , �V��� 4

Ä Å _ �`5� �_ �`
îu V¨f8[��eFH§ÁV¨f��*]Y[ÁI�Ã®���! �L �9 Q+�bÃ �  �L �)!XYT ��L �) I+�bÃ �  ¶ V¨/Y[�J$Ìef

¦ ¤�) � 2 , �V�
� 4
Ä Å _ �`5� �_ �`

îu V¨f%[��eFH§ÁV¨f��*]Y[CI
Ã®�3�! �L �9 Q?�	Ã �  �L �)^XYT ��L �) Q+�	Ã �  ¶ V¨/Y[�J$Ì�f�" (48)

(49)
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Thus,using(46), � ��� À �� Q v� � and �5�
ê ª , Q�Ã for Ã�<�: , we upperboundthefirst termof thepreceding
equality

Ä ¤�) � 2 , �V��� 4
Å _ �`5� �_ �`

îu V¨f8[��eFH§ÁV¨f��*]Y[ÁI�Ã®���! �L �9 Q+�bÃ �  �L �)!XYT ��L �) I+�bÃ �  ¶ V¨/Y[�J$Ìef
Q1Ä ¤� � � T

¤�) � 2 , �V��� 4
v� � ê ª � T ª � � � ) ì�ñ V��Á��ê ª ì ãR­ á �`5� � æñ � _)�`5� � ª _)�` � [��eF L �)^XYT ��L �) I+�	Ã � J

Q!�¼ÄGF�V¨L �T �±L �9 [��eF L �T ��L �9 I+�	Ã � J�J ¤� � � T ¤�) � 2 , �V��� 4
V v� � [ ý ê ª � T ª � � � ) ìÏñ

�´û � �Ã � ª T � as ÃRs¢+ ; (50)

thelastestimatefollows from ÄGVWL �T ��L �9 [G-r+ and¤� � � T
¤�) � 2 , �� 4

V v� � [ ý ê ª � T ª � � � ) ì�ñ Q ¤� � � T V v� � [ ý� � V��C����[d� � �V�w®x{z T8× i × � hNi�[ ý V��Á�*��[d� -r+r"
Therefore,replacingexpression(50) in thefirst sumof (48) yieldsas ÃRs¢+
. b ý V¨ÃP[��3Ä ¤�) � 2 , �V��� 4

Å _)�`5� �_ �`
îu V¨f8[��eFH§CVWL �)^XYT �*]Y[gI
ÃY �L �9 Q+�	Ã �  �L �)^XYT ��L �) Q+�	Ã �  ¶ V¨/Y[�J$Ì�fp¦1û � �Ã � ª T �

Q1Ä 2 � , � 4�) � 2 , �V��� 4
Å _)�`5� �_ �` ¦ Ä 2 U $ , � 4�) � 2 � , � 4

Å _)�`5� �_ �` ¦ Ä ¤�) � 2 U $ , � 4
Å _)�`5� �_ �` ¦,û � �Ã � ª T �

£�. � T �b ý V¨ÃM[p¦ . � ý �b ý V¨ÃM[p¦ . � b �b ý V¨ÃM[p¦Íû � �Ã � ª T �  (51)

for some:y-���-!ST� . Now, recallingthedefinitionof §ÁV¨ÑÇ 8f��*]Y[ andusingsimilar argumentsasin (40) and
(41), it is easyto show�eFH§ÁVWL �)!XYT �*]Y[gI
ÃÓ���! �L �9 Q+�bÃ �  �L �)!XYT �±L �) Q+�bÃ � JÇQ�eFH§ÁVWL �9  �L �) �*]Ç[ÁI7V��Á��þT��[ÏÃbJ\¦=�eFH§ÁV\�	Ã � �*]Ç[ÁI+�8ÃÓ�
���!þaJ	¦´�eFH§CVWL �)  �L �) ¦��	Ã � �*]Y[gI?�8Ã®�3���!þaJ� (52)

and,therefore,replacing(46) in . � T �b ý V¨ÃM[ andcompletingtheintegrationresultin

. � T �b ý V¨ÃM[gQ1Ä 2 � , � 4�) � 2 , �V�
� 4
¤� � � T �K�{� À �� ê ª � T ª � � ) ìÏñ � V��Á�°ê ª ì ãR­ á �`�� � æñ � _/�`�� � ª _)�` � [��eFH§ÁVWL �9  �L �) �*]Y[gI
ÃðV��Á��þT��[�J¦
þT�8Ã � EGF v§�V\�	Ã � [¸I+�8ÃÓ�����!þaJ� 

where � is smallenoughto ensureÄ v§|V\�	Ã)��[AQI�8Ãª�!þ for large Ã . Next, applyingLemma4, � �{� À��� Q¾�D� � ,�¶�0ê ª , Q�Ã ( ÃO<�: ), the fact that VWL �)!XYT �´L �) [ and �eFH§ÁVWL �9  �L �) �*]Ç[}IÞV��µ�¹þT��[ÏÃbJ are conditionally
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independentgiven ]^_ �` and ÄGF L��T ��L��9 JÇ-r+ renders,as ÃRs¢+ ,

. � T �b ý V¨ÃP[gQ!� 2 � , � 4�) � 2 , �V�
� 4
¤� � � T V�� � [�ý�ê ª � T ª � � ) � ìÏñ Ä³F Ä F L �)!XYT ��L �) oq]^_ �` J�EGFH§ÁVWL �9  �L �) �*]Y[gI
ÃðV��Á��þT��[#oq]^_ �` J�J\¦Íû � �Ã � ª T �

Q!� 2 � , � 4�) � 2 , �V�
� 4
¤� � � T V�� � [ ý ê ª � T ª � � ) � ìÏñ EGF v§CVWL �) ��L �9 [GI
ÃðV��Á��þT��[�J	¦Íû � �Ã � ª T �  

Now, by usingtheargumentasin inequality(42)andLemmas2 and7, we derive as ÃRsv+
. � T �b ý V¨ÃP[gQ!� 2 � , � 4�) � 2 , �� 4

�/ ý ª �� /MEGF L �T �}L �9 I?�	Ã � J¾¦1û � �Ã � ª T � �´û � �Ã � ª T �  (53)

where � is smallerthan � in Lemma7. Now, we estimate. � ý �b ý V¨ÃM[ by replacing(46) in . � ý �b ý V¨ÃM[ , completing
theintegrationandapplyingsimilarargumentsasin (52)and,therefore,as Ã�s¢+
. � ý �b ý V¨ÃP[gQ1Ä 2 U $ , � 4�) � 2 � , � 4

�K��� À �� ê ª � T ª � � ) ì�ñ � V��³�±ê ª ì ãR­ á �`�� � æñ � _ �`�� � ª _ �` � [��eFH§ÁVWL �9  �L �) �*]Y[¸I7V��³�DþT��[ÏÃbJ�¦�û � �Ã � ª T � "
Then, by using wyß�àpV�� �{� À ��  %� ��� á �`5� � �� [�Q¿�D� � , �ô�0ê ª , QèÃ ( Ã©<�: ), ÄGF L��T �´L��9 JÓ-t+ , the fact thatVWL �)!XYT �rL �) [ and �eFH§ÁVWL �9  �L �) �*]Y[�I V��¶�0þT��[ÏÃ�J are conditionally independentgiven ]^_ �` , we obtain asÃ�sv+
. � ý �b ý V¨ÃM[gQ!� 2 U $ , � 4�) � 2 � , � 4

¤� � � T V�� � [ ý ê ª � T ª � � ) ìÏñ � Ä W Ä³F L �)!XYT ��L �) oq] _ �` J�E W §RV¨L �9  �L �) �*]Y[¸I1ÃUV��C��þT��[x¨¨¨ ] _ �` X¹X¦Íû � �Ã � ª T �
Q!� 2 U $ , � 4�) � 2 � , � 4

¤� � � T V�� � [ ý ê ª � T ª � � ) ìÏñ � E*W�§�h*L �9  �L �2 U $ , � 4 �*]«j±I
ÃðV��Á��þT��[
X�¦1û
� �Ã � ª T �  

Define À V¨ÃM[ £z· T8× i × � �$(#i\VWL �9 Ö 2 U $ , � 4 [GQ7V��g¦M��[d�pi
N i�ST��Ã � &e"

Then,as ÃRs¢+
. � ý �b ý V¨ÃP[gQ!� 2 U $ , � 4�) � 2 � , � 4

¤� � � T V�� � [ ý ê ª � T ª � � � ) ìÏñ E*W�§�h*L �9  �L �2 U $ , � 4 �*]«j±I
ÃUV��C��þT��[� 
À V¨ÃM[
X

¦y� 2 U $ , � 4�) � 2 � , � 4
¤� � � T V�� � [ ý ê ª � T ª � � � ) ì�ñ EGF À Z V¨ÃM[�J\¦1û � �Ã � ª T � " (54)
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Dueto theWeakLaw of LargeNumbers,EGF (#i	VWL��9 Ö U $ , � [ÁI�V��G¦!��[d�pi N i�ST��Ã/��Jpsé: , implying EGF À Z V¨ÃM[�JPsv:
as ÃRs¢+ , which, in conjunctionwith Lemma2, yieldsas Ã s¢+

� 2 U $ , � 4�) � 2 � , � 4
¤� � � T V�� � [ ý ê ª � T ª � � � ) ì�ñ EGF À Z V¨ÃM[�JP�´û	V��$[ 2 U $ ,

� 4�) � 2 � , � 4
/ ª ý X �� �=û � �Ã � ª T � " (55)

Next, we estimatethe probability EGFH§CVWL �9  �L 2 U $ , � 4 �*]Y[�I�V��|�rþT��[ÏÃÇ À V¨ÃM[�J . Let Ô � V¨ÑÇ 8f��*]Y[ , :Í-�Ñ7-©f ,
be a randomvariableindicatingwhetheritem 6 is requestedin FÂ��f� #�CÑP[ . Define § ° V¨ÃM[y� õ ¤� � T Ô °� V¨ÃM[ ,
where �$Ô °� V¨ÃM[� 86R<é��& is a sequenceof independentBernoulli randomvariableswith EGF Ô °� V¨ÃP[��v��Jô��g�}ê ª � TÏX=� ��ÁCÂ¯�Ã � ì ãR¯�æñ �¹Ä ¯ U $ , � ; similarly asbefore,§ ° V¨ÃM[ is constructednon-decreasingin Ã . Then,for everyO Ë À V¨ÃM[ E Æ á ��RÅ $ � � � W Ô � h L �9  �L �2 U $ , � 4 �*] j �2� X �2�Á��ê

ªKÁ Â¯%Ã � ì ãR¯�æñ ¿ ¯ � _ �À µ �RÅ $ � � � �Q
EGF Ô °� V¨ÃP[�����J�"
Therefore,by stochasticdominance,for every O Ë À V¨ÃP[E Æ á ��RÅ $ � � � WW§*h*L �9  �L �2 U $ , � 4 �*]«j±I7V��C��þT��[ÏÃ#XµQ
EÓFq§ ° V¨ÃM[gI�V��Á��þT��[ÏÃ�J�" (56)

If we selectST�u� T ª b �� TÏX=� � Z � ] F T ª �� J � , it is easyto check,usingLemma3, thatfor all Ã largeenough

ÄY§ ° V¨ÃP[�� ¤� � � T V��C��ê ª � TÏX=� � Á Â¯�Ã � Ä ¯ � U $ , � ì ãR¯�æñ [G-7V��C��QT��[ÏÃY"
This inequality, (56)andLemma4 imply, for all Ã largeenough,E'É{§ÇÆ�L �9  �L 2 U $ , � 4 �*]ÉÈAI7V��C��þT��[ÏÃY 

À V¨ÃP[ÏÎ5Q
EÓFq§ ° V¨ÃM[gI�V��Á��þT��[ÏÃ�JÇQ!�±ê ª#"%$ ,  
for somepositive constant� � . Therefore,by usingLemma2, theupperboundthefirst expressionin (54) is

2 U $ , � 4�) � 2 � , � 4
¤� � � T V�� � [ ý ê ª � T ª � � � ) ì�ñ EÓFq§ ° V¨ÃP[gI7V��Á�°þT��[ÏÃbJP�´û � �Ã � ª T � as ÃRs¢+ ,

which in conjunctionwith (55) implies. � ý �b ý V¨ÃP[��´û � �Ã � ª T � as Ã�s¢+ . (57)

Finally, after replacing(46) in . � b �b ý V¨ÃM[ , computingtheintegral, andapplyingfirst ���Íê ª , Q¹Ã , Ã}<7: and
then(1), weobtain . � b �b ý V¨ÃM[¸Q ¤�

2 U $ , � 4
¤� � � T V�� � [ ý V��G¦M��[d�Çê ª � T ª � � � ) ì�ñ "

Now, by usingLemma2 andreplacingtheexpressionfor S � , we computeº xòw�687	9, » ¤ . � b �b ý V¨ÃM[EGF 42I
Ã�J Q G V@�ð[ V��¸¦M��[ ý ª �� V��Á�*��[ ��V��Á��QT��[ T ª �� "
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By passing�,só: in thelast inequalityandthenreplacingit togetherwith estimates(57) and(53) in (51),
we derive º x{w�6B7	9, » ¤ . b ý V¨ÃM[EGF 4�I
ÃbJ Q G V@�u[�"
Finally, (51), (47), (45), (35), (43)andProposition2 concludetheproof. ½
8 Appendix

Proof of Proposition 1: By Theorem1, for any finite � , thestationarysearchcostis givenby

EGFH? @ I
Ã�JM�3Ä Å ¤9 @� � � T ���{� À ��¨Ö @ �K��� ä È ��¨Ö @ ê ª³ëì ñ µ Ê d EGFH§ �¨Ö @ V¨f��*]Y[gI
Ã®�3��J$Ìef�" (58)

Clearly, thetermundertheintegral in theprecedingequationconvergesto thecorrespondingtermin (10)as��s¢+ . Hence,in orderto applytheDominatedConvergenceTheorem,it remainsto show thatuniformly
in � , theintegrandin (58) is boundedby anintegrablefunction. To this end,let

î� �¨Ö @ , 6C<�� correspondto

empiricaldistribution, definedin (8) with � � i#�� replacedby � � i#��¨Ö @ . Then,since TÁ Êñ Ã � ì ãR¯�æñ Ë � as �ùs + ,

thereexists �ô9,<0� , suchthatfor all ��<
�¶9 , �jQ
6GQ�� and �jQ3��Q�c�K� i#�� Q��K� i#��¨Ö @ Q3þ!�K� i*�� "
Thus,thefunctionundertheintegral in (58) is almostsurelyboundedby

ö ¤� � � T �K�{� À �� ���{� ä È �� ê ª³ëìÏñ d " (59)

Since ��ÌlV�ê ª³ëì�ñ d [��Øê ª³ëì�ñ d ÌlV õ �i#� T �K� i*�� > 9ª d �eFk]eÐ��t�KJòÌ�ÑM[��tê ª³ëìÏñ d ���{� ä È �� Ì�f , and,due to ergodicity,

î� � f��õ �i#� T � � i#�� > 9ª d �eFk] Ð �=�KJ$ÌeÑ¼s¢+ as fusv+ a.s.,we concludethatthefunctionin (59) is integrable,i.e.

Ä Å ¤9 ö ¤� � � T � ��� À �� � ��� ä È �� ê ª³ëì�ñ d Ìef����Cö!Ä Å ¤9 ¤� � � T � �{� À �� ÌNV�ê ª³ëì�ñ d [u�´ö	"
½

Proof of Lemma 4: Let m � £ ÄÇÔ � , 6G<0� . For anarbitrary :Z-+�Á-7�EGF{o÷§±�'m�o¾I1m ��JM�rEGFH§ÍI
m'V��G¦y��[�J\¦�EGFÂ�5§1I¹�Cm'V��¸����[�J�" (60)

Now, usingMarkov inequality, for any �µI3: we obtain

EGFH§ÍI�m'V��G¦M��[�JP�3EGF÷ê "8Ì I3ê " ¥ � TÏX=� � JpQ ÄÇê "8Ìê " ¥ � TÏX=� � " (61)

Since,�$Ô �  86³<7��& areindependentBernoulli randomvariables

ÄÇê "8Ì � ¤�� � T ÄÇê "8Í ñ � ¤�� � T V�ê " m � ¦=V��Á�}m � [8[gQ ¤�� � T ê ¥Gñ �-ÎdÏ ª T �  
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and,therefore,using(61),we deriveEGFH§ÍI
m'V��G¦���[�JÇQ�ê ¥ �-Î Ï ª T ª#" � TÏX=� �ò� "
Thus,we canchoose�DI2: suchthat ê " �=� �M��V��C¦?��[j�·��� � T �� -�: . Similarly, we get that thesecond

expressionof (60) is boundedby ê ª#" ã ~ æ$ ¥ for some�\� ý �� I¹: . By taking � � ��wyxòzMV@�	� T ��  8�	� ý �� [ , we complete
theproof. ½
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