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Abstract

We investigatea widely popular Least-Recently-UsedLRU) cachereplacementlgorithm with
semi-Marlov modulatedrequests.Semi-Marlov processegprovide the flexibility for modelingstrong
statisticalcorrelation,including the broadly reportediong-rangedependencén the World Wide Web
pagerequespatterns Whenthe frequeny of requestinga pagen is equalto the generalizedipf’s law
¢/n%, a > 1, our mainresultshows thatthe cachefault probability is asymptotically for large cache
sizes,the sameasin the correspondind_RU systemwith i.i.d. requests.This appeardo be the first
explicit averagecaseanalysisof LRU cachingwith statisticallydependentequestsequencesThe sur
prising insensitvity of LRU cachingperformancalemonstratests robustnesgo changesn document
popularity Furthermorewe shav thatthe derived asymptoticresultand simulationexperimentsarein
excellentagreementevenfor relatively smallcachesizes.
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1 Introduction

The basicideaof cachingis to maintainhigh-speediccesgo a subsef & itemsout of a larger collection
of N documentghat cannotbe accessedjuickly. Originally, cachingwas usedin computersystemsto
speed-uphe datatransferbetweerthe centralprocessounit andslow local memory Therenavedinterest
in cachingstemsfrom its applicationto increasinghe speedf accessingnternetWebdocuments.

Oneof thefundamentaissuef cachingis the problemof selectingandpossiblydynamicallyupdating
thek itemsthatneedto be storedin the fastmemory(cache).The optimal solutionto this problemis often
very difficult to find and,therefore anumberof heuristic,usuallydynamic,cacheupdatingalgorithmshave
beenproposed.Among the most popularalgorithmsare thosebasedon the Least-Recently-Use(LRU)
cachereplacementule. Thewide popularityof this rule is primarily dueto its high performanceandease
of implementation.LRU algorithmtendsto both keepmorefrequentitemsin the cacheaswell asquickly
adaptto the potentialchangesn documenpopularity resultingin efficient performance.

In orderto furthertheinsightinto designingnetwork cachingalgorithms,it is importantto gainathor
oughunderstandingf the baselineLRU cachereplacemenpolicy. Basicreferencesn the performance
analysisof cachingalgorithmscanbe foundin Section6 of Knuth [17]. In the analysisof LRU caching
schemethere have beentwo approachescombinatorialand probabilisticstudies. For the combinatorial
(amortized competitve) analysisthereaderis referredto Bentley andMcGeoch[3] andSleatorandTarjan
[23]. Recentresultsandreferencesor this approactcanbefoundin Borodinetal. [5] andlrani etal. [13].
In this papemwe focusonthe average-caser probabilisticanalysis.

Early work onthe probabilisticanalysisof LRU cachingandtherelatedMove-To-Front(MTF) search-
ing, algorithmwith i.i.d. requestslateshackto McCabe[18]. Thiswork hasbeenfollowedby investigations
of Burville andKingman[6], Rivest[21], Bitner[4], Phatarford20], Fill [11], Flajoletetal. [12] andothers;
amoreextensve list of referencesndbrief historicaloverviev canbefoundin [15].

Recently for the independenteferencanodel,in [15] a new analyticallytractableasymptoticapprox-
imation techniqueof the LRU fault probability was developed. However, an equivalentunderstandingf
LRU performancewith statisticallydependentequessequencess still lacking. Several papersjncluding
Rodrigueg[22], Dobrav andFill [9] and Coffman and Jelenlovi€ [8], develop representatiomesultsfor
the LRU cachefault probability but theseresultsappearo be computationallyintractable as pointedout
in [8]. Despitethe lack of analyticaltractability numerousempiricalstudies,e.g. see[1], emphasizehe
importanceof understandinghe cachingbehaior in the presencef strongstatisticalcorrelation,including
thelong-rangedependence.

In orderto alleviatethe precedingoroblem this papermprovidesthefirst explicit asymptotiacharacteriza-
tion of the LRU cachefault probabilityin the caseof statisticallydependentequestsOur doublystochastic
Poissonreferencemodel, capableof capturinga broadrangeof statisticalcorrelation,is describedn the
following section.Usingthis modelandthe Poissordecomposition/suppaosition propertiessimilarly asin
Fill [10], in Section3 we develop a representatiotheoremfor the stationarysearchcostdistribution. This
representatiotheoremprovides a startingpoint for our new large deviation analysisthat, for the caseof
generalizeipf’s law requestsyieldsour mainresultsstatedn Theorems and3.

Informally, our mainresultsshav thatthe LRU fault probabilityis asymptoticallyinvariantto theunder
lying dependeng structureof the modulatingprocessi.e., for large cachesizes,the LRU fault probability
behaesexactly the sameasin the caseof independentequessequencefl5]. This mayappearsurprising
giventheimpactthatthe statisticalcorrelationhason the asymptoticperformancef queuingmodels.Fur-
thermorejn Section5 extensve numericalexperimentshav anexcellentagreemenbetweerouranalytical
resultsand simulations. The paperis concludedn Section6 with a brief discussioron theimpactof our
findingson designingnetwork cachingsystems.



2 Mode description

ConsiderN items,out of which k arekeptin afastmemory(cache)andtheremainingN — k arestoredin
aslowv memory Eachtime arequesfor anitemis made the cacheis searchedirst. If theitemis notfound
there,it is broughtin from the slov memoryand replacedwith the leastrecentlyaccessedtem from the
cache.Suchareplacemenpolicy is commonlyreferredto asLRU, aspreviously statedn theintroduction.
The performanceayjuantityof interestfor this algorithmis the LRU fault probability i.e. the probability that
therequestedemis notin thecache.Ourgoalin this paperis to asymptoticallycharacterize¢his probability

The fault probability of the LRU cachingis equivalentto the tail of the searchingcostdistribution for
the MTF searchingalgorithm.In orderto justify this claim, we notethatk elementsn the cache underthe
LRU rule, arearrangedn the increasingorder of their lastaccesdimes. Eachtime thereis a requestfor
anitemthatis notin the cachetheitem is broughtto thefirst positionof the cacheandthelastelementof
the cacheis movedto the slov memory We aguethatthe fault probability staysthe samef theremaining
N — k itemsin theslow memoryarearrangedn ary specificorder In particulay they canbearrangedn the
increasingorderof their lastaccesgimes. The obtainedalgorithmis thenthe sameasthe MTF searching
algorithm. Additional agumentsthatjustify the connectiorbetweerthe MTF searchcostdistribution and
LRU cachefault probability canbe foundin [12], [10] and[15]. Hence,we proceedwith a descriptionof
the MTF algorithm.

More formally, considera finite list of itemsL = {1,..., N}, anda sequencef requestdhatarrive
accordingto a sequencef Poissorpoints{r,, —oo < n < oo} of unit rate. At eachpoint r,,, we useR,,
to denotea documenthathasbeenrequestedi.e. anevent{R,, = i} represents requestfor document;
we assumehatthe sequencg R, } is independenof thearrival Poissorpoints{r, }. Thedynamicsof the
MTF algorithmis definedasfollows. Supposehatthe systemstartsat momentr, of Oth requestwith an
initial permutationof thelist II;. Then,at every time instantr,,, n > 0, thatanitem, says, is requested
its positionin thelist is first determinedif 4 is in the kth positionwe saythatthe searchcostC.Y for this
itemis equalto k. Now, thelist is updatedby moving item 7 to the first position of the list anditemsin
positionsl, . .., k — 1, aremovedonepositiondown. Notethat,accordingo the discussiorin thepreceding
paragraphP[C > k] representshe stationaryfault probability for a cacheof sizek.

In theremainingpartof this sectionwe describeéhedependengcstructureof therequessequencé R, } .
Let {T},,—o0 < n < oo}, Ty < 0 < T4, beapoint processwith almostsurely (a.s.) strictly increasing
points(T,,+1 > T,,) and{Jrp,,—oco < n < oo} afinite statespaceprocesgakingvaluesin {1,...,M}.
Then,we construcia piecavise constantight-continuousnodulatingprocess/;, as

Jy = JTn, if T <t <Tpy1.

We assumehat J; is stationaryandergodicwith stationarydistribution 7, = IP[.J; = k] andindependenof
Poissompoints{r, }. Next, for ary k, m < M, dueto ergodicity

P[J; = k|Jo = m] — 7, as t— oo. (1)

To avoid trivialities, we assumehatminy, 75, > 0.
Foreachl < k < M, let qZ(k),z' > 1 be a probability massfunction. Next, the dynamicsof R,, is
uniguelydeterminedy the modulatingprocess/; accordingto the following equation

PR, =i, 1 <l<nlht <ml=][[a" n>1; ©)

]
=1



i. e.,thesequencef requestsk, is conditionallyindependengiventhe modulatingprocess/;. Therefore,
the constructedequesprocesy R, } is stationaryandergodicaswell. We will use

M
k=1

to expressthe mamginal requestistribution with the assumptiorthatg; > 0 for all i > 1. The preceding
processeareconstructedn a probability spaceQ2, o(2), P).

3 Préiminary results

In this sectionwe first provide, in LemmaZl, generalconditionsunderwhich the searchcostprocessC'Y
convergesto stationarity Then,in the following subsectiorwe characterizehe stationarysearchcostdis-
tribution in Theoreml1 andPropositionl. Theremainingpartof the sectioncontainsthe resultson MTF
searchingyith i.i.d. requestshatwill beusedin proving our maintheorems.

Lemmal If the requestprocessR,, is stationaryand ergodic, thenfor any initial permutationII, of the
list, theseach costprocessCY convergesin distributionto CV asn — oo, wheie

N oo
o £ Z Z(l + Si(m - 1))1[R—m = i,Ri(m - 1),R() = 'i],

i=1 m=1
S;(m) is thenumberof distinctitems,differentfromi, amongR_,,, ..., R_; andeventR;(m) £ {R_; #
i,1<j<m},m>1; S(0)=0,R;0) =Q.

Proof: For simplicity let C,, = CV. Notethat, dueto the stationarityof the requestprocess{ R, }, C,, is

equalin distribution to the searchcost(]é") at the momentof Oth requestr,, giventhatthe MTF process
startedattime 7_,, with initial permutationIy. Now, eachof the summand®f thefollowing identity

N
c5 =" OS1[Ry = 4] 3)
i=1

canberepresenteds

CE Ry =i = 301+ Sl — D)UR - = iy Ralm — 1), Ro = ] + COURi), Bo =], (4

m=1

sinceCé”) =1+ Si(m — 1) onevent{R_,, =i, R;(m — 1), Ry = i}. Thesecondermin the preceding
equalityis boundedoy N1[R;(n)], which, by emodicity, satisfiesa.s.

lim N1[R;(n)] = 0.

n—0o0

Thus,thelastlimit, monotonicityof thesumin (4) andidentity (3) imply thatCé") convergesa.s.to CV as
n — oo. ThereforeCY convergesin distributionto CV asn — . O



3.1 Representation theorem

At this point, we will derive a representatiotheoremfor the stationarysearchcost C, as definedin
Lemmal. NotethatC¥ is uniquelydefinedby the searchcostprocess{R,,n < 0} and,therefore,it
implicitly dependsn {J, 1+t < 0}. However, sincery is independentrom {J; }, theprocess J,, ++,t <
0} is equalin distributionto {.J;,t < 0}. Thus,withoutlossof generalitywe cansetry = 0. Next, let 7 ; be
thelastmomentof timet < 0 thatitem: wasrequestedT hen,anequvalentcontinuougime representation

of ¢V is equalto
N

CN = (14 Si(r2y; J))1[Ro = i),
i=1
where,similarly asin Lemmal, S;(t; J) representshe numberof distinctitems, differentthans, thatare
requestedn intenal [—t,0). Now, usingdoubleconditioningandthelastidentity, we arrive at

IP’[CN>ac / ZIF’Jt W(t;J) >z —1,Ry =i,7"; € (— t,—t+dt)],

whereo; is the o-algebras(J,,, —t < u < 0) andP,,[] = P[-|o¢]. Usingthefactthattherequesiprocess
R, by (2), is conditionallyindependengiventhe modulatingprocess/; andthatthevariablesS;(t; J) and
7t | areuniquelydeterminedy thevaluesof { R,,,n < —1} andthePoissorarrivalsfor t < 0 we conclude
that Ry is conditionallyindependentrom S;(; J) andr? , givenoy, andthus

P[CN > z] = / ZqZJO Py, [Si(t; ) >z —1,7"1 € (—t,—t + dt)] . (5)

Next, we intendto shav thatvariablesS;(t; J) andr? ; areconditionallyindependengiveno;. To thisend,
we exploit the Poissonsuperposition/demmpasition propertiesof the arrival process.Let N;(u; J) bethe
numberof requestdor item j in [—u,0),0 < v < tandB;(t; J) = 1[N;(t; J) > 0]. Then,S;(¢; J) canbe
representeds

Sit; )= > Bjlt; ). 6)

J#LI<GSN

Now, we shaw that, for differentj, processe§N;(u; J),0 < u < t} aremutually independenfoisson
processegiven o;. In this regard,for ary ¢ > u» > 0, let V;, be anintenal in [—u,0) on which the
modulatingprocessstaysconstantj.e.

Vi =Tpt1 NO—T, V (—u),

wherea A b = min(a,b) anda V b = max(a,b). Since,by (2), the requestprocessis conditionally
independengiveno;, andindependentrom the Poissorarrival points,the Poissordecompositiortheorem
(seeSectiord.50f [7]) impliesthatthenumberof requestgor item j in anintenal V,,, givenoy, is aPoisson

variablewith expectedvalueq( T“V(‘“))Vn. Furthermorethe Poissornvariablesfor different; anddifferent
intenals V,, arelndependenglven oy. Thus,given o, aggr@atingthe independenPoissonrequestgor
item j over all intenals V,, C [—u, 0], by Poissonsuperpositiortheorem(seeSection4.4 of [7]), shavs
that N;(u; J) are mutually independenPoissonvariablesfor differentj. Furthermorepy repeatingthe
precedingargumentsover an arbitrary setof disjoint intenals [—u,, —tm—1), ..., [—u1,0),0 < u; <

- < um—1 < upy < t, it easily follows that, for differentj, {N;(u; J),0 < u < t} aremutually



independenPoissorprocessesgiveno;. In particulay for ary fixedt, the Bernoulli variablesB;(¢; J) are
conditionallyindependengiven o; with

Py, [Bj(t; J) =1] =1—¢e %%, 7
where
M 1 0
= qu(_k)frk and 7, = 2/ 1[J, = k] du. (8)
k=1 —t

Therefore,since{r%; > t} = {N;(t;J) = 0}, the conditionalindependencef variablesN;(t; J), and
equation(6) shaw thatS;(¢; J) andr? ; areconditionallyindependengiveno;. Usingthis factand

Py, [1, € (—t, —t + dt)] = Py, [Ny(t — dt; J) = 0, N;(t; J) — Ni(t — dt; J) = 1]
= ef‘jitq(‘]_t)dt

2

in (5) we derve thefollowing representatiotheorem

Theorem 1 Thestationarydistribution of the seaching costC? satisfies

o N
P[CN > 2] = ]E/O qu‘lo)qz(‘]_t)e_’jitlpm [Si(t; J) > = — 1]dt, 9)
=1

with S;(¢; J), B;(t; J) andg; satisfyingequationg6), (7) and(8), respectively

Remark 1 Throughoutthis paperwe will usethe property that variables S;(t; J), B;(t; J),j > 1 are
monotonicallyincreasingin ¢ and B;(¢; J), 7 > 1 are conditionallyindependengiveno.

In the propositionthat follows we investigatethe limiting searchcostdistribution whenthe numberof
itemsN — oco. Now, assumehattheprobabilitymassfunctionSq(k), 1 < k < M aredefinedfor all i > 1

K3

with max q(k) > (. Usingtheseprobabilities for a givenmodulatingprocessJ; andeachl < N < oo we

7

definea sequencef requesprocesse§ R }, whoseconditionalrequesprobabilitiesareequalto
k

2 N k)’

2121 q§ )

then,for eacHfinite N, let OV bethecorrespondingtationarysearctcost. In thecaseof thelimiting request
processR, = RZ°, similarly asin (6), introducesS;(¢; J) = Z#i Bj(t; J) to be equalto the numberof

differentitems,not equalto 4, thatarerequestedn [—t¢,0); B;(t; J) is the Bernoulli variablerepresenting
theeventthatitem j wasrequestect leastoncein [—¢, 0). Now, we prove thelimiting representationesult
thatprovidesastartingpointfor our large deviation analysisn Section4.

1 <4< N;

Proposition 1 Theconstructedsequencef stationaryseach costsC™ convergesin distribution to C as
N — oo, wheee thedistribution of C' is givenby

P[C > z] / Zq(‘lo) (J-t)g —aitp, [1Si(t; J) >z — 1] dt. (10)

Remark 2 For thei.i.d. case thisresultwasprovedin Proposition4.4 of [10].

Proof: In orderto prove thecorvergencein distribution, it is enoughto shav the pointwisecorvergenceof
distribution functions,i.e. for ary = > 0, P[CY > z] — P[C > z] asN — oo. Thisis easilyachieved
usingthe DominatedCornvergenceTheorem.For detailsseetheappendix.

6



3.2 Resultsfor i.i.d. requests

In this sectionwe stateseveralresultsthatconsidel.RU cachingschemawith independentequestshatwill

beusedin proving our mainresults. The MTF modelwith i.i.d. requestdollows from our generalproblem
formulationwhenthe modulatingprocesss assumedo bea constantj.e. J; = constant. In this casethe
Bernoullivariables{ B;(t),j > 1} thatindicatethatanitem j wasrequestedh [—t, 0) areindependentvith
succesprobabilitiesP[B;(t) = 1] = 1 — e~%*. Then,usingthe notationS;(t) = >z Bi(t), itis easyto
seethatthedistribution of thelimiting stationarysearchcostC from Propositionl reducegso

P[C > z] = /OOO Z e WP[S,(t) > x — 1]dt. (11)
=1

Thefollowing two results,originally provedin Lemmasl and2 of [14], arerestatecherefor corvenience.
In this papemwe areusingthefollowing standardotation.For ary two realfunctionsa(t) andb(¢) andfixed
to € RU {oo} wewill usea(t) ~ b(t) ast — t, to denotelim;_,;, a(t)/b(t) = 1. Similarly, we saythat
a(t) 2 b(t) ast — to, if liminf; 4, a(t)/b(t) > 1; a(t) < b(t) hasacomplementargefinition.

Lemma?2 Assumehatg; ~ ¢/i®* asi — oo, Witha > 1 andc > 0. Then,ast — oo
oo 1

S@re s~ Sr (2= ) e,

im1 (0% a

whee I is the Gammafunction.

Lemma3 LetS(t) = ) 2, Bi(t) andg; ~ ¢/i* asi — oo, with @ > 1 andc¢ > 0. Then,ast — oo

m(t) 2 BS(#) ~ T (1 - 1) ciih.

(6]

Throughouthe paperH denotes sufiiciently large positive constantwhile A denotesa suficiently small
positve constantThevaluesof H andh aregenerallydifferentin differentplaces.Forexample, H/2 = H,
H? = H, H + 1 = H, etc. Thenext straightforvard lemmawill berepeatedlyusedin the paper

Lemma4 Let{B,,i > 1} bea sequencef independenBernoullirandomvariables,S = >~°, B; and
m = E[S]. Thenfor anye > 0, there existsé, > 0, sud that

P[|S — m| > me] < He %™,
Theproof is givenin theappendix. O

Now, we provide ageneraboundonthesearchcostdistribution for the casewhentherequesprobabil-
ities arepolynomiallyboundedln thefollowing two lemmaswe alsoallow for someof the¢;-sto beequal
to zero.

Lemma5 If 0 < ¢; < H/i%, thenfor anyz > 1

H

P[C > z] < —.

x



Proof: If therewerefinitely mary ¢;s that are positve, thenwe could alwaysfind a large enoughcache
size suchthat the fault probability is equalto zero andthe boundtrivially holds. Hence,without loss of
generalitywe canassumehatg; > 0 for countablymary : > 1. Therefore;n(t) ,”* oo monotonicalyas
t /* oo, implying thattheinversem—1(t) existsfor ary ¢ > 0. Next, definez, = (1 — €)(x — 1), for some
0 < e < 1. Now, usingS;(t) < S(t) in (11), we derive

m™ ! (ze)
P[C > z] < / Zqz?e*qitp[s(t) z —1]dt +/ Zq e~ Gt gt
0 7,:1 l(we Z 1

£ I (z) + Ly(z).

Then,sinceS(¢) is non-decreasinfunctionin ¢

oo

~1(z,)
I (z) < P[S(m™(z,) >:1:—1/ quqltdt

= P[S(m~ (xe))>x—1zq11—e aim™ (@)

=1

< PS(m™H(ze)) >z —1]

which,by m(m=!(z.)) = (1 — €)(z — 1) andLemma4, implies

1
Li(z) < He %7 — o (xa—l) as r — oo. (12)
Next,
00 o0
= / Z q; 2=t gt
m~1(ze) 1
Zq —q;m 1'5)
=1
lz]
ZQZ 37 e —aim ™ () + Z qi- (13)
$6 i=|z]|+1
Sincesup, 5 ye ¥ = e~ impliesgim ! (z)e %™ () < e foralliandy 2, g <[5 H/u® du,
the precedingnequalityrenders
Iz) < — 4 . (14)

m~Yze) (a—1)za~!

Next, from ¢; < H/i®, the monotonicityof 1 — e~ ** andLemma3 we derive m(t) < Hta, implying
m~Y(z.) > hz®, and,therefore

I(z) <

a—1"

which, in conjunctionwith (12), provestheresult. O



Lemma6 If 0 < ¢; < H/i%, then

o0

Z gie 9t < Hi Ha,
=1

Proof: Similarly asin the proof of Lemma5, the claim follows easily from sup,>,ye ¥ = e 1, the
assumptiory; < H/i* and

-
Q=

Lte ]

6%4‘2%7

o0
D gie 4 <
= i=(t%]

where|y | is theintegerpartof y; we omit the details. o

H—lb—‘

1

4 Main results

In this sectionwe derive our main resultsin Theorems2 and3. Theseresultsfully generalizeTheorem3
of [14] that was proved for the independenceeferencemodel. Furthermore,our proving methoduses
probabilisticandsamplepathargumentsjn contrasto the Tauberiarapproachusedin [14].

4.1 Lower bound

In preparatiorfor our main results,we prove the following lower boundthat holdsfor the entire classof
stationaryandergodic modulatingrequesiprocessesasdefinedin Section2.

Proposition 2 Assumehatg; ~ ¢/i* asi — oo, > 1 and

wwe (-2 (-] -

whee I is the Gammafunction.Then,asz — oo
P[C > z] Z K(a)P[R > z].

Proof: Forary 1 > e > 0, let {B; “(t),7 > 1} beasequenc®f independenBernoullirandomvariables
with P[B,“(t) = 1] = 1 —e™% -9t 5 _(t) & Yooy B, €(t) andm_(t) £ ES_(t) = 1 2,(1 -
e*(lff)‘ﬁt). Note that, usingthe independenceeferencemodelinterpretationfrom the beginning of Sub-
section3.2, S_(t) representshe numberof distinctitemsrequestedn intenal (—t(1 — ¢€),0). Therefore,
we canassumehat S_.(t) is constructedpn a possibly extendedprobability space, monotonicallynon-
decreasingn t. We alsodefine
A
v(t) = X, |7 — k| (16)

thatfor all w € {v(t) < €} andl < k < M, implies
(1 —€) < 7 = T (t) < me(1 +e),

and,therefore
g(1—e€) < g =q¢(t) <qu(l+e), (17)



for all i > 1. Thisfurtherimpliesthatfor everyw € {v(t) <€}
Py, [Bj(t; J) = 1] =1 — 7%t > 1 — ¢~ (1794 = P[B=¢(¢) = 1].
Therefore for everyw € {v(t) < €}, by Strassers theoremon stochasticdominancee.g.,seeTheorem
2.3.1 of [2]), thetotal numberof distinctitemsS(¢; J) = Si(¢; J) + Bi(t; J) requestedn [—¢,0) satisfies
Py, [S(t; J) > z] > P[S_¢(t) > z]. (18)
Then,representatioexpression(10) andequationg17-18)renderfor ary g. > 0

P[C > z] > E/ (Jo)qg‘]’t)e_q"tl%t [S(t; J) > z]dt

9eT* =1

> / QP0G U+IBIS_ (1) > )1 (t) < €] dt.

Now, usingthelastexpressiorandmonotonicityof S_.(¢) we derive

P[C > z] > P[S_c(gex®) > x]/ Z e~ u(1+ItR [qg‘lo)qg‘]_t)l[y(t) < e]] dt. (19)
9eT* j—1

The egodicity of J; andfinitenessof its statespaceimplies that uniformly in k,l andall ¢ large enough
(t > te)
Plu(t) <e Jo=k,J_t =1] > (1 — €)mgmy,

whichyieldsfor all > 1 andt large,

E g™ gl 10t < €] > (1 - e)(a)*. (20)

(142¢)*
c(1-g[L(1-2)"
(1 + 2¢)z asz — oo, from which it follows that for all = large (z > z.) Em_.(g.z%) > (1 + €)z.
Thereforepy Lemmad, for all z > z,

Next, if we chooseg, = then, it is easyto checkthat, by Lemma3, Em_.(gez®) ~

P[S_e(gex®) > z] > 1 —€.

Thus,replacingthelastinequalityand(20) in (19), we concludethatfor all large z

P[C > z] >

1+ / Z gi(1+¢))%e %0 g, (21)
6 o P

In orderto estimatehelastintegral, we obsenre that,by Lemmaz2, for all ¢t > ¢,

S (a1 + et s (1 - o (LF )97 (2 B 1) .y

a [e%

Henceusingthelastestimatan (21) andcomputingtheintegral resultin

PO >a) > 02O L+ (2 - é) (g™

1+€¢? a-1

10



that,in conjunctionwith thedefinitionof g, for all z > z. yields

(1 —e)47é c

P[C > z] > mlf(a)m.

Thelastboundandtheasymptotidehaior of therequestistribution P[R > z] ~ ¢/((a—1)z* 1) further
imply

)4 a
lminf A>3 5 _(A=97 p
700 PR >a] ~ (1 4 2¢)1to a
which, by passing | 0, concludeghe proof. O

4.2 Genera modulation

In this sectionwe prove our first main result, with the underlyingprocessJ; beingsomegeneralprocess
with sufficiently fastrateof corvergenceof empiricaldistribution.

Theorem 2 If ¢; ~ ¢/i* asi — oo, a > 1 andfor anye > 0

A . _ é_g
1;1}1;;);41?“7%(75) K| > €l =0 (t ) as t — oo, (22)
then

P[C > z] ~ K(a)P[R > z] as z — oo,

with K («) asdefinedn (15).

Remark 3 Thisresultand Theoema3 of thefollowing subsectiorshowthat LRU fault probability is asymp-
totically invariant to the modulatingprocessand behaveghe sameasin the caseof i.i.d. requestavith fre-

quencieequalto themaminal distribution ¢;. K («) is monotonicallyincreasingin o withlim,_,; K(a) =

1 andlim,,» K (a) = e” = 1.78, whee v is the Euler constant;this wasformally providedin Theoem3

of [14].

Remark 4 Condition(22) mayexcludethe setof processesvhoseautocorelation functionsdecayslower
thanté_Q, in particular long-range dependentnodulatingprocessed;. To seethis, considerthe casewhen
thejumppoints(7,, — T,—1) arei.i.d. with thefirstjumppointdistributedas
d
PTy >t = B
for someconstantd, andthe modulatingprocessobservedat this points.Jy,, is a finite stateMarkov chain
independentf {7, }. Then,Theoem?7 of [16], showsthat the autocorelation functionof .J; satisfies

0<p<l1

p(t) ~P[Th > t] as t — oo,
implyingthatflC>o p(t) dt = oo; hence J; is long-range dependentOn the otherhand,sinceJj is indepen-
dentof T;
]P’H’ﬁ'k(t) — 7Tk| > 6] > P[|ﬁk(t) — 7Tk| >e T > t]

dq

=P[|1[Jo = k] — 7| > €|P[Th > t] = B

11



whee d; = dP|[|1[Jy = k| — 7| > €]. Theefore,
2_§]P’[|7Ark — 7Tk| > 6] > dth_é_ﬂ — 00 as t — oo,
which violatescondition(22).

Proof: UsingS(t; J) = Si(t; J) + Bi(t; J) > Si(t; J) andtherepresentatiom (10),forary h > 0

hx® 00

PC> 2] <E / FOPISHT) >z —1]dt+E [ FOP[SET) >z —1]dt
0 hxe
2 Ii(z) + DL(z), (23)
where - -
F(t) £ 37 gl et < 37 gl = 1, (24)
=1 =1

Furthermore the empirical distributions are uniformly boundedby §; = z,@ilﬁkqg’“) < Ekle q§k> <
g = gi/ ming T, < o0, sinceminy > 0. Then,we definea sequencef independenBernoullirandom
variables{B;(t),i > 1}, with P[B;(t) = 1] = 1 — e~%% and S(t) = Y_:°, B;(t); similarly asin the proof
of the lower bound, S(¢) canbe constructechon-decreasingn ¢. Note thatfor every w, P,,[Bi(t; J) =

1] < P[B;(t) = 1] and,therefore by stochastidlominancgseeStrassers Theorem2.3.1 in [2]), we obtain
P,,[S(t;J) > = — 1] < P[S(¢) > z — 1] uniformly in w. Usingthis obseration andthe monotonicityof
S(t), we arrive at
hz® _ _
Liz) < / PIS(t) > o — 1]dt < Hz®P[S(ha®) > & — 1]. (25)
0

Now, dueto Lemma3, ES () < Hté, andtherefore we canalwaysfind 2 smallenoughsuchthatfor ary
e > 0 andall = largeenough

ES(hz®) < (1 —€)(x — 1). (26)
Then,(25),(26), Lemma4 andLemma3 imply, asz — oo
I(z) < Hz%e % = (%) . (27)

Then,by usingv(t) asdefinedin (16), we obtain
L(z) <E / FOPLL[SE:T) > o — 1] dt

hx>

= E/Oo FOP,[S(t:T) >z —1]1[v(t) < dt + E ” F@OP,,[S(t; ) >z — 1]1[v(t) > €] dt
h
+ IQQ(.’L‘). (28)

)

>~

Note that, by assumptiorof the theorem,for ary § > 0 andt large enough,P[v(t) > €] < and,

thereforeusing(24), for all z largeenough

122(1)3/ 0 gt < 0
h

w275 T (1= Lplaget

1
a

12



Thus,sinced canbearbitrarily small

122($) =0 ( 1 ) as T —r Q. (29)

xafl

Next, we will provide the estimatefor I»;(z). Similarly asin the proof of the lower bound,we define
Se(t) £ 3.2, BE(t), where{B{(t),i > 1} is asequencef independenBernoulli randomvariableswith
P[BS(t) = 1] = 1 — e~ %(1+9% As before,S,(t) canbe constructechon-decreasingn ¢. Therefore by
stochastidlominancefor everyw € {v(t) < €},

Py, [S(t; ) >z — 1] < P[S(t) >z —1].

Furthermoresincefor all w in {v(t) < €} (17) holds,by using(24), we obtainthatfor ary constang, > 0
oo X R
I(s) <E / gl e B[S (1) > 3 — 11w (t) < €] dt
0 .:
gex™ oo X
< ]E/ P[Sc(t) >z — 1]dt + / Z]E [qZ(JO)qZ(J*t)l[u(t) < 6]] e~ (1=9ait gy (30)
0 gex®

If we selectg, = % then,dueto Lemma3, ES, (gez*) ~ (1 — 2¢)z, whichimpliesthatfor all
z largeenough(z > z.),

ESe(gex®) < (1 —€)(z - 1).

Hence sinceS,(t) is non-decreasindyy applyingLemmas4 and3 we concludethatfor z large (z > z.)

geZ 1
/ P[S.(t) > z — 1] dt < gez®P[Sc(gex®) > z — 1] < Hz% %% =0 ( ) . (31)
0

ma—l

At this point, it remainsto derive an estimateof the secondntegralin (30). Similarly asin the proof of the
lower bound,sinceJ; is ergodicandhasfinitely mary statesfor all : > 1 andt large (t > )

Elg\™ g 1[u(t) < ] < (1 + €)(a)*

2

Thisimpliesthatfor x large enough(z > z.), thesecondermin (30)is boundedy

1+€ 2_1 )1t
1_6/ Zl—e et gy

Boundingthe precedingexpressionis analogougo evaluatingthe integral in (21), i.e., we useLemma2
to upperboundthe sumunderthe integral for large z and then computethe integral for the choseng,.
Therefore combiningthe boundobtainedn this way with (31), (30), (29), (28),(27)and(23), we derive

14+e)3 =
limsupP[C > z]z® ! < (1+¢ -K(a) ¢ ,
T—00 (1 —2¢)tta=a (@—1)

which, by passing /| 0, finishesthe proof.

13



4.3 Semi-Markov modulation

In orderto cover the casesvhen condition (22) is not satisfied,e.g. thoseexamplesfrom Remark4 that
exhibit the long-rangedependenceye assumehe following detailedstructureof the modulatingprocess.
We considerthe classof semi-Marlov processeshatis uniquelydefinedby thefollowing evolution of J;
atjump pointsT,

P[JTn = k),Tn+1 — Tn < t|JTj,T1j+1,j < n]
= pir(1 = Fi(t)) on {Jr,_, =i},

whereFy(t) = P[Ty41 — T, < t|J1, = k] andp;, = P[J7,,, = k|J7, = 1] (seeSection5 of Chapterl0
in [7]). Weassumehat{p;;} is astationaryandergodic (irreducible)finite stateMarkov chain.Recallthat,
withoutlossof generalitywe setT, < 0 < T3. Throughouthis sectionwe assumehatE[T> —T1]1+5 < 00
anddefine

v 2PlJy, =k, m2E-Ti|Jr, =k and p2ETL-T)= Zukuk

Then,for J; in stationarity E(T3 — 1) < oo impliesforall1 <k < M

P[T} > 2| Jy = k] = L1 _MF’“(“)) du _, (%) as  z - oo (32)
k

For J; asdescribedabore, we stateour secondmainresult.

Theorem 3 Assumehat .J; is semi-Markov with E[T> — T1]1+‘5 < oo, for somed > 0. If ¢; ~ ¢/i* as
1 — 00, > 1, then
P[C > z] ~ K(a)P[R > 1] as z— oo,

with K («) asdefinedn (15).

In preparatiorfor the proof we definethe momentsof reversedjump points7? £ —T ,,, n > 0; this
notationis corvenientsinceC' dependsn J; for negative valuesof ¢ < 0. Notethat (7], Jy) is equalin
distributionto (77, Jy) and,thus,(32) holdsfor T aswell.

Heuristic outline of the proof: The proof of the lower boundfollows from Proposition2. Hence,in
orderto completethe proof, we needto prove the upperbound. To this end,we obsere thatf(t), asde-
finedin (24),is arandomvariablemeasurablavith respecto ;. ThereforeusingS(t; J) > S;(¢; J) and
P,,[S(t; J) > z] = E,, 1[S(¢; J) > z], theintegral representatiom (10) is boundedy

PIC > 2] < E/Oof(t)l[S(t; J) >z —1]dt

= / +]E/ “”/JHE/
6 1/3J

2 I (z) + Io(z) + I3(2). (33)

Foragiveninitial stateJy = k, theintegral representatiom I, (z) approximatelycorrespond$o the caseof
i.i.d. requeststepresenteth (11), whereg; is replacedoy ngk) andtheintegrationis truncatedoy arandom
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time 7. Now, usingthefactthatP[7§ > z] — 0 asz — oo andLemma5, we estimatel; (z) = o(1/z* -1
asz — oco. Next, obsere thatfor « large enoughty .5 ~ z'/34. Then,by using f(¢t) < 1 andthe

definitionof S(¢) from the proof of Theorem2, we conclude

1/3,,

IL(z) 5 /Om P[S(t) >z —1]dt

~

< 2 BuP[S(zPu) > z — 1]

1
:0( ) as r — oo,
xa—l

wherein the last equalitywe exploited Lemma4. Finally, dueto emodicity of the process/,, for ¢ large
enoughg; =~ ¢; and,thereforefrom thedefinitionsof B;(¢; J) andS(t; J), we deducethatS(¢; J) ~ S(t),
whereS(t¢) corespondso the numberof distinctrequestsn [—t,0) for the caseof ani.i.d. requestswith
distribution ¢;, asdefinedin Subsectior8.2. Hence for z large enough,I5(z) is approximately

o N

L(z) ~ E/ FOUSET) > o — 1) dt

1/3,

/ 13, Ze wE[g{") g PS(1) > = — 1) dt
—qit 2 T
< [T e arHs > -

since,by (1),E[q§J°)q§J‘t)] ~ (¢;)? andS;(t) > S(t) — 1. Thelastexpressiorequalsto the caseof i.i.d.
requestsstatedin equation(11) and canbe estimatedusing either Theorem3 of [14] or our Theorem?2.
A rigorousproof of the theoremis muchmoreinvolved andvery technicaland, therefore we presentt in
separaté&ection? of this paper <

5 Numerical examples

In thissubsectiomye provide threesimulationexperimentghatillustrateTheorem2 and3. We considetthe
casewherethe underlyingprocessJ; is a two-state{0, 1} semi-Marlov processwith parameterémplying
strongcorrelation. Sincethe asymptoticresultswere obtainedfirst by passingthe list size N to infinity
andtheninvestigatingthetail of thelimiting searchcostdistribution, it canbe expectedthatthe asymptotic
expressiongives a reasonablepproximationfor P[CY > k] whenboth N andk arelarge. However, it
is surprisinghow accuratelythe approximationworks evenfor relatively smallvaluesof N andalmostall
valuesof k < N.

Theinitial positionof itemsin thelist is chosenuniformly at random. In eachexperiment,beforewe
conductmeasurementsye allow 107 units of warm-uptime for the systemto reachits steadystate. In
orderto malke surethatthe simulationresultsare accuratewe run anothersimulation,wherewe take the
initial positionof itemsaccordingto the reversedorderof their popularity (i.e. thefirst item is the least
popular etc.). In all theseexperimentsthe measuredesultsarealmostidenticalfor thesedifferentinitial
conditions. Therefore,one can safely assumehat the experimentsreachedhe steadystate. The actual
measuremerttme is setto be 107 unitslong. In all of the experimentsthe measurementareconductedor
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cachesizesk = j*x 50,1 < j < 16 andarepresentedvith star**” symbolson Figuresl, 2 and3, while our
approximation K (a)P[R > n], is representedvith the solid line onthe samefigures.

Thetotal numberof documentsn all threeexperimentds setto N = 1000. The Markovian transitions
of the two-statemodulatingprocessarepy; = p1p = 1. We user? andr! to denotethe variablesequalin
distribution to the sojourntimescorrespondindo state9) and1, respecirely. In thefirst two experiments
70 andr! arediscreterandomvariableswhile in thethird experimentthey arecontinuous.

Example 1 In this experimentwe choosediscreterandomvariablesr® and 7! to be distributedasP[r! =
i%10) = P[70 = i % 10] = a = (1/(i * 10)> — 1/((i + 1) % 10)?), whee i € {1,...,10*} anda =
103(1 — 1/(10* + 1)3)~1. In state0, only odditemsare requestedcconing to qé?ll = HY/(2i + 1)1,
¢ = 0,where1/HY = 32 1/(2i+1)14, whilein statel, theprobabilitiesare concentatedexclusively
on evendocuments;;é? = H}/(2i)14, qgll = 0, whee 1/H} = ZZN:/f 1/(2i)**. Theexperimental
resultsare presentedn Figure 1. Thismodelcorresponddo the casewhere two different classesf clients
requestdocumentgrom disjoint sets. Evenin this extremescenario,our approximation K («)P[R > k|
matdiesvery preciselythe simulatedresults.

0.5

-0.5¢ — log10(K(a)*P(R>k))
* log10(P(C>k))

-1.5r

-2t

-25}

0 100 200 300 400 500 600 700 800
log10(k)

Figurel: lllustrationfor Examplel

Example 2 Here, we selectvariablesr® and 7! to bedistributedasP[r! = i x 10] = P[7% = i % 10] =
b* (1/(i % 10)%8 —1/((i + 1) * 10)°8), wheei € {1,...,10*} andb = 10°8(1 — 1/(10* + 1)°&)~1. In
state0, itemsare requestediccoding to distribution ¢ = C9 /il4, whele 1/C% = >N, 1/i*4, andin
statel, the popularity of documentss givenbyqz(l) = Cy/i*%, whee 1/C% = S°N | 1/i*. Ourintention
in this experiments to showthat only the heaviertailed requesprocesimpactsthe LRU performanceThe
simulationresultsin this caseare presentedn Figure 2. Asin the precedingexperimentweobtainaccuate
agreemenbetweerthe appoximationandsimulation.

Example 3 Now weillustratethe casewhee P[r! > ¢] = =3, ¢ € [0, c0) (exponentialdistribution) and

P[0 > ] = 1/t°8,¢ € [1,10°] andP[r° > ¢] = 0 for ¢ > 10°. In state0, itemsare requestedccoding

to distribution q§°> = HY /i, whee 1/HS, = S 1/i%. In statel, the popularity of documentss
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0.5

-0.51 — log10(K(a)*P(R>k))
+_log10(P(C>K))

-15}

-2+

-2.5
0

. . . . . . .
100 200 300 400 500 600 700 800
log10(k)

Figure2: lllustrationfor Example2

¢ = H} /i, whee 1/H), = YN 1/i'4. This experimentshowsthat evenin the casewhenEr? =
46 > Er! = 1/3, thetail of the seach costdistribution is asymptoticallydominatedoy the heaviertail of
requestsn statel. Again,the excellentagreemenbf the appoximationwith simulatedresultsis appaent

fromFigure 3.

05
O .
-0.5f — log10(K(a)*P(R>K))
¥ log10(P(C>K))
_1 .
15l
_2 .
_25 .

. . . . . . .
0 100 200 300 400 500 600 700 800
log10(k)

Figure3: lllustrationfor Example3

6 Concluding remarks

In this paperwe investigatedhe asymptoticbehaior of the LRU cachefault probability or equvalently
the MTF searchcostdistribution, for a classof semi-Marlov modulatedrequestprocessesThis classof
processepravidesboththe analyticaltractability andflexibility of modelingawide rangeof statisticalcor
relation,including the empirically measuredong-rangedependenceWhenthe maiginal probability mass
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function of requestgollows Zipf’'s law, our mainresultsshav thatthe LRU fault probability is asymptoti-
cally proportionalto thetail of therequestistribution. Theseresultsassumehe sameform astherecently
developedasymptoticdor thei.i.d. requestsimplying thatthe LRU cachefault probability is invariantto
the underlying, possiblystrong,dependengc structurein the documentrequestsequence.This surprising
insensitvity suggestshat one may not needto modelaccuratelyif at all, the statisticalcorrelationin the
requestsequenceHence,this may simplify the modelingprocessof the Web accesgpatternsandfurther
improve the speedof simulatingnetwork cachingsystems.

Our resultsarefurthervalidatedusingsimulation. The excellentagreemenbetweerthe analyticaland
experimentakesultsimpliesthe potentialuseof our approximatiorin predictingthe performancendprop-
erly engineeringNebcachesTheexplicit nature high degreeof accurag andlow computationatomple-
ity of our resultcontrasthelengthyprocedurenf simulationexperiments.

7 Proof of Theorem 3

In orderto prove thetheoremwe will needthefollowing technicallemma.Recallthe definitionof 7, from
Subsectior#.3.

Lemma?7 If B[TT —T§]'™ < oo, thenh > 0 sud thatuniformlyfor all n. < hz

1
]P’[T;;—Tg>:c]§no<ﬁ) as z — oo.

Proof of Lemma 7: We constructasequencéd X;, 7 < n} of i.i.d. randomvariableswith

A _ - 7
F(z) £ PX; > z] 1?}1%}5\/11?]6(:6)’

whereFy(z), 1 < k < M is definedatthe beginningof Sectiord. Therefore P[X; > z] > P[T} — T | >
z|Jrr] and

n
PTy —T; >z] =P Z(Tf —-T; ) >z
Li=1

=E|P

| |

[ n n
<P X >x] =P [ZXi—nIEXi >x—n]EXi] .
Li=1 =1

n

> (T - iT—1)>$|JTj>1SjSﬂ

=1

Now, sinceE[77 — T3]'+° < oo, we concludeEX; "¢ < H, for ary 0 < s < § andsomesuficiently large
positive constantd andtherefore uniformly for all n < hz, we obtain

n
P[T" —TF > 2] <P [ZXi—n]EXi >x—hH:v] .
=1

Now, by takingh > 0 suchthathH = 1/2 andapplyingCorollary 1.6 of [19] we concludetheproof. <

Proof of the theorem: In view of the heuristicoutline of the proof from Subsectiort.3, we proceedby
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deriing the upperboundsfor the expressionsl;(z) definedin (33). In orderto estimatel; (x), we first
conditionon 7§ beingrespectrely greaterandsmallerthanhz®

o & (] (Jo)
/ Z D\2e-0" 11 J) > 3 — 1] dt

5 % ips
< / Z (I0)y20-a 1154 J) > @ — ITT > ha® ]dt+lE/ 1S T) > @ — [T < ha] dt
0
:Ill( )—i—IlQ(ZII)

Next, we defines') (¢) £ > B(k)( £), S® (t) = S®) (1) + BH) (1), where{ B (t),i > 1} isasequence

of independenBernoulli randomvariableswith IP’[BZ.(’“)(t) =1=1-e —a"t, Then,from the definition

of S(t;J) it follows that P[S(t; J) > z|Jy = k,t < T§] = P[S¥)(t) > z]. Thus, usingthis fact,
qz(k) < g; < H/i%*, Lemmab, andequation(32), we obtain

M oo O
In(z) < S Py = k, T8 > ha®] / S (q®)2e 4 tB[s® () > 2 — 2 dt
k=1 =
MP[T] > hz® H 1 34
< [T5 > hz ]$a_1 =o( o= as z — oo. (34)

In estimatingl;2(z) we useT|; < hz® andexactly the sameargumentsasin (25 - 27), rendering

Lp(z) < haP[S(ha®) >z —1] =0 ( a—1

as r — o0.
T

Thus,the precedingooundand(34) imply

Li(z)=o0 ($a11> as 1z — oo. (35)

At this point, we provide anestimatefor I>(z). If we definel’ (z ]EfTT 1 O1[S(Tr; J) >« — 1] dt,
then

(A T 7
I(z) = ]E/T F)1[Ty > ha?]1[S(Ty;J) >z —1]dt+ E - F@1[Ty < hax*N1[S(T,;J) >z — 1] dt

n—1 n—1

£ I, 1 (z) + I 5(x).
Next, whenwe replacethe bound

(Jpr)
i "

=Ti-1) for t e (T_,,T") (36)

n—1v " n

o
~ Jr (J0) por
)< g7 gt =ai" 15 o=
in I, | (z) andevaluatetheintegral, we derive

3 (Jo) (J0) p gox (JT‘VTL) r_r
I (z) < ]EZ 1Ty > ha®)g; e 4 (1 — e % " Ta-Taov)),
i=1

19



. Jrr .
Then,usingl — e % < z for z > 0, max(qg‘]o), q§ T")) < g < H/i* andsup,>qye ¥ = e~1, similarly as

in (13),we arrive at
[z] _1 o]
1[T§ > hx® _
)<BY gy - )+ B S AT > ha)(@)A (T — Tr_)
i=|z|

< E(T} ~ T[T > ha]] 37)

Sincerandomvariables(7;, — T}

7 _1),n > landl{Tj > hz®] areconditionallyindependengiven Jy, we
derive

E[(T, = Tp-1)UTg > ha®]] = EE[T, — Ty 1]Jo]P[T5 > ha®|Jo]]

< T T' — T o
(1£r,lf?§\/[E[T 15, 1|Jo = K))P[T5 > hz®]

< 0 “].
< (lg;%%uk)ﬂ”[% > hz] (38)

Thus,the proceedingound,(37) and(32) yield uniformly in n,
i 1
ni(z) =0 (:1:_0‘) as z — oc. (39)

Next, we computeanestimatefor I, ,(z). Using (36) andcomputingtheintegralin I; ,(z) resultin

s (Ugr)
2) SEY I < ha®, S(I5: ) > @ — g™ @ T (1 - em” " (i)
i=1

<PTy < hz,S(Ty;J) >z —1]

<PS(TE;J) >z —1,T5 < hz®, S(T§;J) <ex — 1]+ P[Ty < hz®, S(T§) > ex — 1], (40)
sinceS(t) stochasticalljdominatesS(t; J). Let S(u,t;J), 0 < u < t, bethe numberof distinctitems
requestedn [—¢, —u); then,it is easyto seethatS(7T;; J) < S(T{;J) + S(T§,Ty; J). Thus,if we choose
h smallenoughsuchthat ES (hz®) < s for largez, then,by Lemma4, we obtain(z > z)

In o(z) <P[S(T5, T3 J) > (1 — €)z] + P[S(ha®) > ex — 1]

< PS(TT —TF) > (1 — €)z] + He %, (41)

Now, if we pick h smallenoughsuchthatES (hz®) < (1 — 2¢)z, we obtainthatuniformly for all n < z3

P[S(T" —T7) > (1 — €)z] < P[S(hz®) > (1 — €)z] + P[I" — TT > ha?] (42)

P[S(hz®) > (1 — €)x] + nP [Tl T > h%]

1
<H6 €$+0(T2/3> as T — 090,
X

wherein the secondnequalitywe usedthe unionbound,andin the lastexpressionLemma4 andE(7] —
Ty) < oo. Thisimplies I} ,(z) = o(x}—m) asz — oo, uniformly for all n < z'/3. Therefore,in
conjuctionwith (39), we derive

l=1/3]

Liz)= Y Iiz) =o (%) as o oo, (43)

n=1



In orderto derive asymptoticsfor I3(z), we usethe fact that semi-Marlov process/; obsered at jump
points {Jrr, —co < n < oo} is a Markov chain. Definethe amountof time that .J; spendsin statek in
Ton = (15, T7) @s

0" n
TO n é Z JTT = z—|—1 TT)
i=0
Then,
n—1
Erg(T5,) = Y PlJrz,, = KE[T],1 — T]|Jry,, = k] = nuppy = npmy.
i=0

Forary 1 < k < M, well-known resulton finite stateergodic Markov chainsshavs thatfor arny € > 0,
thereis 6, . > 0, suchthat
[ Z JTr =k|—wn
=0

Next, sinceintenals T;” — T, ; arenonngative randomvariableswith finite mean they have boundedeft
tails and,thus,large deviation agumentsandthe preceedingnequalityeasilyyield for any e > 0 andsome
6.>0

> en:| < e Orem,

Plrk(Ton) < (1= )Erg (T3 )] < ™" (44)
Therefore the probability of the complemenbf the following set
A(n) 2 Mickenr{m(T5,,) > (1 — )npgry}
is exponentiallyboundedP[A¢(n)] < Me~%". Then,we decomposds(z) as

) <E Z/ (t)1[A°(n)]dt + E Z/ ®1[S(t; J) >z — 1]1[A(n)] dt

zl/3 | zl/3
Now, replacing(36) in thefirst expressiorof thepreceedingnequality computingtheintegralandusingthe
exponentialboundonP[A¢(n)] leadto

o0

E Z /+ Am)dt < Y ]P’[.Ac(n)]zo(xo}l) as - oo

n=|z1/3 ] n=|z1/3]

Hence applyingthe precedingestimateandconditioningon thelengthof 7 resultin

Lix)=E 3 / ROUSET) > 7 — 1,TT > ha®, A(n)] dt
n=|a1/3 | T
ad Thii 1
+E Z / F@O1[S(¢t; JT) >x—1,Tg§hxa,A(n)]dt+o<ﬁ>
n:[xl/?’J £ z
1
éIgl(a:)+I32(:c) +0($a1> . (45)
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Notethatfor all w € A(n)

M M
Zm T5)a” > (1 —en > ¢ P vk = (1= Y ¢Fme = (1 - npgs,
k=1 k=1
andthereforefor t € (T}, T}, |]
00 . Ipr) e )
Z ) g T -0 T 4, (46)

=1

Therefore by usingthe preceedingnequalityin I3, (z), thencompletingthe integrationandapplyingl —
e ¥ <z, x>0 wederve

I3 (z) <E Z / (O[T > hx®, A(n)] dt

n—|_$1/3j
(Jo) —q(JO)h:v"‘ (JTT71:+1) T ay(r T = —ung;(1—e¢)
< ]EZqi e 4; 1T > ha®)(Thya — T7) Z e
=1 n=|x!/3]

(Jo)p
< HE | 1[T§ > ha® (T}, — T5) Zq(JO o0 ’”],

wheretheIastinequalityuseszwzngmJ e—#ngi(l—€) — O(1/q) andqZ ) < g;. Hence,upperbounding
the precedingsumandE[(T},, ; — T;)1[T§ > hz®]] similarly asin (13) and(38), respectiely, we easily
arrive at

I3i(z) =0 ( a11> as z — oo. (47)
I

Next, in evaluatingl3»(z), we conditionon thelengthof T}, | — T}

Lo(s Z / OUS(ET) > ¢ — 1T} < ha® T, — T0 > ha®, A(n)] dt
n—|_z1/3j n
.S / OUSET) > 2 — 1T} < ha®, T, — T0 < ha®, A(n)]dt.  (48)

n=|z1/3]

(49)
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Thus,using(46), q(JO < giandl —e™® < x for x > 0, we upperboundthefirst term of the preceding
equality

E Y / " FOUS(ET) > 7 — 1T < ha® T0y —T7 > ha®, A(n)] dt
n:[a:l/?’J n
0 0 Urr, )
<EY Y e (o1 —e 4 o= TN[TT, | — TF > ha®)
=1 n= Lm1/3J

o o

< HE[(T] = TOUT] =T > ha®]) Y Y (@) e 17owuna
i=1 pn=|z1/3|

1
=0 (ma—1> as z — oo; (50)

thelastestimatefollows from E(T] — T§) < oo and

o o

1
2 7(1 €)ung; < < )
2:21 Z Z (minlgkgMWk)Q(l—G)M >

’I’L:CL‘

Thereforereplacingexpression50) in thefirst sumof (48) yieldsasz — oo

In(@) =E 3 / OUS(TT 15 T) > 2, T < ha, £+1—T£§hxa,A(n)]dt+o< al_l)
n=|z1/3] z
) e
<z Y [ Z/HEE/ +o( )
n=|zgl/3| """ n=|ex® | n=|ge x|
1
2 1))+ 10 + 1§ @) +o (). 5)

for somel < € < g.. Now, recallingthe definitionof S(u, ¢t; J) andusingsimilar agumentsasin (40) and
(41),it is easyto shaw

US(Thy1;J) >z — LTg < ha®, Tpy — T, < hat] <
1S(Ty,Ty; J) > (1 —2€)x] + 1[S(hz®; J) > ex — 1/2] + 1[S(T,,, T;, + hz®;J) > ex — 1/2], (52)
and,thereforereplacing(46)in I?E;) (z) andcompletingtheintegrationresultin

lex® | Ipr
K@ <E 3 S g t-amn( e @ TN S(ry, 735 0) > (1 - 20)
n=|z!/3] i=1

+ 2ex®P[S(hz®) > ex — 1/2],

whereh is smallenoughto ensurdES‘(hm ) < ex/2 for large z. Next, applyingLemma4, qZ(JO) < Hyg;,
l1—e® <z (x> 0), thefactthat (T}, , — Ty) and 1[S(Ty,T;;J) > (1 — 2¢)x] are conditionally
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independengiven Jz» andE[T] — T§] < oc rendersasz — oo,

Lez*]

1
Iél)( )< H Z Z g;)2e~ (- e)nuquE[IE[T"+1 Tyl J: P[S(Tg, Tys J) > x(1 — 2€)|Jr]] + 0 (F)
n=|zl/3] i=1
lex™ ]

<H Z Z%Z ~(1—e)nugip P[S(T? )>x(1—26)]+0(x0}_1>,

n=|z1/3] i=1

Now, by usingthe agumentasin inequality(42) andLemmas? and7, we derve asz — oo

Lex® | 1 1
)< H Z — Ty > ha®] + (wa_l) :0($a_1>, (53)
1 n?
n=|z3 |
wheree is smallerthanh in Lemma7. Now, we estimate[g) (x) by replacing(46)in Ig)( ), completing
theintegrationandapplyingsimilaragumentsasin (52) and,thereforeasz — oo
), S N T 1
1§ ) <E Z qz 0) —(1— enqzl-t(l_e 4 (Toy1— Tn))l[S(TOT,T;;;J) > (1—2€)x]+0(wa_1> .
n=|ex® |
Then, by using max(qz(‘](’),qf ) Hgi, 1 —e™ <z (z > 0), EI7 — T§] < oo, the fact that
(T;,, — T;) and 1[S(Ty, Ty J) > (1 2¢)z] are conditionally independengiven Jz», we obtain as
T — OO
[gez*] oo
@) <H S S (g)e -Omrg [E[ — T | I )P [S (T2, T7:J) > (1 — 2e) | JTﬁ]]
n=|ex*| i=1

1
t+o xa—l

lgez*] oo
Z(qi)Qef(lfe)”q"“]P’ [S (TO’TLg CL‘O‘J’J) > z(1 — 26)] +o <%> ,
=1

<H

n=|ex®| 1=

Define

B(z) £ Mi<k<m{Tk(T5 g )) < (1 + € prvigez®}.
Then,asz — oo

[gez®

)< H Z Z gi)2e~(1=Ounaip [s (TS,T{QEWJ;J) > z(1 — 26),3(:5)]

n=|ex>| i=1

1

+H YD (g)’e CEPB(z)] + 0 (33;1) . (54)
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Dueto the WeakLaw of Large NumbersP[7y, (T ; o) > (1 + €)prrrgez®] — 0, implying P[B(z)] — 0
asr — oo, which,in conjunctionwith Lemmaz2, yieldsasz — oo

gez®] oo [gez® ] 1
5 St e i), o

n=|ex]| i=1 n=|ex® |

Next, we estimatethe probability P[S (77, T| g,z 3 J) > (1 — 2¢)z, B(x)]. Let Bi(u,t;J), 0 < u
be a randomvariableindicatingwhetheritem i is requestedn [—¢, —u). Define S*(z) = Y ;2 B (z),
where{B}(z),i > 1} is a sequencef independenBernoulli randomvariableswith P[B}(z) = 1]
1— e ()55 q§k)wrkge$a; similarly asbefore,S*(xz) is constructechon-decreasing z. Then,for every
w € B(x)

o M (k) ”
Fory [Bz' (TgaTLTgezajé J) - 1] =1—¢ Zb=1% TG ge0n)

[gez®]
< P[B/(z) =1].
Therefore py stochastidominancefor everyw € B(x)
Pore . [S (TO,TM IaJ,J) >(1— 2e)x] <P[S*(z) > (1 — 2¢)a]. (56)
— 1-3 it i i

If weselectg, = m it is easyto check,usingLemmaa3, thatfor all z large enough

ES" (z) = 3 (1 — e (HO Tt mnser ™y < (1 — 3¢)g.

i=1

Thisinequality (56) andLemmad4 imply, for all z large enough,
P [S(T5, Tjgza); ) > (1 — 2¢)z, B(z)] < P[S*(z) > (1 —2€¢)z] < He ¥,
for somepositive constan®,. Thereforepy usingLemmaz2, the upperboundthefirst expressionn (54)is

[gex*] o0

Z Z qz 2 71 GH"LQz [S*( ) (1—26)37] :0($a11> as T — 00,

n=|ex>]| i=1

whichin conjunctionwith (55) implies

I:g) () =0 (xal_l) as z — oo. (57)

Finally, afterreplacing(46)in I?(,g) (z), computingtheintegral, andapplyingfirst1 —e™* < z, z > 0 and

then(1), we obtain
I?g Z Z @)?(1 + €)pe —(1=9ung;
[gex>] =1

Now, by usingLemma?2 andreplacingthe expressiorfor g., we compute

(L+o> a(l—ea

3)
lim sup —2—— L3 () 13 )1_l
—36) 2

o P[R g S K@
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By passing — 0 in thelastinequalityandthenreplacingit togethemwith estimateg57) and(53)in (51),
we derive

) I3s(x)
—= L < K .
lim sup PR > 2] = (@)

Finally, (51),(47),(45), (35), (43) andProposition2 concludethe proof.

8 Appendix

Proof of Proposition 1. By Theoreml, for ary finite IV, the stationarysearctcostis givenby

o N
P[CN > 2] =E / g e NS, (8 J) > x — 1] d. (58)
0 =1

Clearly thetermundertheintegral in the precedingequationconvergesto thecorrespondingermin (10) as
N — oo. Hence,in orderto applythe DominatedCornvergenceTheorem|jt remainsto shaw thatuniformly
in N, theintegrandin (58) is boundedby anintegrablefunction. To thisend,let §; v, ¢ > 1 correspondo

empiricaldistribution, definedin (8) with ¢\ replacedby ¢%. Then,sinceW \,1lasN — oo,
thereexists Ny > 1, suchthatforall N > Ny, 1 <i< Nandl<k< M

i=19;

a® < g8 < 9q®).

Z

Thus,thefunctionundertheintegral in (58) is almostsurelyboundedoy
w ~
4 Z qZ(JO)qZ(J_t)efqit. (59)
i=1

Since—d(e~%t) = e~%td( kM:1q§k> fftl[J = k|du) = e—‘fitqgj‘t)dt, and, dueto emgodicity, §;t =
YU g™ [01[J, = K] du — oo ast — oo a.s.we concludethatthefunctionin (59)is integrable,i.e.

/ 4Zqz¢’oqz'f—eqltdt 411;/ Zq% ety = 4,

<&
Proof of Lenma 4: Letm,; £ EB;,i > 1. Foranarbitrary) < e < 1
P[|S — m| > me] = P[S > m(1l +¢)] + P[-S > —m(1 —¢€)]. (60)
Now, usingMarkov inequality for arny @ > 0 we obtain
P[S > m(1 + €)] = Ple?% > ™1+ < E’%es. (61)
= om(ite)

Since { B;,i > 1} areindependenBernoullirandomvariables

o o

EeaS:H]EeeBi:H(e m; + (1 —m;)) <Hem’e*

=1 =1
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and,thereforeusing(61), we derive
B[S > m(1 + )] < & 1901+

Thus,we canchoosed > 0 suchthate? —1 — (1 + ¢) = —9&1) < 0. Similarly, we getthatthe second

expressiorof (60) is boundedoy 6—952)’" for some&éz) > 0. By taking, = min(eél),eé"‘)), we complete
the proof.
O
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