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$EVWUDFW
7KLV� SDSHU� SUHVHQWV� DOJRULWKPV� WR� GHDO� ZLWK� SUREOHPV� DVVRFLDWHG� ZLWK� LQGH[LQJ� KLJK�GLPHQVLRQDO� IHDWXUH

YHFWRUV� WKDW� FKDUDFWHUL]H� YLGHR� GDWD�� ,QGH[LQJ� KLJK� GLPHQVLRQDO� YHFWRUV� LV� ZHOO� NQRZQ� WR� EH� FRPSXWDWLRQDOO\
H[SHQVLYH��2XU� VROXWLRQ� LV� WR� RSWLPDOO\� VSOLW� WKH� KLJK� GLPHQVLRQDO� YHFWRU� LQWR� D� IHZ� ORZ� GLPHQVLRQDO� IHDWXUH
YHFWRUV� DQG� TXHU\LQJ� WKH� V\VWHP� IRU� HDFK� IHDWXUH� YHFWRU�� 7KLV� LQYROYHV� VROYLQJ� DQ� LPSRUWDQW� VXE�SUREOHP�
GHYHORSLQJ�D�PRGHO�RI�UHWULHYDO�WKDW�HQDEOHV�XV�WR�TXHU\�WKH�V\VWHP�HIILFLHQWO\��2QFH�ZH�IRUPXODWH�WKH�UHWULHYDO
SUREOHP�LQ�WHUPV�RI�D�UHWULHYDO�PRGHO��ZH�SUHVHQW�DQ�RSWLPDOLW\�FULWHULRQ�WR�PD[LPL]H�WKH�QXPEHU�RI�UHVXOWV�XVLQJ
WKLV�PRGHO��7KH�FULWHULRQ�LV�EDVHG�RQ�D�QRYHO�LGHD�RI�XVLQJ�WKH�XQGHUO\LQJ�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�IHDWXUH
YHFWRUV�� $� EUDQFK�DQG�SUXQH� VWUDWHJ\� RSWLPL]HG� SHU� HDFK� TXHU\�� LV� GHYHORSHG�� 7KLV� XVHV� WKH� VHW� RI� IHDWXUHV
GHULYHG�IURP�WKH�RSWLPDOLW\�FULWHULRQ��2XU�UHVXOWV�VKRZ�WKDW�WKH�DOJRULWKP�SHUIRUPV�ZHOO��JLYLQJ�D�VSHHGXS�RI�D
IDFWRU�RI����ZLWK�UHVSHFW�WR�D�OLQHDU�VHDUFK�ZKLOH�UHWDLQLQJ�WKH�VDPH�OHYHO�RI�5HFDOO�

.H\ZRUGV���6FDODELOLW\��9LVXDO�,QIRUPDWLRQ�5HWULHYDO��6WDWLVWLFV��6KDSH�DQG�0RWLRQ�5HSUHVHQWDWLRQV��5HFDOO�

�� ,QWURGXFWLRQ
,Q�WKLV�SDSHU��ZH�DGGUHVV�WKH�SUREOHP�RI�HIILFLHQWO\�LQGH[LQJ�YHU\�ODUJH�YLGHR�GDWDEDVHV��,Q�SDUWLFXODU��ZH�IRFXV�RQ�GHYHORSLQJ

DOJRULWKPV� WKDW� HIILFLHQWO\� LQGH[� YLGHRV� XVLQJ� ORZ�OHYHO� IHDWXUHV� H[WUDFWHG� IURP� WKH� YLGHRV�� 7KHUH� DUH� VHYHUDO� UHDVRQV�ZK\� WKLV
SUREOHP�LV�LPSRUWDQW���D��,W�LV�EHFRPLQJ�LQFUHDVLQJO\�FRPPRQ�WR�ILQG�ODUJH�LPDJH�DQG�YLGHR�GDWDEDVHV�RQ�WKH�ZHE��PXFK�RI�ZKLFK
LV�XQDQQRWDWHG��6LQFH�DVVRFLDWHG�WH[W�LV�VFDUFH��RU�VXEMHFWLYH��ZKHQ�DYDLODEOH��ZH�ZRXOG�OLNH�WKH�YLGHR�GHVFULSWRUV�WR�EH�EDVHG�RQ
WKH� ORZ�OHYHO� IHDWXUHV� H[WUDFWHG� IURP� WKH� YLGHR�� �E�� 7UDGLWLRQDO� IHDWXUH�EDVHG� PHWKRGV� WR� LQGH[� LPDJHV�YLGHR� DUH� XQDEOH� WR
HIILFLHQWO\� VFDOH�ZLWK� WKH� VL]H�RI� WKH�GDWDEDVH�GXH� WR� WKH� FRPSXWDWLRQDO� FRVW� RI� LQGH[LQJ� KLJK�GLPHQVLRQDO� IHDWXUH� YHFWRUV� WKDW
FKDUDFWHUL]H�YLGHR�GDWD�

7KH�HIIRUW�WR�UHWULHYH�LPDJHV�XVLQJ�YLVXDO�IHDWXUHV��H�J��FRORU�KLVWRJUDPV��GHULYHG�IURP�WKH�LPDJHV�LV�RI�UHFHQW�RULJLQ��1RWDEOH
LPDJH�UHWULHYDO�V\VWHPV�LQFOXGH�WKH�4%,&�SURMHFW�>�@��3KRWR%RRN�>��@��9LVXDO6((N�>��@�DQG�0$56�>��@��0RVW�RI�WKH�UHVHDUFK�LQ
WKLV� DUHD�RI�&RQWHQW�%DVHG�9LVXDO�4XHULHV� �&%94��KDV� IRFXVVHG�RQ� LPSURYLQJ� UHWULHYDO� SHUIRUPDQFH�� SULPDULO\� E\�GHYHORSLQJ
QHZ�LPDJH�YLGHR�IHDWXUHV�WR�LQGH[�WKH�GDWD��%HFDXVH�RI�WKH�IRFXV�RQ�WKH�UHWULHYDO�PHWKRGV��PRVW�UHVHDUFKHUV�WHQG�WR�ZRUN�ZLWK
VPDOO�GDWDEDVHV��RI�WKH�RUGHU�RI�WKRXVDQGV�DW�PRVW��2Q�VPDOO�GDWDEDVHV��RQH�FDQ�SHUIRUP�D�OLQHDU�VHDUFK�RQ�WKH�GDWDEDVH��DQG�VWLOO
REWDLQ�´UHDO�WLPHµ�UHVXOWV�

6FDOLQJ� WKH� VHDUFK� WR� ODUJH� YLGHR� GDWDEDVHV� XVLQJ� H[LVWLQJ�PHWKRGV� GRHV� QRW� ZRUN� IRU� D� YHU\� JRRG� UHDVRQ�� 7\SLFDOO\�� WKH
IHDWXUH�YHFWRUV�GHULYHG�IURP�WKH�YLGHR�GDWD�DUH�YHU\�KLJK�GLPHQVLRQDO��$�0XOWLIHDWXUH�TXHU\�PD\�LQFOXGH�PDQ\�KLJK�GLPHQVLRQDO
IHDWXUHV� VXFK� DV� PRWLRQ�� VKDSH�� FRORU� DQG� WH[WXUH�� ,QGH[LQJ� KLJK�GLPHQVLRQDO� YHFWRUV� LV� DQ� RSHQ� SUREOHP� LQ� WKH� WKHRUHWLFDO
FRPSXWHU�VFLHQFH�FRPPXQLW\�>�@�>�@�>�@�>��@�>��@��7KH�FRVW�RI�LQGH[LQJ�PXOWL�GLPHQVLRQDO�GDWD�LV�H[SRQHQWLDO�LQ�WKH�GLPHQVLRQ�RI
WKH�GDWD��DQG�EH\RQG�GLPHQVLRQV�LQ�WKH�UDQJH�RI�������LW�LV�PRUH�HIILFLHQW�WR�GR�D�OLQHDU�VHDUFK�>��@�>��@��6RPH�RI�WKH�WHFKQLTXHV
XVHG� LQ� WKH� &%94� FRPPXQLW\� WR� SDUWLDOO\� RYHUFRPH� WKLV� SUREOHP� LQFOXGH� SUHILOWHULQJ� WHFKQLTXHV� >��@�� YDULDQWV� RQ
PXOWLGLPHQVLRQDO�VFDOLQJ�>�@�DQG�XVH�RI�WKH�.DUKXQHQ�/RqYH�WUDQVIRUP��1RWH�WKDW�HYHQ�LI�ORZ�GLPHQVLRQDO�UHSUHVHQWDWLRQV�ZHUH
WR�EH�XVHG�IRU�HDFK�IHDWXUH��WKH�UHVXOWDQW�GLPHQVLRQDOLW\�RI�WKH�FRPELQHG�ZHLJKWHG�IHDWXUH�ZRXOG�VWLOO�EH� ODUJH��UXOLQJ�RXW�D�IDVW
VHDUFK��:H�VKDOO�UHYLVLW�WKHVH�LVVXHV�LQ�6HFWLRQ���

$Q�LPSRUWDQW�DVSHFW�RI�WKH�UHWULHYDO�SUREOHP�LV�GHWHUPLQLQJ�WKH�PRGHO�WR�EH�XVHG�IRU�UHWULHYLQJ�WKH�GDWD��7KH�UHWULHYDO�PRGHO
GHWHUPLQHV�KRZ�WKH�TXHU\�LV�SURFHVVHG�E\�WKH�V\VWHP��7KLV�SUREOHP�KDV�UHFHLYHG�VRPH�DWWHQWLRQ�LQ�WKH�LPDJH�LQGH[LQJ�FRPPXQLW\
>�@�>��@��,Q�>��@��GLIIHUHQW�UHWULHYDO�PRGHOV��%RROHDQ��)X]]\��3UREDELOLVWLF��GHYHORSHG�LQ�WKH�LQIRUPDWLRQ�UHWULHYDO�FRPPXQLW\�ZHUH
DSSOLHG�WR�LPDJH�LQGH[LQJ��0RVW�RI�WKH�FXUUHQW�YLGHR�LPDJH�LQGH[LQJ�VFKHPHV�XVH�D�ZHLJKWHG�FRPELQDWLRQ�RI�IHDWXUHV�LQ�RUGHU�WR
FRPSDUH�WKH�TXHU\��H�J��D�VNHWFK�>�@��DQ�H[DPSOH�LPDJH�YLGHR��ZLWK�WKH�YLGHRV��LPDJHV��LQ�WKH�GDWDEDVH��7KH�VHDUFK�LV�OLQHDU�RYHU
WKH�GDWDEDVH�RI�LPDJHV��WKLV�LV�LQ�HIIHFW�D�OLQHDU�VHDUFK�LQ�D�YHU\�ODUJH�GLPHQVLRQDO�IHDWXUH�VSDFH�



6LQFH�LQGH[LQJ�KLJK�GLPHQVLRQDO�IHDWXUHV�LV�FRPSXWDWLRQDOO\�H[SHQVLYH��ZH�SURSRVH�WKH�IROORZLQJ�DSSURDFK�WR�LQGH[LQJ�YLGHR
IHDWXUHV�� �D��2QO\�XVH� ORZ�GLPHQVLRQDO� UHSUHVHQWDWLRQV� IRU�HDFK�IHDWXUH��7KLV�ZLOO�DOORZ�XV� WR�VHDUFK�IRU�HDFK� LQGLYLGXDO� IHDWXUH
HIILFLHQWO\�� �E��'HYHORS�D� UHWULHYDO�PRGHO�EDVHG�RQ� WKH�%RROHDQ�$1'�UHWULHYDO�PRGHO��7KLV�PRGHO� DOORZV�XV� WR�TXHU\� IRU� HDFK
IHDWXUH� LQGHSHQGHQWO\� DQG� HIILFLHQWO\��1RZ�� JLYHQ� D� XVHU� GHILQHG�TXHU\� DQG� WKH� QXPEHU� RI� YLGHRV� WR� UHWULHYH�� SLFN� DQ� RSWLPDO
VXEVHW�RI�WKH�IHDWXUHV�VSHFLILHG�LQ�WKH�TXHU\��7KHQ�ZH�XVH�RXU�DOJRULWKP�WR�TXHU\�WKH�V\VWHP�XVLQJ�WKHVH�RSWLPDO�IHDWXUHV�DQG�WKHQ
SUHVHQW�WKH�UHVXOWV�WR�WKH�XVHU��,Q�WKLV�SDSHU��ZH�VKRZ�WKH�IROORZLQJ�UHVXOWV�

• :H�VKRZ�WKDW�WKHUH�H[LVW�VRPH�SLWIDOOV�LI�WKH�$1'�PRGHO�LV�FKRVHQ�DV�WKH�UHWULHYDO�PRGHO��:H�WKHQ�SUHVHQW�DQ�RSWLPDOLW\
FULWHULRQ� WKDW� RYHUFRPHV� WKHVH� SUREOHPV��*LYHQ� WKH� TXHU\� YHFWRUV� DQG� WKH�1R� WKH� QXPEHU� RI� YLGHRV� WR� UHWULHYH�� WKH
FULWHULRQ�GHWHUPLQHV�WKH�RSWLPDO�IHDWXUH�DQG�GHWHUPLQHV�WKH�VXEVHW�RI�WKH�IHDWXUH�WKDW�PD[LPL]HV�WKH�H[SHFWHG�QXPEHU�RI
UHOHYDQW�YLGHRV��7KH�RSWLPDOLW\�FULWHULRQ�LV�EDVHG�RQ�D�QRYHO�LGHD�RI�HVWLPDWLQJ�FRQGLWLRQDO�SUREDELOLW\�GLVWULEXWLRQV�IRU
HYHU\�SDLU�RI�IHDWXUHV�

• $�EUDQFK� DQG�SUXQH� VWUDWHJ\� WKDW� XVHV� WKH� FULWHULRQ� KHOSV� SLFN� WKH� RSWLPDO� VXE�VHW� IURP� WKH� TXHU\� YHFWRU�� 7KHQ� WKLV
VXEVHW�LV�XVHG�WR�TXHU\�WKH�V\VWHP�DQG�PHUJH�WKH�UHVXOWV�

2XU�DOJRULWKPV�KDYH�EHHQ�LPSOHPHQWHG�ZLWKLQ�WKH�9LGHR4�>�@�IUDPHZRUN��D�VNHWFK�EDVHG�YLGHR�VHDUFK�V\VWHP��9LGHR4�LV�DQ
REMHFW�EDVHG�V\VWHP��LQGH[LQJ�RQ�REMHFW�OHYHO�IHDWXUHV�JHQHUDWHG�IURP�DXWRPDWLF�SURFHVVLQJ�RI�YLGHRV��(DFK�REMHFW�LV�DVVRFLDWHG
ZLWK�D�IHDWXUH�YHFWRU�KDYLQJ�ILYH�FRPSRQHQW�IHDWXUHV��FRORU��WH[WXUH��VKDSH��VL]H�DQG�PRWLRQ�

7KH�UHPDLQGHU�RI�WKH�SDSHU�LV�RUJDQL]HG�DV�IROORZV��,Q�VHFWLRQ����ZH�SUHVHQW�VRPH�EDFNJURXQG�RQ�WKH�SUREOHPV�DVVRFLDWHG
ZLWK� KLJK�GLPHQVLRQDO� � LQGH[LQJ�� ,Q� VHFWLRQ� ��� ZH� GLVFXVV� GLIIHUHQW� UHWULHYDO� PRGHOV� DQG� FKRRVH� RQH� WKDW� DOORZV� XV� WR� PDNH
HIILFLHQW�TXHULHV��,Q�VHFWLRQ���ZH�IRUPXODWH�WKH�SUREOHP�LQ�WHUPV�RI�WKH�UHWULHYDO�PRGHO�DQG�SUHVHQW�DOJRULWKPV�WR�SLFN�DQ�RSWLPDO
IHDWXUH��,Q�VHFWLRQ���ZH�SUHVHQW�DQ�DOJRULWKP�IRU�UHWULHYDO�EDVHG�RQ�RXU�RSWLPDOLW\�VHOHFWLRQ�RI�IHDWXUHV��,Q�VHFWLRQ����ZH�SUHVHQW
RXU�UHVXOWV�DQG�ZH�IROORZ�WKDW�VHFWLRQ�ZLWK�RXU�FRQFOXVLRQV�

�� 6FDODELOLW\
7KH�SUREOHP�RI�HIILFLHQW� LQGH[LQJ�RI�YHU\�KLJK�GLPHQVLRQDO�GDWDVHWV� � >��@� >��@� >��@� LV�EHWWHU�NQRZQ�DV� WKH�´FXUVH�RI�KLJK�

GLPHQVLRQDOLW\µ�>��@��7\SLFDOO\��DOO�LQGH[LQJ�DOJRULWKPV�SHUIRUP�ZRUVH�WKDQ�D�OLQHDU�VHDUFK�RQ�WKH�GDWD��7KLV�LV�EHFDXVH�DOJRULWKPV
LQGH[LQJ�KLJK�GLPHQVLRQDO�GDWD�KDYH�D�FRVW�IDFWRU�RI�2��G���GXH�WR�EDFNWUDFNLQJ��ZKHUH�G�LV�WKH�GLPHQVLRQ�RI�WKH�GDWDVHW��+HQFH�
IRU�GLPHQVLRQV�JUHDWHU� WKDQ�������� WKH� LQGH[LQJ� VWUDWHJLHV�XVHG�DW�SUHVHQW�GR�QRW� VFDOH�ZHOO�ZLWK� WKH� VL]H�RI� WKH�GDWDEDVH��7KH
VFDOLQJ�LVVXH�LV�IXUWKHU�DJJUDYDWHG�E\�WKH�XVH�RI�FRPSXWDWLRQDOO\�H[SHQVLYH�PHWULFV�RQ�WKH�GDWD�

,I� WKH� GDWD� LV� VWDWLF� WKHQ�ZH� FDQ� SHUIRUP� KLHUDUFKLFDO� FOXVWHULQJ� >��@� WR� VSHHG� XS� WKH� SURFHVV� RI� UHWULHYDO�� 7KLV� KDV� EHHQ
H[WHQVLYHO\� XVHG� LQ� WKH� TXHU\� E\� H[DPSOH� SDUDGLJP�� 'LPHQVLRQDOLW\� UHGXFWLRQ� WHFKQLTXHV� �VXFK� DV� WKH� .DUKXQHQ�/RqYH
7UDQVIRUPV� XVHG� LQ� 4%,&�� DUH� DOVR� XVHIXO� ZLWK� VWDWLF� GDWD�� +RZHYHU� LQ� ERWK� WHFKQLTXHV�� WKH� IHDWXUH� YHFWRUV� KDYH� WR� EH
UHFRPSXWHG�RQ�UHJXODU�EDVLV�ZKHQ�YLGHRV�DUH�DGGHG�RU�UHPRYHG�IURP�WKH�UHSRVLWRU\��2WKHUZLVH��WKH�UHVXOWV�RI�D�QHDUHVW�QHLJKERU
VHDUFK�RQ�WKH�ORZ�GLPHQVLRQDO�VSDFH�ZLOO�EH�LQDFFXUDWH��7KLV�LV�DQ�LVVXH�LQ�YLGHR�FROOHFWLRQV�WKDW�JURZ�RQ�D�UHJXODU�EDVLV�

,Q� >��@�� WKH�DXWKRUV�GLVFXVV�D� WHFKQLTXH� WR�HIILFLHQWO\� LQGH[�KLJK�GLPHQVLRQDO�FRORU�KLVWRJUDPV��7KH�DXWKRUV�SURMHFW� DOO� WKH
FRORU�KLVWRJUDPV�RQWR�D�ORZ�GLPHQVLRQDO�VXE�VSDFH��$IWHU�SURYLQJ�WKDW�WKH�GLVWDQFH�LQ�WKH�VXE�VSDFH�LV�D�ORZHU�ERXQG�RQ�WKH�DFWXDO
KLVWRJUDP�GLVWDQFH��WKH�DXWKRUV�VHDUFK�LQ�WKLV�VXE�VSDFH��7KH�UHVXOWV�RI�WKH�VHDUFK�DUH�WKHQ�FKHFNHG�ZLWK�WKH�DFWXDO�GLVWDQFH�PHWULF
WR�UHPRYH�IDOVH�SRVLWLYHV��+RZHYHU��VLQFH�WKH�GLVWDQFH�LQ�WKH�VXE�VSDFH�LV�D�ORZHU�ERXQG�RQ�WKH�RULJLQDO�GLVWDQFH��ZH�KDYH�IDOVH
DODUPV��7KH�DXWKRUV�VKRZ�WKDW�WKH�IDOVH�DODUP�UDWH�FDQ�EH�UHGXFHG�E\�LQFUHDVLQJ�WKH�GLPHQVLRQDOLW\�RI�WKH�VXE�VSDFH��7KH�DXWKRUV
REWDLQ�WKHLU�EHVW�UHVXOWV�IRU�D�VXE�VSDFH�RI�GLPHQVLRQDOLW\�����+RZHYHU��DW� WKLV�GLPHQVLRQ��KLJK�GLPHQVLRQDO� LQGH[LQJ�SUREOHPV
ZLOO�VHW�LQ�

7KHUH�DUH�VRPH�UHFHQW�UHVXOWV�>�@��>��@�WKDW�LQGLFDWH�WKDW�LI�ZH�XVH�DSSUR[LPDWH�UDQJH�TXHULHV��ZH�FDQ�GHYHORS�D�SRO\QRPLDO
WLPH� DOJRULWKP� �L�H�� SRO\QRPLDO� LQ�G�� WKH� GLPHQVLRQDOLW\� RI� WKH� GDWDVHW��� 7KH� WKHRU\� >��@� VKRZV� WKDW� IRU� DQ� ε� QHDUHVW�QHLJKERU
VHDUFK�LQ�DQ�(XFOLGHDQ�VSDFH��WKH�IROORZLQJ�UHODWLRQ�KROGV�

)d()1()d( ,qpp,q ′+≤ ε � ���

ZKHUH�G�LV�WKH�PHWULF��T�LV�WKH�TXHU\�SRLQW��S�LV�WKH�QHDUHVW�QHLJKERU�UHWXUQHG�E\�WKH�VHDUFK�DQG�S′�LV�WKH�WUXH�QHDUHVW�QHLJKERU�
$SSUR[LPDWH� UDQJH�VHDUFK� WHFKQLTXHV� VHHP�SURPLVLQJ� LQ�PXOWLPHGLD� UHWULHYDO�SUREOHPV�EHFDXVH� LQ�YHU\� ODUJH�GDWDEDVHV� WKH� �DV
DOVR� QRWHG� LQ� >��@�� QHHG� IRU� HIILFLHQW� UHWULHYDO�PD\� RYHUVKDGRZ� WKH� QHHG� IRU� H[DFW� UHVXOWV�� +RZHYHU�� ZH� KDYH� VHHQ� QR� DFWXDO
LPSOHPHQWDWLRQV�RI�WKHVH�DSSUR[LPDWH�UDQJH�VHDUFK�DOJRULWKPV�LQ�LPDJH�YLGHR�UHWULHYDO�V\VWHPV�

�� 5HWULHYDO�0RGHOV
(YHU\�UHWULHYDO�V\VWHP�KDV�D�UHWULHYDO�PRGHO�DVVRFLDWHG�ZLWK�LW��L�H��RQFH�ZH�KDYH�GHFLGHG�XSRQ�D�VHW�RI�IHDWXUHV��KRZ�GR�ZH

TXHU\� WKH� V\VWHP"��� ,Q� WKLV� VHFWLRQ� ZH� H[DPLQH� GLIIHUHQW� UHWULHYDO� PRGHOV� DQG� SLFN� RQH� WKDW� HQDEOHV� XV� WR� H[HFXWH� WKH� TXHU\



ground truth.

retrieved set.
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)LJXUH� ��� 'HILQLQJ� 3UHFLVLRQ� DQG
5HFDOO

HIILFLHQWO\���:H� QRZ� GLVFXVV� WKUHH� UHWULHYDO�PRGHOV� EDVHG� RQ�PHWULF� WKUHVKROGV�� $1'�
25��DOVR�NQRZQ�DV�%RROHDQ�UHWULHYDO�PRGHOV��DQG� WKH� OLQHDU� FRQVWUDLQW�PRGHO�ZKLFK� LV
ZLGHO\� XVHG� LQ� WKH� &%94� FRPPXQLW\�� :KLOH� ZH� OLPLW� RXU� GLVFXVVLRQ� WR� WKH� FDVH� RI
UHWULHYLQJ�WZR�IHDWXUHV��WKH�H[WHQVLRQV�WR�PXOWLSOH�IHDWXUHV�ZLOO�EH�REYLRXV�

$VVXPH�WKDW�ZH�ZLVK�WR�UHWULHYH�LPDJHV�IURP�WKH�GDWDEDVH�XVLQJ�WZR�IHDWXUHV�[�DQG
\��(DFK�IHDWXUH�KDV�D�FRUUHVSRQGLQJ�GLVWDQFH�PHWULF�G[�DQG�G\�UHVSHFWLYHO\��*LYHQ�D�TXHU\
T��ZHLJKWV�ω���ω��DQG�D�PHWULF�WKUHVKROG�δ��ZH�REWDLQ�WKUHH�GLIIHUHQW�UHVXOW�VHWV��RQH�IRU
HDFK�PRGHO�
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ZKHUH��5�UHIHUV�WR�WKH�UHWULHYHG�VHW�DQG�WKH�VXEVFULSW�UHIHUV�WR�WKH�PRGHO�RI�UHWULHYDO�
7KH�UHWULHYHG�VHWV�DUH�VKRZQ�DV�WKH�VKDGHG�UHJLRQV�LQ�)LJXUHV���D���F���1RZ�HDFK�VHW�LV�DQ
HTXLYDOHQFH�FODVV��ZLWK�PHPEHUV�RI�HDFK�FODVV�VDWLVI\LQJ�D�GLIIHUHQW�HTXLYDOHQFH�UHODWLRQ�
,Q�RUGHU�WR�UHWULHYH�WKH��VD\��ILUVW�1�PDWFKHV�IRU�HDFK�VHW��ZH�QHHG�WR�RUGHU�WKH�VHW��7KLV
ZH�GR�E\�DVVLJQLQJ�D�PHPEHUVKLS�YDOXH�WR�HDFK�HOHPHQW�RI�WKH�VHW��7KH�HOHPHQWV�RI�WKH
VHW�5/,1($5�KDYH�D�QDWXUDO�PHPEHUVKLS�YDOXH�JLYHQ�E\�WKH�IROORZLQJ�IXQFWLRQ�

LINEARRpp,qp,qp ∈∀+≡ )(d)(d)� y2x1 ωω ���

7KH�VHWV�525�DQG�5$1'�DUH�XQUDQNHG�VHWV��DQG�ZH�FRXOG�XVH�DQ\�SRVLWLYH� IXQFWLRQ
�H�J��φ�S���WR�DVVLJQ�WKH�PHPEHUVKLS�YDOXH�WR�WKH�HOHPHQWV�RI�WKHVH�VHWV��2WKHU�H[DPSOHV
RI�PHPEHUVKLS�IXQFWLRQV�LQFOXGH�WKH�IX]]\�>��@�PHPEHUVKLS�IXQFWLRQV�
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ZKHUH�� I$1'� DQG� I25� DUH� XVHG� ZLWK� WKH� $1'� DQG� WKH� 25� UHWULHYDO� PRGHOV
UHVSHFWLYHO\��1RZ�WKDW�DOO� WKH� WKUHH�VHWV�FDQ�EH�RUGHUHG�DFFRUGLQJ� WR� WKHLU�PHPEHUVKLS
YDOXHV�DQG�ZH�FDQ�SHUIRUP�D�UDQN�EDVHG�UHWULHYDO�RQ�HDFK�VHW�L�H��UHWULHYH�WKH�WRS�1�LWHPV
�WKLV�LV�WKH�WUDGLWLRQDO�UDQN�TXHU\��IURP�WKH�VHW�XVLQJ�WKH�RUGHULQJ�

,Q�RUGHU� WR� HYDOXDWH� WKH� UHWULHYDO� HIIHFWLYHQHVV�RI� HDFK�PRGHO��ZH�QHHG� WR�XVH� WKH
VWDQGDUG�LQIRUPDWLRQ�UHWULHYDO�PHWULFV�RI�3UHFLVLRQ�DQG�5HFDOO��6HH�)LJXUH����3UHFLVLRQ� 
F��F�E��DQG�5HFDOO� �F��F�D���D��E��F�UHIHU�WR� WKH�VL]H�RI� WKH�VHWV���1RWH� WKDW�3UHFLVLRQ
DQG� 5HFDOO� QHHG� UHTXLUH� VXEMHFWLYH� WHVWLQJ� E\� XVHU� HYDOXDWLRQ�� )RU� WKH� SXUSRVHV� RI
UHWULHYDO��DOO� WKH� WKUHH�PRGHOV�SUHVHQWHG�KHUH�DUH�YDOLG� L�H�� WKHUH� LV�QR�D�SULRUL� UHDVRQ� �LQ
WHUPV�RI�3UHFLVLRQ�DQG�5HFDOO��WR�FKRRVH�RQH�PRGHO�RYHU�WKH�RWKHU�

:H�XVH�WKH�$1'�PRGHO�RI�UHWULHYDO�ZLWK�WKH�PHPEHUVKLS�IXQFWLRQ�EHLQJ�JLYHQ�E\
(TXDWLRQ� ��� 2XU� FKRLFH� ZDV� JRYHUQHG� E\� VHYHUDO� UHDVRQV�� PDLQO\� JXLGHG� E\
FRPSXWDWLRQDO�HIILFLHQF\�

• 7KH�XVH�RI�WKH�OLQHDU�FRQVWUDLQW�PRGHO�LPSOLHV�WKDW�ZH�DUH�LQ�HIIHFW��VHDUFKLQJ�LQ
D� KLJK�GLPHQVLRQDO� VSDFH�� 7KLV� LV� WUXH� HYHQ� LI� ZH� RQO\� KDYH� ILYH� RU� VL[� ORZ�
GLPHQVLRQDO�IHDWXUHV��8VLQJ� WKH�DUJXPHQWV�SUHVHQWHG� LQ�6HFWLRQ����RQO\�D� OLQHDU
VHDUFK�LV�IHDVLEOH�

• 7KH�OLQHDU�FRQVWUDLQW�PDNHV�VHQVH��LI�LW�ZHUH�WUXH�WKDW�IRU�D�JLYHQ�VHPDQWLF�FODVV�
WKH� GLVWDQFH� RI� DQ� LPDJH� EHORQJLQJ� WR� WKDW� FODVV� ZLWK� UHVSHFW� WR� HDFK� RI� WKH
IHDWXUHV� ZHUH� OLQHDUO\� FRQVWUDLQHG�� � +RZHYHU�� WKHUH� LV� QR� HPSLULFDO� EDVLV� IRU
SXWWLQJ�D�OLQHDU�FRQVWUDLQW�RQ�WKH�IHDWXUHV�

• ,Q� WKH� $1'�PRGHO�� WKH� VHDUFK� IRU� HDFK� IHDWXUH� LV� LQGHSHQGHQW� RI� WKH� RWKHU�
+HQFH�ZH�FDQ�H[HFXWH�HDFK�VHDUFK�LQ�SDUDOOHO��6LQFH�ZH�RQO\�XVH�ORZ�GLPHQVLRQDO

                                                          
��+HUH��WKH�WHUP�HIILFLHQF\�LV�XVHG�LQ�WKH�VHQVH�RI�FRPSXWDWLRQDO�FRVW�RI�UHWULHYDO�

�G\

�����

4

δ�ω�

δ�ω�

G[

G[�≤�δ�ω��$1'

G\�≤�δ�ω�

�D�

G\
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4

δ�ω�

δ�ω�

G[

ω��G[���ω��G\�≤��δ

�E�

G\

�����

4

δ�ω�

δ�ω�

G[

G[�≤��δ�ω���25

G\�≤��δ�ω�

�F�

)LJXUH� ��� 7KUHH� UHWULHYDO� PRGHOV�
�D�� $1'� � �E�� /LQHDU� FRQVWUDLQW
�F��25��G[�DQG�G\�DUH�WKH�PHWULFV�IRU
IHDWXUHV� [� DQG� \� UHVSHFWLYHO\�� 4�
TXHU\��ω��DQG�ω��DUH�WKH�ZHLJKWV�



IHDWXUH�UHSUHVHQWDWLRQV�LQ�RXU�V\VWHP��WKH�VHDUFK�IRU�HDFK�IHDWXUH�LV�FRPSXWDWLRQDOO\�HIILFLHQW�

• 1RWH�WKDW�IRU�D�JLYHQ�δ�DQG�ωL·V��WKH�VHW�UHWULHYHG�XVLQJ�WKH�OLQHDU�FRQVWUDLQW�PRGHO�LV�D�VXEVHW�RI�WKH�VHW�UHWULHYHG�XVLQJ
WKH�$1'�PRGHO��VHH�)LJXUHV���D���F���L�H�5/,1($5�⊂�5$1'��:H�FDQ�GHWHUPLQH�5/,1($5�IURP�5$1'�E\�LPSRVLQJ�WKH�OLQHDU
FRQVWUDLQW�RQ�5$1'�

1RWH�WKDW�WKH�25�TXHU\�FDQ�EH�GRQH�E\�XVLQJ�WKH�$1'�PRGHO��2XU�FKRLFH�RI�WKH�PHPEHUVKLS�IXQFWLRQ��ZH�XVH�(TXDWLRQ���
ZDV�DG�KRF��ZH�FRXOG�KDYH�FKRVHQ�IX]]\�PHPEHUVKLS�IXQFWLRQV�

�� 2SWLPDO�)HDWXUH�6HOHFWLRQ
1RZ�WKDW�ZH�KDYH�GHFLGHG�XSRQ�RXU�UHWULHYDO�PRGHO�DQG�WKH�PHPEHUVKLS�IXQFWLRQ��ZH�VKDOO�QRZ�H[DPLQH�GLIIHUHQW�VWUDWHJLHV

WR�IRU�UHWULHYLQJ�IHDWXUHV�XVLQJ�RXU�PRGHO��2WKHU�UHWULHYDO�PRGHOV�PDNH�HLWKHU�LPSOLFLW�RU�H[SOLFLW�DVVXPSWLRQV��H�J��>��@��WKDW�WKH
GLIIHUHQW�IHDWXUHV�DUH�LQGHSHQGHQW��,QVWHDG��LQ�RXU�UHWULHYDO�PRGHO��ZH�H[SORLW�WKH�FRUUHODWLRQV�WKDW�H[LVW�LQ�UHDO�ZRUOG�GDWD�

,Q�6HFWLRQ�����ZH�UHIRUPXODWH� WKH�YLVXDO� UHWULHYDO�SUREOHP� LQ� WHUPV�RI�RXU�PRGHO�� ,Q�6HFWLRQ�����ZH� LOOXVWUDWH�VRPH�RI� WKH
SUREOHPV�ZLWK�QDwYHO\�XVLQJ�WKH�$1'�UHWULHYDO�PRGHO��7KHUH��ZH�DOVR�SUHVHQW�DQ�RSWLPDOLW\�FULWHULRQ�WR�RYHUFRPH�WKH�SUREOHP��,Q
6HFWLRQ�����ZH�GLVFXVV�D�PHWKRG�WR�JHQHUDWH�VRPH�EDVHOLQH�VWDWLVWLFV��ZKLOH�LQ�6HFWLRQ�����ZH�SUHVHQW�D�WHFKQLTXH�WR��FRPSXWH�WKH
RSWLPDO� VHW� XVLQJ� WKH� FRQGLWLRQDO� SUREDELOLWLHV� RQ� WKH� IHDWXUHV�� ,Q� 6HFWLRQ� ���� ZH� SUHVHQW� DQ� DVVXPSWLRQ� WKDW� VLPSOLILHV� RXU
VROXWLRQ�

��� 3UREOHP�)RUPXODWLRQ

*LYHQ�D�TXHU\�ZLWK�N�IHDWXUHV�I
�
�I
�
����I

N
��WKH�GHVLUHG�VHW�'N�DVVRFLDWHG�ZLWK�HDFK�IHDWXUH�LV�GHILQHG�DV�IROORZV�

)},()(d|{ k kk p,qpD ωδ≤= ���

ZKHUH��T��LV�WKH�TXHU\��GN�LV�WKH�FRUUHVSRQGLQJ�PHWULF�DQG�δ�ωN��LV�D�PHWULF�WKUHVKROG�ZKLFK�LV�D�IXQFWLRQ�RI�WKH�IHDWXUH�ZHLJKW
ωN��6HH�$SSHQGL[�$�IRU�WKH�IXQFWLRQ�XVHG�LQ�WKLV�SDSHU���7KH�WDUJHW�VHW�6�XQGHU�RXU�UHWULHYDO�PRGHO�LV�WKHQ�

.
1
I

ki

i
iDS

=

=

≡ ���

1RZ��LQ�&%94�V\VWHPV��WKH�XVHU�LV�LQWHUHVWHG�LQ�ORRNLQJ�RQO\�DW�WKH�WRS�IHZ�UHWXUQ�UHVXOWV��SHUKDSV�DV�IHZ�DV�����+RZHYHU�
HDFK�RI�WKH�VHWV�'L��DQG�WKH�VHWV�6�FDQ�EH�YHU\�ODUJH��1RZ��ZH�GHILQH�WKH�UHWULHYDO�SUREOHP�LQ�WHUPV�RI�RXU�PRGHO�

3UREOHP�6WDWHPHQW��*LYHQ�D�TXHU\�4�ZLWK�N�IHDWXUHV�I
�
�I
�
����I

N
��DQG�1R��WKH�QXPEHU�RI�UHVXOWV�ZDQWHG�E\�WKH�XVHU��GHWHUPLQH

D�VHW�6��VXFK��WKDW�
• (�S�∈�6�_�6R��!�1R�
:KHUH��(����LV�WKH�H[SHFWDWLRQ�RSHUDWRU�DQG�6�LV�WKH�WDUJHW�VHW��(TXDWLRQ�����$VVXPH
WKDW�ZH�NQRZ�WKH�VHW�VL]HV�_'L_∀�'L�DQG�WKH�VHW�VL]H�_6_�

6ROXWLRQ�RXWOLQH�
• 'HWHUPLQH�RSWLPDO�'R��ZKHUH� { }.P(maxarg i

i

S|Dpo ∈= �7KLV�LV�HTXLYDOHQW�WR

FKRRVLQJ�'L�ZLWK�WKH�VPDOOHVW�VHW�VL]H�
• 1RWH�WKDW�6�⊆�'L�∀�L��∴�6�⊆�'R�
• 'HWHUPLQH�D�VHW�5RSW�⊆�'R�VXFK�WKDW�(�S∈6�_�5RSW��!�1R��7KH�VROXWLRQ�VHW�6R�LV

WKH�VHW�5RSW��7KH�QXPEHU�RI�REMHFWV�UHWULHYHG�LV�_6R_�
+HQFH�� LQ� WKLV� PDQQHU� ZH� KDYH�PDSSHG� WKH� UHWULHYDO� SUREOHP� LQWR� D� SUREOHP� RI

GHWHUPLQLQJ�5RSW�

��� 7KH�1XOO�6HW�,VVXH

,Q� WKLV� VHFWLRQ�� ZH� VKRZ� VRPH� RI� WKH� SUREOHPV� ZLWK� GLUHFWO\� HVWLPDWLQJ� WKH� WDUJHW� VHW� 6� XVLQJ�(TXDWLRQ� ���:H� VKDOO� DOVR
SUHVHQW�RXU�VROXWLRQ�WR�RYHUFRPH�WKHVH� LVVXHV��$VVXPH�WKDW�ZH�KDYH�D�VLQJOH�REMHFW�TXHU\�ZLWK�WZR�IHDWXUH�DWWULEXWHV�α��β� �H�J�
FRORU�DQG�PRWLRQ���7KH�VHWV�'α�DQG�'β��GHILQHG�XVLQJ�(TXDWLRQ����UHSUHVHQW�WKH�GHVLUHG�VHWV�IRU�IHDWXUHV�α��β�UHVSHFWLYHO\��/HW�XV
TXHU\�WKH�V\VWHP�IRU�α��β�DQG�UHWULHYH�VHWV�5α�DQG�5�β��&RQVLGHU�)LJXUH����7KH�VHW�ZLWK�WKH�VROLG�OLQH�LQGLFDWHV�WKH�GHVLUHG�VHW�IRU

                                                          
��:H�VKDOO�XVH�WKH�WHUP�´UHWULHYHG�VHWµ�IRU�5L�

)LJXUH� ��� 7KH� GDVKHG� VHWV� DUH
WKH�UHWULHYHG�VHWV�DQG�WKH�VROLG
VHWV�UHSUHVHQW�WKH�GHVLUHG�VHWV�

Dα

Rα

Rβ

Dβ



WKDW�IHDWXUH�ZKLOH�WKH�VHW�ZLWK�WKH�GDVKHG�OLQHV�UHSUHVHQWV�WKH�UHWULHYHG�VHW��1RZ�NHHSLQJ�)LJXUH���FRQVLGHU�WKH�IROORZLQJ�VFKHPHV
WR�GHWHUPLQH�WKH�WDUJHW�VHW�6��1RWH�WKDW�IURP�)LJXUH����6�LV�QRQ�QXOO��

�� ,I�ZH�XVH�ERWK�5α�DQG�5β��WKH�HVWLPDWH�RI�WKH�WDUJHW�VHW�6�LV�D�QXOO�VHW��L�H�

φβα == RRS I1
ˆ

+HUH��ZH�H[HFXWH�WZR�TXHULHV��RQH�HDFK�IRU�α�DQG�β�UHVXOWLQJ�LQ�UHWULHYHG�VHWV�5α�DQG�5β��7KHQ�WKH�WDUJHW�VHW�6�LV�WKH
LQWHUVHFWLRQ�RI�WKH�UHWULHYHG�VHWV�

�� ,I�ZH�RQO\�XVH�WR�WKH�VHW�5β�LQ�RUGHU�WR�HVWLPDWH�WKH�WDUJHW�VHW�6��WKH�UHVXOW�LV�D�QRQ�QXOO�VHW�VLQFH�

αβ DRS ∩=2
ˆ

,Q�WKLV�FDVH��ZH�RQO\�TXHU\�IRU�β�UHVXOWLQJ�WKH�UHWULHYHG�VHW�5β��7KHQ�ZH�XVH�(TXDWLRQ���RQ�5β�WR�ILOWHU�RXW�WKRVH�WKDW
VDWLVI\�WKH�FULWHULD�IRU�'α�

�� ,I�ZH�RQO\�XVH�WKH�VHW�5α�WR�HVWLPDWH�WKH�WDUJHW�VHW�6��WKH�UHVXOW�LV�DJDLQ�D�QXOO�VHW�

φβα =∩= DRS3
ˆ

,Q�WKLV�FDVH��ZH�RQO\�TXHU\�IRU�α�UHVXOWLQJ�WKH�UHWULHYHG�VHW�5α��7KHQ�ZH�XVH�(TXDWLRQ���RQ�5α�WR�ILOWHU�RXW�WKRVH�WKDW
VDWLVI\�WKH�FULWHULD�IRU�'β�

�� ,I�ZH�XVH�ERWK�VHWV�5α�DQG�5β�EXW�HVWLPDWH�6�DV�IROORZV�

2

4

ˆ

)()(ˆ

S

DRDRS

=

∩∪∩= αββα

7KLV�LV�MXVW�WKH�XQLRQ�RI�WKH�UHVXOWV�IURP�VFKHPHV���DQG����+RZHYHU��LQ�JHQHUDO�� .ˆˆ
42 SSS ⊆⊆

�+RZ�GR�ZH�SLFN�WKH�RSWLPDO� VFKHPH"�7KH�DQVZHU� OLHV�ZLWK� WKH� IHDWXUH�SUREDELOLW\�GLVWULEXWLRQ�RI� IHDWXUHV�α� DQG�β��$V� LV
FOHDU�IURP�)LJXUH���

.||||

),|P()|P(

αβ

βα

DD

RDpRDp

≤
∈≥∈

���

3LFNLQJ�WKH�IHDWXUH�ZLWK�WKH�ODUJHU�FRQGLWLRQDO�SUREDELOLW\�ZLOO�PD[LPL]H�WKH� OLNHOLKRRG�WKDW�ERWK�IHDWXUHV�ZLOO�EH�SUHVHQW� LQ
WKH�VHW� UHWULHYHG�XVLQJ� WKDW� IHDWXUH� DORQH��%XW� WKLV� VLPSO\�PHDQV� WKDW� JLYHQ� IHDWXUHV�α� DQG�β��ZH�DOZD\V�SLFN� WKH�RQH�ZLWK� WKH
VPDOOHU�GHVLUHG�VHW�VL]H��,Q�6HFWLRQ�����ZH�VKRZ�D�WHFKQLTXH�WR�GHWHUPLQH�5RSW��WKH�RSWLPDO�VXEVHW�RI�'R�

,W�LV�HDV\�WR�VHH�WKDW�WKH�DUJXPHQWV�SUHVHQWHG�LQ�WKLV�VHFWLRQ��JHQHUDOL]H�WR�N�IHDWXUHV��L�H��WKH�RSWLPDO�IHDWXUH�WR�SLFN�LV�DOZD\V
WKH�RQH�ZLWK�WKH�VPDOOHVW�VHW�VL]H��7KLV�PXVW�EH�VR�VLQFH�JLYHQ�WKH�VL]H�RI�WKH�WDUJHW�VHW�_6_��WKH�'L�ZLWK�WKH�VPDOOHVW�VHW�VL]H�ZLOO
KDYH�WKH�KLJKHVW�FRQGLWLRQDO�SUREDELOLW\�

��� *HQHUDWLQJ�6WDWLVWLFV�IURP�WKH�'DWDEDVH

,Q�RUGHU� WR�PDNH�XVH�RI�(TXDWLRQ����ZH�QHHG� WR� HVWLPDWH� WKH�SUREDELOLWLHV� G\QDPLFDOO\�� VLQFH� WKH� IHDWXUHV� DQG� WKH�PHWULF
WKUHVKROG�δ�FKDQJH�ZLWK� HYHU\�TXHU\��6LQFH�ZH�QHHG� WR�HVWLPDWH� WKH�SDUWLDO�SUREDELOLWLHV�RQ� WKH� IO\��ZH�QHHG� WR�SUHFRPSXWH�DQG
VWRUH� VRPH�EDVHOLQH� SUREDELOLW\� GLVWULEXWLRQV�� RYHU� WKH� HQWLUH� GDWDEDVH� RI� REMHFWV��:H� GR� VR� E\� ILQHO\� TXDQWL]LQJ�� HDFK� IHDWXUH
VSDFH� WKDW� LV� XVHG� LQ� WKH� V\VWHP�� )RU� H[DPSOH�� FRORU� LV� TXDQWL]HG� LQWR� ���� ELQV�� VL]H� LQWR� ��� ELQV� HWF�� �UHIHU� WR� >��@� IRU�PRUH
GHWDLOV���7KHQ�ZH�HVWLPDWH�MRLQW�VWDWLVWLFV�IRU�HYHU\�SDLU�RI�IHDWXUHV��E\�H[DPLQLQJ�DOO�WKH�REMHFWV�LQ�WKH�GDWDEDVH��7KLV�PHWKRG�LV
HDVLO\�H[SODLQHG�ZLWK�D�FRQFUHWH�H[DPSOH�

&RQVLGHU�WKH�VXE�SUREOHP�RI�FUHDWLQJ�MRLQW�VWDWLVWLFV�IRU�WKH�IHDWXUHV�FRORU�DQG�VL]H��7KLV�ZRXOG� LPSO\�WKDW�ZH�FUHDWH�D�WZR
GLPHQVLRQDO�DUUD\�RI�VL]H����[����1RZ�JLYHQ�DQ�REMHFW�LQ�WKH�GDWDEDVH��ZH�PDS�WKH�FRORU�DQG�WKH�VL]H�DWWULEXWHV�RI�WKDW�REMHFW�LQWR
WKH�DSSURSULDWH�ELQ�LQ�WKH��'�DUUD\�DQG�LQFUHPHQW�WKH�FRXQW�IRU�WKDW�ELQ��7KLV�ZH�GR�IRU�HDFK�REMHFW�LQ�WKH�GDWDEDVH��+HQFH��DW�WKH
HQG� RI� WKLV� SURFHGXUH�� ZH�ZRXOG� EH� DEOH� WR� FRPSXWH� SUREDELOLWLHV� VXFK� DV� 3�FRORU UHG��� 3�VL]H ���� 3�FRORU UHG�VL]H ��� DQG
3�VL]H ��FRORU UHG�� HWF�� 7KLV� SURFHGXUH� LV� UHSHDWHG� IRU� HDFK� SDLU� RI� IHDWXUHV�� ,Q� >��@�� ZH� GLVFXVV� DQ� HIILFLHQW� SURFHGXUH� IRU
FRPSXWLQJ�DOO� WKH�VWDWLVWLFV�E\�PDNLQJ�D�VLQJOH�SDVV� WKURXJK� WKH�GDWDEDVH��7KHUH� LV�SRLQW� WR�EH�NHSW� LQ�PLQG��7KH�VWDWLVWLFV� MXVW

FRPSXWHG�DUH�RI�WKH�IRUP� ).ˆ|ˆP( αβ RDp ∈ �,Q�RUGHU�WR�HVWLPDWH�SUREDELOLWLHV�RI�WKH�IRUP� ),ˆ|ˆ,ˆP( γβα RDpDp ∈∈ �ZH�NHHS�WKH
LVVXHV�UDLVHG�LQ�>�@�LQ�PLQG�DQG�XVH�

).ˆ|ˆP()ˆ|ˆP()ˆ|ˆ,ˆP( γαγβγβα RDpRDpRDpDp ∈∈=∈∈ (6)

                                                          
��7KLV�LV�D�VFDODU�TXDQWL]DWLRQ�RQ�HDFK�GLPHQVLRQ�RI�HDFK�IHDWXUH�



7KLV�LQGHSHQGHQFH�DVVXPSWLRQ��WKDW�α�DQG�β�DUH�LQGHSHQGHQW�ZLWK�UHVSHFW�WR�γ��LV�VWDQGDUG�LQ�SUREDELOLVWLF
UHWULHYDO��7KLV�LV�QHFHVVDU\�VLQFH�HVWLPDWLQJ�KLJKHU�RUGHU�FRQGLWLRQDOV�IURP�WKH�GDWD�LV�GLIILFXOW�GXH�WR�KLJK�FRPSXWDWLRQDO
DQG�VWRUDJH�UHTXLUHPHQWV��

��� 'HWHUPLQLQJ�'R��5RSW�DQG�6R

*LYHQ�D�TXHU\�ZLWK�WZR�IHDWXUHV�α��β�ZH�WDNH�WKH�IROORZLQJ�VWHSV�
�� &RPSXWH�WKH�PHWULF�WKUHVKROGV�^δα��δβ`��VHH�$SSHQGL[�$��
�� 7R�FRPSXWH�WKH�RSWLPDO�IHDWXUH�R�

• )RU�HDFK�IHDWXUH��H�J��α���FRPSXWH�WKH�TXDQWL]HG�YDOXH��'HWHUPLQH�WKH�TXDQWL]HG�GHVLUHG�VHW�
},,)(d|{ˆ

qpp,qpD ∈≤= αα �ZKHUH�αT�LV�WKH�TXDQWL]HG�IHDWXUH�VSDFH��,W�KDV�WZR�LPSRUWDQW�SURSHUWLHV�

�D� 7KH�HOHPHQWV�RI� αD̂ DUH�PXWXDOO\�H[FOXVLYH�L�H�� ,0)ˆ,|)()(( 2121 =∈∈∩∈ ααααα DqqP ZKHUH�T�LV�DQ�DUELWUDU\

SRLQW�LQ�α�

�E� αα DD ˆ⊆ ��+HQFH� αD̂ LV�DQ�XSSHU�ERXQG�HVWLPDWH�RI�WKH�GHVLUHG�VHW�'α���7KLV�ERXQG�LV�WLJKW�LI�WKH�IHDWXUH�VSDFH

LV�ILQHO\�TXDQWL]HG��)RU�WKH�UHPDLQGHU�RI�WKLV�VHFWLRQ��ZH�DVVXPH� .ˆ
αα DD ≅

• 1RZ� )ˆP( αDp ∈ �LV�VLPSO\�WKH�VXP�RI�WKH�LQGLYLGXDO�SUREDELOLWLHV�RI�WKH�HOHPHQWV�RI�� .ˆ
αD �L�H�

• ,)ˆP()ˆP(
L

1k
∑

=

∈=∈ kk D|xxDp α ���

ZKHUH�/�LV�WKH�QXPEHU�RI�TXDQWL]HG�HOHPHQWV�LQ .ˆ
αD

• +HQFH�WKH�RSWLPDO�IHDWXUH�LV� )}.ˆP(),ˆmin{P(arg DpDpo ∈∈=

�� 7R�GHWHUPLQH�WKH�TXDQWL]HG�RSWLPDO�VHW� .ˆ
optR �$VVXPH�WKDW�α�ZDV�GHWHUPLQHG�WR�EH�WKH�RSWLPDO�IHDWXUH�

• ,I� ,|ˆ| oND ≤α WKHQ� .ˆˆ
opt αDR = �7KHQ� .ˆ

optRSo =

• (OVH��ZH�DGRSW�WKH�IROORZLQJ�SURFHGXUH��1RWH��WKDW�XVLQJ�RXU��'�VWDWLVWLFDO�WDEOH��UHI��6HFWLRQ������ZH�NQRZ�IRU�HDFK

[L� ∈� ,ˆ
αD � WKH� VL]H� RI� [L� �� _[L_� DQG� WKH� QXPEHU� LQ� [L� WKDW� EHORQJ� WR� 6�� ).ˆP(|| ii |xDpx ∈ � 7KHQ� ZH� DVVLJQ� D

PHPEHUVKLS�YDOXH�WR�HDFK�HOHPHQW�[
L
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NNl >= �ZKHUH�1R�LV�QXPEHU�GHVLUHG�E\�WKH�XVHU��7KHQ�

• .ˆ
opt lMR = �+HQFH�� .ˆ

optRSo = �DQG�_6R_� �1O�

                                                          
��7R�FRPSXWH�VWDWLVWLFV�RI�WKH�IRUP�3�α�β�δ�γ��ZH�ZRXOG�QHHG�D�ODUJH�IRXU�GLPHQVLRQDO�DUUD\��)RU�WKH�IHDWXUHV�FRORU��VL]H��VKDSH�DQG
WH[WXUH� ZH� ZRXOG� UHTXLUH� ���� ELQV� IRU� FRORU�� ��� ELQV� IRU� VL]H�� ����� ELQV� IRU� VKDSH� DQG� ��� ELQV� IRU� WH[WXUH�� +HQFH�� WR� FRPSXWH
3�FRORU UHG�� VL]H ��VKDSH ����WH[WXUH ���� ZH� ZRXOG� QHHG� D� GDWDVWUXFWXUH� RI� VL]H� ���[��[����[���� &OHDUO\�� WKLV� LV� LQIHDVLEOH� WR
LPSOHPHQW�

)LJXUH���� 7KH� FDVH� RI� XQLIRUP
GLVWULEXWLRQ�RI�HOHPHQWV�RI�6�LQ
WKH� GHVLUHG� VHWV�� 7KH� GRWV� LQ
'α� DQG� 'β� UHSUHVHQW� WKH
HOHPHQWV�RI�'α�∩�'β�
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��� $�3UDFWLFDO�$VVXPSWLRQ

/HW�XV�QRZ�EULHIO\�H[DPLQH�D�SUDFWLFDO�LVVXH�ZLWK�WKH�PHWKRG�LQ�WKH�SUHYLRXV�VXE�VHFWLRQ��,Q�RUGHU�WR�UHWULHYH�WKH�VHW� ,oS �ZH

QHHG� WR�H[HFXWH�PXOWLSOH�TXHULHV�� �7KLV�SRLQW� LV� EHVW� FODULILHG�ZLWK� DQ� H[DPSOH��/HW� βD̂ � �WKH�RSWLPDO� IHDWXUH� VHOHFWHG��KDYH���

HOHPHQWV�DQG�OHW� optR̂ �KDYH���HOHPHQWV��7KHQ��WR�UHWULHYH� ,oS �ZH�QHHG�WR�H[HFXWH���TXHULHV��L�H��RQH�TXHU\�WR�UHWULHYH�HDFK�HOHPHQW
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�ZKHUH�� Gβ� LV� WKH� PHWULF� IRU� WKH� IHDWXUH� β��∆β� LV� WKH� TXDQWL]DWLRQ� WKUHVKROG� IRU� WKH� IHDWXUH� VSDFH� β�� +HQFH�� PDNLQJ� QR
DVVXPSWLRQV�RQ� WKH�GLVWULEXWLRQ� RI� WKH� WDUJHW� VHW� 6� LQ� WKH� VHWV αD DQG ,βD LQFUHDVHV� WKH� FRPSXWDWLRQDO� FRVW� RI� UHWULHYDO�� ,W� DOVR
PDNHV�WKH�UHWULHYDO�VFKHPH�FRPSOH[�

$Q� DVVXPSWLRQ� RQ� WKH� GLVWULEXWLRQ� RI� 6� VLPSOLILHV� WKH� VROXWLRQ�� $VVXPH� WKDW� WKH� HOHPHQWV� RI� WKH� VHW� 6�� DUH� XQLIRUPO\
GLVWULEXWHG�LQ�WKH�VHWV�'α�DQG�'β��VHH�)LJXUH�����1RZ��NHHSLQJ�)LJXUH���LQ�PLQG��ZH�VHH�WKDW�QRQH�RI�WKH�IRXU�UHWULHYDO�VFKHPHV
ZLOO�\LHOG�D�QXOO�VHW��:LWK�WKH�XQLIRUP�GLVWULEXWLRQ�DVVXPSWLRQ��WKH�RSWLPDOLW\�FULWHULRQ�UHPDLQV�WKH�VDPH�L�H�ZH�DOZD\V�SLFN�WKH�VHW
ZLWK�WKH�VPDOOHU�VHW�VL]H��(TXDWLRQ�����,W�LV�HDV\�WR�VHH�WKDW�WKH�WKDW�JLYHQ�WKH�XQLIRUP�GLVWULEXWLRQ�DVVXPSWLRQ�WKH�UHWULHYHG�VHW�VL]H
_6R_�LV�JLYHQ�E\�
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ZKHUH�'R� LV� WKH�RSWLPDO� IHDWXUH� VHOHFWHG��6RPH�SRLQWV�QHHG� WR�EH�NHSW� LQ�PLQG� DERXW�(TXDWLRQ���� �D��:H�RQO\�TXHU\� WKH
V\VWHP�LI�_6_≠����E��,I�1R�!�_6_��WKHQ�ZH�FDQ�RQO\�UHWULHYH�_6_�UHOHYDQW�HOHPHQWV���F��,I�ZH�XVH�(TXDWLRQ����WKHQ�WKH�H[SHFWHG
UHOHYDQW�VHW�VL]H�(�^S�ε�6�_6R`� 1R��8VLQJ�WHFKQLTXH�GHULYHG�LQ�WKH�SUHYLRXV�VHFWLRQ��ZH�JXDUDQWHH�WKDW�UHOHYDQW�VHW�VL]H�LV�JUHDWHU
WKDQ�1R��'XH�WR�WKH�GLVWULEXWLRQ�DVVXPSWLRQ��6R�FDQ�EH�DQ\�DUELWUDU\�VXEVHW�RI�'R��&OHDUO\��ZH�FDQ�UHWULHYH�WKH�VHW�6R�ZLWK�D�VLQJOH
TXHU\��7KLV�FDQ�EH�GRQH�XVLQJ�WKH�_6R_�QHDUHVW�QHLJKERUV�RI�IR��ZKHUH�IR�LV�WKH�IHDWXUH�FRUUHVSRQGLQJ�WR�WKH�GHVLUHG�VHW�'R�

�� 7KH�%UDQFK�DQG�3UXQH�$OJRULWKP
,Q�WKLV�VHFWLRQ��ZH�SUHVHQW��DQ�DOJRULWKP�WKDW��UHWULHYHV�YLGHRV�IURP�WKH�GDWDEDVH�JLYHQ�D�TXHU\�ZLWK�N�IHDWXUHV��7KH�DOJRULWKP

DV�SUHVHQWHG�EHORZ��DVVXPHV�D�VLQJOH�REMHFW�TXHU\��7KLV�DOJRULWKP�PDNHV�XVH�RI�WKH�UHVXOWV�REWDLQHG�6HFWLRQV����������6SHFLILFDOO\�
ZH�DVVXPH�WKH�$1'�UHWULHYDO�PRGHO��DQG�D�PHPEHUVKLS�IXQFWLRQ�φ��7KH�PHPEHUVKLS�IXQFWLRQ��UHIHU�WR�6HFWLRQ����LQ�RXU�PRGHO�LV
MXVW�WKH�JOREDO�GLVWDQFH��7KH�PHPEHUVKLS�IXQFWLRQ�φ�T�[��LV�FRPSXWHG�DV�
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∑
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ZKHUH�1� LV� WKH� QXPEHU� RI� IHDWXUHV� LQ� WKH� TXHU\� �1�≤� �� LQ�9LGHR4���ωN� LV� WKH�ZHLJKW� IRU� IHDWXUH�N� DQG� GN� LV� WKH�PHWULF
DVVRFLDWHG�ZLWK�IHDWXUH�N�

:H�SUHVHQW� WKH�GLVFXVVLRQ�RI�RXU�EUDQFK�DQG�SUXQH�DOJRULWKP�E\� WDNLQJ� WKH�FRQFUHWH�H[DPSOH�RI�9LGHR4�� ,Q�9LGHR4��ZH
KDYH�ILYH�GLVWLQFW�IHDWXUHV��FRORU��WH[WXUH��VKDSH��VL]H�DQG�PRWLRQ��*LYHQ�D�9LGHR4�TXHU\�REMHFW��ZH�WDNH�WKH�IROORZLQJ�VWHSV�

�� &KHFN�WKH�QXPEHU�RI�IHDWXUHV�LQ�WKH�TXHU\�REMHFW��,I�WKH�QXPEHU�RI�IHDWXUHV�VSHFLILHG�LV�JUHDWHU�WKDQ�WKUHH�ZH�EUHDN�WKH
VHW�RI�IHDWXUHV� LQWR�WZR�VPDOOHU�VHWV�� ,Q� WKLV�PDQQHU��ZH�VSOLW� WKH� LQSXW�TXHU\� LQWR� WZR�VXE�TXHULHV��(DFK�VXE�TXHU\� LV
H[HFXWHG�LQGHSHQGHQWO\�RI�WKH�RWKHU��LQ�SDUDOOHO��)RU�H[DPSOH�LI�ILYH�IHDWXUHV�ZHUH�VSHFLILHG��WKH\�ZRXOG�EH�EURNHQ�LQWR
WZR�VHWV�RI�VL]H�WZR�DQG�WKUHH�IHDWXUHV�UHVSHFWLYHO\��7KLV�VSOLW�LV�GRQH�IRU�WZR�UHDVRQV�

• :H�RQO\�KDYH�SDUWLDO�VWDWLVWLFV�RI�WKH�IRUP��3�α�β����&RPSXWLQJ�FRQGLWLRQDOV�VXFK�DV�3�α�β�γ�δ�ε��LV�QRW�IHDVLEOH�GXH
ODUJH�FRPSXWDWLRQDO�DQG�VWRUDJH�UHTXLUHPHQWV�

• :H� QHHG� WR� EUHDN� XS� WKH� IHDWXUHV� LQWR� VXEVHWV� FRQWDLQLQJ� XQFRUUHODWHG� IHDWXUHV�� 7KLV� LV� GRQH� WR� HQVXUH� WKDW
(TXDWLRQ� �� KROGV�� )RU� H[DPSOH�� FRORU� DQG� WH[WXUH� DUH� XVXDOO\� FRUUHODWHG� �H�J�� IRUHVWV� DUH� XVXDOO\� JUHHQ�� HWF��� DQG
KHQFH�LW�PD\�EH�D�JRRG�KHXULVWLF�WR�SODFH�WKHP�LQ�GLIIHUHQW�VHWV��$W�WKH�PRPHQW��RXU�DOJRULWKP�WR�VSOLW�WKH�IHDWXUHV
RQO\�HQVXUHV�WKDW�FRORU�DQG�WH[WXUH�DUH�SODFHG�LQ�GLIIHUHQW�VHWV�

                                                          
��1RWH�WKDW�3�6�� �3�'α�∩�'β�

��7KLV�LV�QRWDWLRQDOO\�HTXLYDOHQW�WR� ).P( |DDp ∈



�� ,I�WKH�QXPEHU�RI�IHDWXUHV�LV�JUHDWHU�WKDQ����7KHUH�DUH�WZR�VXE�TXHULHV��)LJXUH���D����(DFK�VXE�TXHU\�FRQWDLQV�D�VXEVHW�RI
WKH�VHW�RI�IHDWXUHV�LQ�WKH�RULJLQDO�TXHU\�

• 1RZ��XVH�WKH�DOJRULWKP�SUHVHQWHG�LQ�6HFWLRQ����WR�GHWHUPLQH�IRU�HDFK�VXE�TXHU\��WKH�RSWLPDO� IHDWXUH� LQ� WKH�VHQVH
GHILQHG�LQ�6HFWLRQ����7KH�DOJRULWKP�DOVR�SURYLGHV�XV�ZLWK�WKH�QXPEHU�WR�UHWULHYH�IRU�HDFK�VXE�TXHU\�

• 8VH�WKH�RSWLPDO� IHDWXUH�REWDLQHG�IRU�HDFK� VXE�TXHU\�� WR�TXHU\� WKH� V\VWHP��7KHVH� WZR�TXHULHV�FDQ�EH�H[HFXWHG� LQ
SDUDOOHO��7KH�QXPEHU�WR�UHWULHYH�IRU�HDFK�IHDWXUH�LV�JLYHQ�E\�(TXDWLRQ���

• 1RZ��ZH�ILUVW�WDNH�WKH�XQLRQ�RI�WKH�WZR�UHWXUQHG�VHWV�5I��DQG�5I��DQG�WKHQ�UH�VRUW�EDVHG�RQ�φ�
�� ,I�WKH�QXPEHU�RI�IHDWXUHV�LV�OHVV�WKDQ����WKHQ�WKHUH�LV�RQO\�RQH�TXHU\��)LJXUH����E����:H�DJDLQ�SLFN�WKH�RSWLPDO�IHDWXUH�DQG

TXHU\�WKH�V\VWHP��7KH�UHWXUQ�VHW�LV�UH�VRUWHG�XVLQJ�WKH�PHPEHUVKLS�IXQFWLRQ�φ��VHH�(TXDWLRQ����

)RU�DUELWUDU\�QXPEHU�RI�IHDWXUHV��ZH�ZRXOG�KDYH�WR�VSOLW�XS�WKH�IHDWXUHV�LQWR�JURXSV�RI�WKUHH��L�H��HDFK�VXEVHW�FRQWDLQV�WKUHH
IHDWXUHV���7KHQ�DV�EHIRUH��GHWHUPLQH�WKH�RSWLPDO�IHDWXUH�IRU�HDFK�VXE�TXHU\�DQG�SHUIRUP�D�VHDUFK��7KHQ�� WDNH� WKH�XQLRQ�RI� WKH
UHVXOWV�RI�HDFK�VXE�TXHU\��$JDLQ���ZH�VRUW�WKH�UHVXOWV�XVLQJ�WKH�PHPEHUVKLS�IXQFWLRQ�φ��$W�SUHVHQW��ZH�SHUIRUP�D�PXOWLSOH�REMHFW
TXHU\�E\�TXHU\LQJ�IRU�HDFK�REMHFW�DQG�WKHQ�WDNLQJ� WKH�VHW�XQLRQ�WKH�UHVXOWV�RI� WKH�TXHU\�IRU�HDFK�REMHFW��7KHQ�WKH\�DUH� VRUWHG
DFFRUGLQJ�WR�D�PHPEHUVKLS�IXQFWLRQ�

&OHDUO\��WKH�SURFHGXUH�WKDW�ZH�VKRZ�LQ�WKLV�VHFWLRQ�KHUH�LV�VXE�RSWLPDO�IRU�WKH�FDVH�RI�PRUH�WKDQ�WKUHH�IHDWXUHV��7KLV�LV��DV�ZH
KDYH�QRWHG�EHIRUH��GXH�WR�WKH�SUREOHP�RI�QRW�KDYLQJ�DFFXUDWH�HVWLPDWHV�RI�KLJKHU�RUGHU�FRQGLWLRQDOV��1RWH�WKDW�HYHQ�IRU�WKH�FDVH
N��N�!����QXPEHU�RI�IHDWXUHV��WKH�RSWLPDO�PHWKRG�LQYROYHV�SLFNLQJ�WKH�IHDWXUH�ZLWK�WKH�VPDOOHVW�GHVLUHG�VHW��'L��+HQFH��HYHQ�LQ
WKDW�FDVH��RQH�RI�WKH�IHDWXUHV�SLFNHG�ZLOO�KDYH�EHHQ�WKH�RSWLPDO�IHDWXUH��+RZHYHU��D�VXE�RSWLPDO�VXEVHW�RI�WKH�IHDWXUH�ZRXOG�KDYH
EHHQ�FKRVHQ�L�H��5RSW�GXH�WR�RXU�DOJRULWKP�ZRXOG�EH�VXE�RSWLPDO�

�� ([SHULPHQWDO�5HVXOWV�DQG�'LVFXVVLRQ
,Q�VHFWLRQ�����ZH�JLYH�D�EULHI�GHVFULSWLRQ�RI�WKH�UHSUHVHQWDWLRQ�VFKHPHV�XVHG�LQ�RXU�H[SHULPHQW��,Q�VHFWLRQV���������ZH�VKDOO

JLYH�VKRUW�GHVFULSWLRQV�RI�RXU�ORZ�GLPHQVLRQDO�UHSUHVHQWDWLRQV�IRU�VKDSH�DQG�PRWLRQ��GHWDLOV�LQ�>��@���7KHVH�WZR�IHDWXUH�WKDW�KDYH
EHHQ� WUDGLWLRQDOO\� KDUG� WR� LQGH[�� 7KHQ� LQ� 6HFWLRQ� ���� ZH� SURYLGH� H[SHULPHQWDO� UHVXOWV� IRU� WKH� UHWULHYDO� VFKHPH� GHYHORSHG� LQ
6HFWLRQV�����

)LJXUH����%UDQFK�VWUDWHJLHV��D��0RUH��WKDQ�WKUHH�IHDWXUHV��4�
DQG�4��DUH�VXE�TXHULHV��I��DQG�I��DUH�WKH�RSWLPDO�IHDWXUHV
SLFNHG�IRU�VXE�TXHULHV�4��DQG�4����E��7KUHH�RU�OHVV�IHDWXUHV�
I��LV�WKH�RSWLPDO�IHDWXUH�SLFNHG�
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��� 5HSUHVHQWDWLRQV�IRU�5HWULHYDO

7KH�IHDWXUH�VHW�WKDW�ZH�XVH�EXLOGV�XSRQ�WKH�VHW�XVHG�LQ�WKH�9LGHR4�SURMHFW��$OO�WKHVH�IHDWXUHV�DUH�DWWULEXWHV�RI�YLGHR�REMHFWV�
:H�GHILQH�D�YLGHR�REMHFW�WR�EH�D�FRQWLJXRXV�VHW�RI�SL[HOV�WKDW�LV�KRPRJHQHRXV��VSDWLDOO\�DV�ZHOO�DV�WHPSRUDOO\��DFURVV�IUDPHV��LQ
WKH�IHDWXUHV�WKDW�ZH�DUH�LQWHUHVWHG�LQ��L�H��WH[WXUH��FRORU��VKDSH��VL]H�DQG�PRWLRQ���7KHVH�UHJLRQV�DUH�DXWRPDWLFDOO\�VHJPHQWHG�DQG
WUDFNHG�RYHU�WKH�GXUDWLRQ�RI�WKH�YLGHR�VKRW�>�@��7KH�FRORU�IHDWXUH�XVHG�LV�D�WULSOH�LQ�WKH�/89�FRORU�VSDFH��:H�XVH�WKH�ILUVW�WKUHH
7DPXUD�WH[WXUHV�>��@�IRU�WKH�WH[WXUH�IHDWXUH��6L]H�LV�RQH�GLPHQVLRQDO��6KDSH�DQG�PRWLRQ�DUH�KLJK�GLPHQVLRQDO�DQG�WR�DOOHYLDWH�WKH
SUREOHP��ZH�XVH�ORZ�GLPHQVLRQDO��LPSOHPHQWDWLRQ�GHWDLOV�LQ�>��@��DSSUR[LPDWLRQV�IRU�ERWK�RI�WKHVH�IHDWXUHV��$OO�WKH�IHDWXUHV�XVHG�LQ
RXU�V\VWHP�DUH�ORZ�GLPHQVLRQDO�DQG�DUH�KHQFH�DPHQDEOH�WR�HIILFLHQW�LQGH[LQJ�VFKHPHV�

����� 6KDSH

7KH�VKDSH�DSSUR[LPDWLRQV�WKDW�ZH�FKRRVH�WR�XVH�DUH�ZLGHO\�XVHG�LQ�WKH�ILHOG�RI�*HRJUDSKLFDO�,QIRUPDWLRQ�6\VWHPV��*,6��>�@�
:H� FODVVLI\� WKH� HDFK� REMHFW·V� VKDSH� DWWULEXWH� LQWR� IRXU� W\SHV�� FLUFOHV�� VTXDUHV�� UHFWDQJOHV�� HOOLSVHV�� :H� XVH� D� PHWULF� EDVHG� RQ
JHRPHWULF�VKDSH�GLIIHUHQFH�WR�PDNH�WKLV�FODVVLILFDWLRQ��2XU�VKDSH�DSSUR[LPDWLRQ�DOJRULWKP�LV� LQGHSHQGHQW�RI�VFDOH�DQG�OHDGV�WR
ORJDULWKPLF�LQGH[LQJ��:H�XVH�WKH�IROORZLQJ�VKDSH�PHWULF�

321 )2,min()d( ωωπω bqbqbqbq RRffq,b −+−−−+−=  ����

:KHUH�I�UHIHUV�WR�WKH�JHRPHWULF�ILWWLQJ�HUURU��θ��WR�WKH�GLUHFWLRQ�RI�WKH�SULQFLSDO�D[LV�RI�WKH�VKDSH�DQG�5�WKH�DVSHFW�UDWLR�RI�WKH
VKDSH��7KH�ωL·V�UHIHU�WR�WKH�GLIIHUHQW�ZHLJKWV�DQG�WKH�ODEHOV�T�DQG�E�UHIHU�WR�WKH�TXHU\�DQG�WKH�GDWDEDVH�VKDSH�UHVSHFWLYHO\�

����� 0RWLRQ

$�PRWLRQ�WUDLO�GHVFULEHV�WKH�WUDMHFWRU\�RI�WKH�FHQWURLG�RI�WKH�YLGHR�REMHFW��,Q�9LGHR4��WKH�PRWLRQ�WUDLO�LV�VLPSO\�D�FROOHFWLRQ
RI�SRLQWV�LQ�WKH�[�\�SODQH��:H�GHFRPSRVH�DOO�PRWLRQ�WUDLOV�>��@�LQWR�D�VXP�RI�OLQHDU�DQG�TXDGUDWLF�VHJPHQWV�
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++=
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7KLV�OHYHO�RI�DEVWUDFWLRQ�LV�LQWXLWLYH�DQG�LV�DPHQDEOH�WR�XVHU�LQWHUDFWLRQ��,W�LV�DOVR�ORZ�GLPHQVLRQDO�DQG�HDVLO\�LQGH[LEOH��7KH
PHWULF�IRU�PRWLRQ�WUDLO�FRPSDULVRQ�LV�D�0DKDODQRELV�GLVWDQFH�
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:KHUH��W�LV�WKH�IRXU�SDUDPHWHU�IHDWXUH�YHFWRU�IRU�HDFK�VHJPHQW��DQG�Λ�LV�WKH�FURVV�FRUUHODWLRQ�PDWUL[�RI�WKH�SDUDPHWHUV��T�DQG
E�UHIHU�WR�WKH�TXHU\�DQG�WKH�GDWDEDVH�WUDLO�UHVSHFWLYHO\�

��� (YDOXDWLRQ�5HVXOWV

$OO�RXU�H[SHULPHQWV�WRRN�SODFH�RYHU�WKH�YLGHR�GDWDEDVH�XVHG�LQ�RXU�9LGHR4�V\VWHP��7KH�YLGHR�GDWDEDVH�FRPSULVHV�RYHU�����
FOLSV�ZLWK�GLYHUVH�VXEMHFWV�VXFK�DV�VSRUWV��QDWXUH��WUDYHO�HWF��(DFK�FOLS�LV�SURFHVVHG�JLYLQJ�D�VHW�RI�YLGHR�REMHFWV�DVVRFLDWHG�ZLWK�WKH
FOLS��7KHVH�REMHFWV�KDYH�EHHQ�REWDLQHG�XVLQJ�WKH�VHJPHQWDWLRQ�DQG�WUDFNLQJ�DOJRULWKPV�GHYHORSHG�IRU�9LGHR4��(DFK�YLGHR�REMHFW
KDV�ILYH�DWWULEXWHV��^FRORU��VKDSH��VL]H��WH[WXUH��PRWLRQ`��,Q�RXU�V\VWHP��ZH�QHHG�WR�GHDO�ZLWK��������YLGHR�REMHFWV�

7KHUH� DUH� WZR� LVVXHV� WKDW� DUH� RI� FRQFHUQ� ZKHQ� HYDOXDWLQJ� RXU� V\VWHP�� 6LQFH� ZH� DGGUHVV� WKH� LVVXH� RI� VFDODELOLW\�� WKH
FRPSXWDWLRQDO� FRVW� RI� UHWULHYDO��$QG� VLQFH�ZH� IRFXV� RQ� HIILFLHQW� YLVXDO� UHWULHYDO�PRGHOV�� WKH� SHUIRUPDQFH� RI� WKH� V\VWHP� XVLQJ
VWDQGDUG�LQIRUPDWLRQ�UHWULHYDO�WHFKQLTXHV��+HQFH��ZH�FKRRVH�WR�HYDOXDWH�RXU�V\VWHP�XVLQJ�WKH�IROORZLQJ�PHWULFV�

• 6\VWHP�HIIRUW
• 3UHFLVLRQ�DQG�5HFDOO
,Q�RXU�UHWULHYDO�PRGHO�� WKH�FRPSXWDWLRQDO�FRVW�RI�UHWULHYDO�FDQ�EH�GHFRPSRVHG�LQWR�WKUHH�FRVWV�� LQGH[LQJ�FRVWV��GLVN�DFFHVV

FRVWV�DQG�WKH�FRVW�RI�FRPSXWLQJ�WKH�PHWULF��,Q�WKLV�SDSHU��ZH�LJQRUH�GLVN�DFFHVV�FRVWV��6LQFH�DOO�RXU�IHDWXUHV�DUH�ORZ�GLPHQVLRQDO�
WKH�PHWULF�FRVW�IRU�IHDWXUH�FRPSDULVRQ�FDQ�EH�DVVXPHG�WR�EH�WKH�VDPH�DFURVV�IHDWXUHV��7KH�LQGH[LQJ�FRVW�LV�D�IXQFWLRQ�RI�VHYHUDO
SDUDPHWHUV�

�� 7KH� QXPEHU� RI� RSWLPDO� IHDWXUHV� FKRVHQ�� VLQFH� HDFK� RSWLPDO� IHDWXUH� PXVW� EH� LQGH[HG�� ,Q� RXU� LPSOHPHQWDWLRQ�� WKLV
QXPEHU�FDQ�EH�HLWKHU���RU����VLQFH�1�≤����ZKHUH�1�LV�QXPEHU�RI�IHDWXUHV�LQ�WKH�TXHU\��

�� 7KH�XVHU�ZHLJKW�IRU�HDFK�IHDWXUH�

                                                          
��:H�WUDQVODWH�HDFK�VHJPHQW�WR�WKH�RULJLQ�



)LJXUH� ��� $Q� H[DPSOH� TXHU\� RI� D
KLJK�MXPSHU�

�� 7KH�MRLQW�SUREDELOLW\�GLVWULEXWLRQ��7KH�ZHLJKW�DQG�WKH�SUREDELOLW\�GLVWULEXWLRQ�WRJHWKHU�GHWHUPLQH�WKH�QXPEHU�RI�REMHFWV
WR�UHWULHYH�IRU�HDFK�IHDWXUH�

6LQFH�� RXU� DOJRULWKP� SLFNV� WKH� IHDWXUHV� XVHG� WR� TXHU\� WKH� V\VWHP� G\QDPLFDOO\�� WKH� LQGH[LQJ� FRVW�� LV� D� IXQFWLRQ� RI� VHYHUDO
UDQGRP�YDULDEOHV��+HQFH��WR�VLPSOLI\�DQDO\VLV��ZH�DVVXPH�WKDW�WKH�FRPSXWDWLRQDO�FRVW�RI�UHWULHYDO�LV�SURSRUWLRQDO�WR�WKH�QXPEHU�RI
REMHFWV�UHWULHYHG�IURP�WKH�GDWDEDVH��7KLV�LV�GHILQHG�WR�EH�WKH�V\VWHP�HIIRUW��+DG�ZH�XVHG�WKH�OLQHDU�FRQVWUDLQW�PRGHO��UHI��6HFWLRQ
����WKH�FRVW�GXH�WR�WKH�FRPELQHG�GLPHQVLRQDOLW\�RI�DOO�WKH�IHDWXUHV�ZRXOG�KDYH�EHHQ�VLJQLILFDQW��)RU�H[DPSOH�HYHQ�ZLWK�WKH�ORZ�
GLPHQVLRQDO� IHDWXUH� UHSUHVHQWDWLRQV� GLVFXVVHG� LQ� 6HFWLRQ� ���� WKH� FRPELQHG� GLPHQVLRQDOLW\� RI� IHDWXUHV� LV� �������� &OHDUO\�� WKH
´GLPHQVLRQDOLW\�FXUVHµ�ZLOO�SUHYDLO�LI�ZH�DWWHPSW�WR�XVH�WKH�OLQHDU�FRQVWUDLQW�PRGHO�WR�LQGH[�XVLQJ�D�VWUXFWXUH�VXFK�WKH�5�WUHH�RU
WKH�N�G�WUHH��1RZ��LQ�RUGHU�WR�HYDOXDWH�RXU�UHWULHYDO�PRGHO�ZH�QHHG�WR�DQVZHU�WZR�TXHVWLRQV�

• 'RHV�WKH�RSWLPDOLW\�FULWHULD�UHDOO\�ZRUN"�,QVWHDG�RI�XVLQJ�(TXDWLRQ���WR�SLFN�RXU�IHDWXUH��FRXOG�ZH�KDYH�VHOHFWHG�DQ\�VXE�
VHW�RI�TXHU\�IHDWXUHV�DQG�VWLOO�REWDLQHG��RU�EHWWHUHG��WKH�UHVXOWV�GXH�WR�RXU�´RSWLPDOµ�IHDWXUHV"

• +RZ�GRHV�RXU�UHWULHYDO�PRGHO�FRPSDUH�DJDLQVW�WKH�OLQHDU�FRQVWUDLQW�PRGHO"�7KLV�FRPSDULVRQ�LV�QHFHVVDU\��VLQFH�PRVW�RI
WKH�FXUUHQW�&%94�V\VWHPV�XVH�WKLV�PRGHO�

,Q�RUGHU� WR�DQVZHU� WKH�ILUVW�TXHVWLRQ��ZH�FRPSDUH� WKH�UHWULHYDO� UHVXOWV�GXH� WR
WKH�RSWLPDO�VHW�RI�IHDWXUHV�VHOHFWHG�E\�RXU�DOJRULWKP��DJDLQVW�UHVXOWV�GXH�D�UDQGRP
VXE�VHW� RI� WKH� TXHU\� IHDWXUHV�� 7KLV� FRPSDULVRQ� LV� GRQH� XVLQJ� WKH� PHWULFV� RI
3UHFLVLRQ�DQG�5HFDOO���6LQFH�WKH�V\VWHP�HIIRUW�LV�D�UDQGRP�YDULDEOH����ZH�HTXDOL]H�WKH
V\VWHP� HIIRUW� LQ� WKLV� FRPSDULVRQ� DUWLILFLDOO\�� E\� KROGLQJ� LW� FRQVWDQW� DW� ����� �ZH
DOZD\V�UHWULHYH�����UHVXOWV�IRU�HDFK�EUDQFK��L�H��VHW�_6R_ ����IRU�HDFK�EUDQFK���7KLV
LV�GRQH�WR�SUHYHQW�WKH�YDULDELOLW\�LQ�WKH�V\VWHP�HIIRUW�IURP�DIIHFWLQJ�RXU�UHVXOWV��$V
WKH�GDWDEDVH�VL]H� LV��������WKLV�DOVR�LPSOLHV�WKDW�ZH�RQO\�UHWULHYH�DERXW����RI� WKH
GDWDEDVH�� 7KH� GRFXPHQW� FXW�RII� YDOXH� �WKH� QXPEHU� RI� UHVXOWV� DFWXDOO\� VKRZQ� WR
XVHU��� ZDV� FKRVHQ� WR� EH� ���� 7KH� ZHLJKWV� IRU� WKH� GLIIHUHQW� IHDWXUHV� ZHUH� KHOG
FRQVWDQW�DFURVV�WKH�H[SHULPHQW�

7KH�TXHU\�XVHG�LQ�WKLV�H[SHULPHQW��VHH�)LJXUH����ZDV�WKDW�RI�WKH�KLJK�MXPSHU�
7KHUH�DUH�QLQH�KLJK�MXPSHU�YLGHR�VHTXHQFHV�LQ�WKH�GDWDEDVH��RXW�RI������FOLSV���7KH�REMHFW�VKRZQ�LQ�)LJXUH���KDV�IRXU�DWWULEXWHV�
FRORU�� PRWLRQ�� VKDSH� DQG� VL]H�� 7KH� XVHU� DOVR� VHWV� ZHLJKWV� IRU� HDFK� IHDWXUH�� *LYHQ� WKH� TXHU\�� ZH� XVH� RXU� EUDQFK� DQG� SUXQH
DOJRULWKP� WR� GHWHUPLQH� WKH� RSWLPDO� VHW� RI� IHDWXUHV� IRU� WKLV� TXHU\�� 6LQFH� WKHUH� DUH� IRXU� IHDWXUHV�� ZH� KDYH� WZR� VXE�TXHULHV�4��
^FRORU��VL]H`�DQG�4���^VKDSH��PRWLRQ`��$V�PHQWLRQHG�HDUOLHU�� WKLV�VSOLW� LV�GHWHUPLQLVWLF�DQG�RXU�VSOLWWLQJ�DOJRULWKP�RQO\�HQVXUHV
WKDW�FRORU�DQG�WH[WXUH�DUH�QRW�LQ�WKH�VDPH�VXE�TXHU\��,Q�WKLV�FDVH��WKH�RSWLPDO�IHDWXUH�VHW�FKRVHQ�ZDV�^FRORU��PRWLRQ`��,Q�RUGHU�WR
FUHDWH�TXHULHV�XVLQJ�D�UDQGRP�VHOHFWLRQ��ZH�SLFN�WZR�IHDWXUHV�DW�UDQGRP��IURP�WKH�VHW��^FRORU��PRWLRQ��VKDSH��VL]H`��7DEOH���VKRZV
WKH�UHVXOWV�RI�WKH�H[SHULPHQW��,Q�WKH�WDEOH��WKH�´)HDWXUH�6HOHFWHGµ�FROXPQ�UHIHUV�WR�WKH�WZR�IHDWXUHV�FKRVHQ���I

�
�DQG�I

�
�LQ�)LJXUH��

�D���LQ�RUGHU�WR�UHWULHYH�WKH�KLJK�MXPSHU�

)HDWXUHV�6HOHFWHG 3UHFLVLRQ 5HFDOO
2XU�$OJRULWKP ���� ���
&RORU�DQG�6KDSH ���� ���
6L]H�DQG�6KDSH ���� ���
&RORU�DQG�6L]H ���� ���
6L]H�DQG�0RWLRQ ���� ���
6KDSH�DQG�0RWLRQ ���� ���

7DEOH����3UHFLVLRQ�5HFDOO��YDOXHV�ZLWK�FRQVWDQW
V\VWHP�HIIRUW���������L�H��ZH��H[DPLQH�RQO\����RI
WKH�GDWDEDVH����7KH�GRFXPHQW�FXW�RII�YDOXH�ZDV����

7KH�UHVXOWV�LQ�7DEOH���PDNH�LQWHUHVWLQJ�UHDGLQJ��&KRRVLQJ� WKH�LQFRUUHFW�IHDWXUH�VHW�ZLWKRXW� WKH�PRWLRQ�SDUDPHWHU�JLYHV�YHU\
SRRU�UHVXOWV��,Q�FDVH�RI��WKH�TXHU\�VFHQDULRV�RI�^FRORU��VKDSH`�DQG�^VL]H��VKDSH`��ZKHQ�WKH�GRFXPHQW�FXW�RII�YDOXH�ZDV�LQFUHDVHG
WR�����3UHFLVLRQ�DQG�5HFDOO�LQFUHDVHG�WR������DQG�����UHVSHFWLYHO\��7KH�3UHFLVLRQ�DQG�5HFDOO�YDOXHV�GLG�QRW�FKDQJH�LQ�WKH�FDVH�RI
^FRORU��VL]H`��7KH�UHDVRQ�ZK\�WKH�3UHFLVLRQ�5HFDOO�YDOXHV�ZHUH�LGHQWLFDO�ZKHQHYHU�PRWLRQ�ZDV�FKRVHQ�LV�EHFDXVH�PRWLRQ�LV�D�YHU\

                                                          
��6LQFH�DOO�RI�RXU�IHDWXUHV�DUH�ORZ�GLPHQVLRQDO�DQG�HDFK�RSWLPDO�IHDWXUH�LV�TXHULHG�VHSDUDWHO\�XQGHU�RXU�PRGHO��WKH�GLPHQVLRQDOLW\�RI
WKH�IHDWXUH�GRHV�QRW�FRQWULEXWH�VLJQLILFDQWO\�WR�WKH�LQGH[LQJ�FRVW�
��'LPHQVLRQV�IRU�HDFK�IHDWXUH��FRORU ���VL]H ���WH[WXUH ���VKDSH ���PRWLRQ �������7RWDO��������
���1RWH��WKH�QXPEHU�RI�REMHFWV�UHWULHYHG�SHU�IHDWXUH�LV�D�UDQGRP�YDULDEOH�



VWURQJ�FKDUDFWHULVWLF�RI�WKH�FODVV�RI�KLJK�MXPSHUV��,Q�WKH�FDVH�RI�PRUH�WKDQ�WKUHH�IHDWXUHV��)LJXUH����D���ZH�WDNH�WKH�XQLRQ�RI�WKH
UHVXOWV� RI� HDFK� VXE�TXHU\�� 6LQFH�ZH� VRUW� XVLQJ� WKH�PHPEHUVKLS� IXQFWLRQ�φ� �WKH� JOREDO� GLVWDQFH��� WKH� UHVXOWV� DUH� LQIOXHQFHG� E\
ZKHWKHU�PRWLRQ�ZDV�VHOHFWHG�DV�D�IHDWXUH��,I�PRWLRQ�ZDV�VHOHFWHG�DV�RQH�RI�WKH�IHDWXUHV��GXH�WR�VWURQJ�PDWFKHV�EHFDXVH�RI�PRWLRQ�
WKH�REMHFWV�VHOHFWHG�XVLQJ�WKH�PRWLRQ�IHDWXUH�DSSHDU�DW�WKH�WRS�RI�WKH�OLVW�

�1RZ��ZH�DSSOLHG�WKH�OLQHDU�FRQVWUDLQW�PRGHO�WR�WKH�TXHU\��'XH�WR�WKH�KLJK�GLPHQVLRQDOLW\�RI�WKH�FRPELQHG�IHDWXUH�VHW�ZH
KDG�WR�SHUIRUP�D�OLQHDU�VHDUFK�RQ�RXU�GDWDEDVH�RI�REMHFWV��WR�REWDLQ�WKH�UHWULHYHG�VHW��$JDLQ�XVLQJ�D�GRFXPHQW�FXW�RII�YDOXH�RI����
ZH�REWDLQHG�WKH�VDPH�UHVXOW��L�H��WKH�VDPH�3UHFLVLRQ�5HFDOO�YDOXHV��DV�WKH�RSWLPDO�FDVH�GXH�WR�RXU�DOJRULWKP��6LQFH�WKHUH�DUH������
REMHFWV�LQ�RXU�GDWDEDVH�WKH�V\VWHP�HIIRUW�GXH�WR�D�OLQHDU�VHDUFK�LV��������7KLV�LV�WR�EH�FRPSDUHG�DJDLQVW�D�V\VWHP�HIIRUW�RI�����
IRU�RXU�UHWULHYDO�PRGHO�

�� &RQFOXVLRQV
$� QRYHO� DSSURDFK� WR� LQGH[LQJ� KLJK�GLPHQVLRQDO� YLGHR� IHDWXUH� YHFWRUV� LV� SUHVHQWHG� LQ� WKLV� SDSHU��*LYHQ� D� TXHU\� DQG� WKH

QXPEHU�RI�UHOHYDQW�YLGHRV�GHVLUHG� �1R��� WKH�SURSRVHG�VFKHPH�VSOLWV� WKH� �KLJK�GLPHQVLRQDO�TXHU\�IHDWXUH�YHFWRU� LQWR�VXEVHWV�RI
ORZ�GLPHQVLRQDO�IHDWXUH�YHFWRUV��,W�GHWHUPLQHV�DQ�RSWLPDO�IHDWXUH�IRU�HDFK�VXEVHW�XVLQJ�SDLU�ZLVH�FRQGLWLRQDO�SUREDELOLWLHV�IRU�WKH
IHDWXUHV�ZLWKLQ�WKH�VXEVHW�VXFK�WKDW�WKH�H[SHFWHG�QXPEHU�LQ�WKH�UHWULHYHG�VHW�LV�JUHDWHU�WKDQ�1R��7KLV�SURFHGXUH�LV�G\QDPLF�L�H��DOO
WKH�SDUDPHWHUV�XVHG�DQG�GHFLVLRQV�PDGH�E\�WKH�DOJRULWKP�FKDQJH�ZLWK�HYHU\�TXHU\�

,Q�WKLV�SDSHU��ZH�GHYHORS�D�YDULDQW�RI�WKH�%RROHDQ�$1'�UHWULHYDO�PRGHO�WR�EH�XVHG�LQ�RXU�V\VWHP��:H�VKRZ�WKDW�RXU�UHWULHYDO
PRGHO�HQDEOHV�XV�WR�UHWULHYH�YLGHRV�IURP�WKH�GDWDEDVH�HIILFLHQWO\��:H�DOVR�VKRZHG�WKDW�D�QDwYH�XVH�RI�WKH�$1'�PRGHO�FDQ�\LHOG
YHU\�SRRU�UHWULHYDO�UHVXOWV��:H�WKHQ�SUHVHQWHG�DQ�RSWLPDOLW\�FULWHULRQ�WKDW�PD[LPL]HV�WKH�H[SHFWHG�QXPEHU�RI�YLGHRV�WKDW�VDWLVI\
RXU� UHWULHYDO� PRGHO�� 7KLV� FULWHULRQ� GHSHQGV� XSRQ� RXU� DELOLW\� WR� FRPSXWH� TXHU\�WLPH� FRQGLWLRQDO� SUREDELOLW\� HVWLPDWHV� RI� WKH
IHDWXUHV��:H�DOVR�SUHVHQWHG�DOJRULWKPV�WR�JHQHUDWH�VRPH�EDVHOLQH�VWDWLVWLFV�RQ�WKH�GDWD�ZKLFK�DUH�XVHG�WR�FRPSXWH�WKH�FRQGLWLRQDO
SUREDELOLWLHV�DW�TXHU\�WLPH�

:H�DOVR�SUHVHQWHG�WKH�EUDQFK�DQG�SUXQH�DOJRULWKP�ZKLFK�XVHG�WKH�RSWLPDOLW\�FULWHULRQ�WR�VSOLW� WKH� LQSXW�TXHU\�YHFWRU�DQG
VXEVHTXHQWO\�TXHU\�WKH�V\VWHP��7KH�UHWULHYDO�PRGHO�ZDV�HYDOXDWHG�XVLQJ�WZR�SHUIRUPDQFH�FULWHULD��WKH�V\VWHP�HIIRUW�DQG�3UHFLVLRQ�
5HFDOO��7KH�SHUIRUPDQFH�UHVXOWV�VKRZ�WKDW�WKH�PRGHO�GHYHORSHG�WR�HQDEOH�HIILFLHQW�TXHU\LQJ��ZRUNV�ZHOO��)RU�WKH�FDVH�RI�WKH�KLJK�
MXPSHU�FODVV��LW�\LHOGV�WKH�VDPH�UHVXOWV�DV�WKH�OLQHDU�FRQVWUDLQW�PRGHO��,W�LV�LPSRUWDQW�WR�QRWH�WKDW�WKLV�ZDV�DFKLHYHG�E\�H[DPLQLQJ
RQO\�����RI�WKH�HQWLUH�GDWDEDVH��D�FRQVLGHUDEOH�UHGXFWLRQ�����WLPHV�DV�FRPSDUHG�WR�WKH�OLQHDU�FRQVWUDLQW�FDVH��LQ�WKH�FRPSXWDWLRQDO
FRVW� RI� UHWULHYDO�� 7KH� HYDOXDWLRQ� UHVXOWV� SUHVHQWHG� LQ� WKLV� SDSHU� DUH� VWLOO� YHU\� SUHOLPLQDU\��:H� SODQ� WR� FRQGXFW�PRUH� HODERUDWH
HYDOXDWLRQ�RI�RXU�UHWULHYDO�PRGHO�DJDLQVW�WKH�RWKHU�LQIRUPDWLRQ�UHWULHYDO�PRGHOV�

7KHUH�DUH�PDQ\�SRWHQWLDO�DSSOLFDWLRQV�RI�WKLV�ZRUN��WKH�PRVW�GLUHFW�RQH�EHLQJ�WR�IDFLOLWDWH�VFDODEOH�YLGHR�GDWDEDVHV��,W�VKRXOG
EH�NHSW�LQ�PLQG�WKDW�WKH�UHWULHYDO�PRGHO�XVHG�KHUH�LV�QRW�OLPLWHG�WR�LQGH[LQJ�YLGHR�GDWD��2XU�UHWULHYDO�PRGHO�DQG�WKH�PHWKRGV�WR
PD[LPL]H�WKH�H[SHFWHG�VL]H�RI�WKH�WDUJHW�VHW�FRXOG�KDYH�EHHQ�LPSOHPHQWHG�RYHU�DQ\�VHW�RI�PXOWLPHGLD�IHDWXUHV��)RU�LQVWDQFH��WKHVH
IHDWXUHV�FRXOG�KDYH�EHHQ�GHULYHG�IURP�LPDJHV�RU�DXGLR��$Q�LQWHUHVWLQJ�LPSOHPHQWDWLRQ�ZRXOG�EH�WR�XVH�RXU�SULQFLSOHV�RQ�PL[HG
PHGLD��IRU�H[DPSOH��DXGLR�DQG�YLGHR�IHDWXUHV��GLUHFWO\�

7KHUH�DUH�VHYHUDO�V\VWHP�LVVXHV�WKDW�KDYH�QRW�EHHQ�DGHTXDWHO\�GHDOW�ZLWK�LQ�WKLV�ZRUN��7KH�PRVW�LPSRUWDQW�FRQFHUQ�LV�WKH�IDFW
WKDW�ZH�FDQ�RQO\�GLUHFWO\�FRPSXWH�FRQGLWLRQDOV�RI�WKH�IRUP�3�α�β���7KH�KLJKHU�RUGHU�FRQGLWLRQDOV��DV�H[SODLQHG�HDUOLHU��FRXOG�QRW
EH�GLUHFWO\�FDOFXODWHG�GXH�WR�SURKLELWLYH�V\VWHP�FRVWV��,QVWHDG�ZH�HVWLPDWH�FRQGLWLRQDOV�RI�WKH�IRUP�3�α�β�γ��XVLQJ�WKH�ORZHU�RUGHU
FRQGLWLRQDOV��:H�EHOLHYH�WKDW�VRPH�RI�WKHVH�SUREOHPV�UHVXOW�GXH�WR�XVLQJ�VFDODU�TXDWL]DWLRQ�LQ�WKLV�ZRUN��8VLQJ�YHFWRU�TXDQWL]DWLRQ
ZRXOG�HQDEOH�PRUH�DFFXUDWH�KLJKHU�RUGHU�HVWLPDWHV�

$QRWKHU� SUREOHP� WKDW� ZH� DUH� FXUUHQWO\� ZRUNLQJ� RQ� LV� WKH� PXOWLSOH� REMHFW� TXHU\� VFHQDULR�� 2XU� DOJRULWKP�� RSWLPL]HV� WKH
UHWULHYDO�IRU�HDFK�REMHFW�LQ�WKH�TXHU\��7R�TXHU\�IRU�PXOWLSOH�REMHFWV��ZH�VLPSO\�SHUIRUP�D�FRQMXQFWLRQ�RQ�WKH�YLGHRV�UHWULHYHG�E\
HDFK�REMHFW�TXHU\��7KLV� LV� FOHDUO\� VXE�RSWLPDO� LQ� WKH� VHQVH� WKDW� LW� GRHV� QRW� DWWHPSW� WR�PD[LPL]H� WKH� OLNHOLKRRG� WKDW� DOO� REMHFWV
ZRXOG�EH�SUHVHQW�LQ�WKH�UHWXUQHG�UHVXOW�

�� 5HIHUHQFHV
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