A Time Decoding Realization with a CNN
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Abstract— Time encoding is a novel real-time asynchronous solutions [9], [10], just to mention a few. Hy, is a strictly

mechanism for encoding amplitude information into a time increasing time sequence, a possible representationds biy
sequence. The analog bandlimited input is fed into a simple

nonlinear neuron-like circuit that generates a strictly increasing

time sequence based on which the signal can be reconstructed x(t) = gt sk) (1)
The heart of the reconstruction is solving a system of ill- k=1

conditioned linear equations. This contribution shows tha the . . . _ .
equations can be manipulated so that the reconstruction bemes WNErec's are appropriate scalars agft) = sin( t)=(t) is_
feasible using a Cellular Neural Network (CNN) with a banded the impulse response of an ideal lowpass Iter with bandtwidt
system matrix. In particular, the system is rst transformed into a . Evaluating both sides of (1) at= s gives

well-conditioned smaller system; and then, the Lanczos peess is

used to lay it out into a set of even smaller systems characteed _ X .
by a set of tridiagonal matrices. Each of these systems canrdttly x(s) = &g(s sk); )
be solved by CNNs, whereas the preprocessing (transformai k=1

and Lanczos .algorithm) and simple postprqcessing phf’isesrn:dne or in matrix form

partly or fully implemented by using the digital capabiliti es of the

CNN Universal Machine (CNN-UM). Each step of the proposed q=Gc 3

formulation is con rmed by numerical (digital) simulation s *. with unknown vectofclc = ¢« and known vectog and matrix

G given by:

Seci _ . . : [al = x(s); and [Glk = g(s  sk); 4
ection |-A gives a short overview of irregular sampling, a

topic that is closely related to time encoding and is alsalus# the average density of the's is at or above the Nyquist
later on. Section I-B summarizes the basic concept of tinate then the unknowa can in principle be obtained from (3)
encoding. A numerical example is presented in Section I-{12]. The practical solution, however, is challenging hesa
Section I-D reviews how related problems are solved by CNN. G is typically ill-conditioned,

Section I-E shows how linear equations are solved usingaheur  q, ¢, G should in principle have in nite dimensions.
networks and what extra conditions are needed for a CNN

implementation. Section Il presents the proposed forrioriat B- Time encoding

Although a large number of theoretical papers have been
A. Irregular Sampling published in the area of irregular sampling, its practical
applications are limited to a few areas including astroruani

. . . measurements, medical imaging, and the lost-data prolslem i
sical sampling theorem ([14], [24]) calls for representid(g) cqmmunication theory [1] T%eguse of irregular sarﬁpling in
IS )

based on its samples taken uniformly at or above the Nyqu S ) e .
. - communications is even more limited because of two main
rate. Researchers have long been fascinated of how unifofm

(traditional) sampling can be generalized. Starting fraarlye reasons. First, as mentioned in Section I-A, the reconsbmic

achievements [8] substantial results have been accurdulfft%r ¢ based on (3) is dif cult. Second, both the timeg's

) . ._and the amplitudeg(sk)'s are needed for the reconstruction.
over the years both in theory [26], [12] and ef cient numaiic Therefore, if the average density of thes are at the Nyquist-

1 . , _ rate, then two times as much information is needed for
Proceedings of the Seventh Seminar on Neural Network Agipdias in

Electrical Engineering, NEUREL 2004, pp. 97-102, Belgra&erbia and transmlsspn as that in the case (_)f regular sampllng \_Nhere
Montenegro, September 23-25, 2004. Sk+1 Sk IS xed for any k. Thus in the regular sampling

|. INTRODUCTION

Let the analog signal(t) be bandlimitedtd¢ ;] . The clas-



case, thesy's carry no information and, therefore, do not need The formulation in (3), (5) and (6) assumes that the di-
to be transmitted. mensionality of the matrices and vectors used is in nite. In

A technique related to pulse position modulation (PPMjractice (and simulations), however, only a nite time wavd
addressed this problem as follows (see, e.g., [21]). ¢ can be used, when the right-hand-side (RHS) of (1) merely
are de ned as the zero-crossings of the difference sigrgbproximates(t) on its left-hand-side (LHS). Therefore,Lif
x(t) f(t) wheref (1) is known. Thereforex(sx) no longer denotes the number of thg's within some known observation
carries information since(sx) = f (sk) holds and all the interval Tops then

information is carried by they's. A simple implementation i 1
can be given by feeding the differencgt) f (t) into a x(t) * ag(t s @)
comparator that res at exactly = si. By choosingf (t) k=0 '

properly (usually as a periodic ramp or sinusoid signal with . .
appropriate amplitude and frequency) the required demﬁityWhereq aEdC ;‘n (3) havel c_omponenti, a(;'_g IS an Lb by
the sg's can be guaranteed. Still, the method has not becatlnematr'x' et the reconstruction error, the diiference bewe

popular because the high sensitivity to noise and the exg& RT)S 3nd thedLHS of (Z)I’Eand its r(_)otl-mlean-sqkl)Jareh(RMS)
shape off (t) that VLSI implementations cannot guarante alue be denoted bg(t) andE, respectively. It can be shown

with high accuracy 16], [18] that e(t) can be decreased by increasingfor a
' givenTgpsthat in turn results in ill-conditione@ as illustrated

Noninverting Schmitt trigger in the example of I-C below:
z C. Example
Integrator b
X(t) \Z o) 2(t) Let x(t) be given by its familiar sampling representation
— = dt y
+ pis .
sin((t KT)
x(t) = X(kT) ————=
b - (t KT)
where T = = is the Nyquist-period, and the sam-
ples x(T) through x(12T), are respectively, -0.1961,
Fig. 1. A possible robust TEM con guration. 0.186965, 0.207271, 0.0987736, -0.275572, 0.0201665,

0.290247, 0.138374, -0.067588, -0.145661, -0.11133, -
An improved time encoding scheme, referred to as Tin®291498x(kT) = 0, fork 0 andk > 12 The rest of
Encoding Machine (TEM), is depicted in Figure 1 [16].
As shown, the TEM consists of an ideal integrator and a x(t) 2(t) y(t)
noninverting Schmitt trigger in a feedback arrangemene Th = S [N R
outputz(t) takesbor bvalues at transition times denoted by
tk. It can be shown [16] that this circuit can also be described

by (1) and (3) where we have

[@ =( D2 bltes  tl; (5) 0
Zra t + t
(Gl = gt sgdt; and sc= << (6)
N 2 05 [\
with the same condition for the density of thg's as that
for thes¢'s in the case of irregular sampling. This circuitcan ;[ [ | | ] [ | | [ ] [] ]
be shown to be robust in terms of additive noise and circuit 0 20 40 60 80 100 120 140 —=
imperfections. Intuitively this makes sense, since raptathe
Schmitt trigger by a clocked quantizer (a comparator foddw
or preceded by a sampler) a popular robust circuit, a rst
order Sigma-Delta modulator is obtained [22]. Although thearameters are=1, =0:6, =6:667 s, =2 40
circuit parameters and appear in the expression fa kHz_hence'_r =12:5 s. The evaluation of thi's was carried
(see (5)), with alternative formulations [18] this depemce ©OUt in the interval 2Tt = 15T (Tops = 17T) based on
can also be eliminated, ane(t)=b can be recovered in the numerl_cal S|mulat|or_1 of the TEM in Figure 1. Figure 2
terms of the time differencetzs1  tx only. Due to lack of shows the mput(_(t), the integrator outpug(t), and the TEM
space and in order to keep the formulation relatively simpl@utputz(t). In this example we have
however, subsequently (3) together with (5) and (6) will be L =26 @)
used. Following the terminology introduced in [16] the aler
reconstruction procedure/implementation will be refdt@as number ofty's (only 18 are shown in Fig. 2) determined with
the Time Decoding Machine (TDM). high accuracy, when (using the spectral notn, k) the
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Fig. 2. Simulation results for the signals in Fig. 1.



condition number ofG turned out to be: D. Neural networks for time encoding

After the appearance of the TEM in Section I-B, similar cir-
cuits have been disclosed. The TEM investigated in [17] con-

Since such an ill-conditioned matrix cannot be inverted d|s—"°‘tS of an integrate-and- re neuron with an absolute ey

. period. Although the refractory period seems intuitivety t
rectly, ¢ in (3) was calculated by [25] lead to information loss, it is shown in [17] that under siepl

(10 conditions, bandlimited signals encoded with an integaaute
re neuron can be perfectly recovered from the neural spike

whereG* stands for the pseudo (Moore-Penroddjiverse train at its output. .
of G. Using “perfect’t,'s the simulation result is shown by ~Many time-coding related problems can be solved via the

condG) =1:476 10 =233 dB 9)

c=G"'q

the solid trace of Figure 3. CNN Universal Machine (CNN-UM) [5]. One particularly
interesting problem is the hyperacuity in time mechanisms
e(t) [20] with sparse global line in each row. This is a key feature
Ta ‘ ‘ ‘ ‘ ‘ ‘ ‘ of the interaural time difference computing mechanism i th
1°,N=14,E' 97dB barn owl [13]. In addition, the CNN dynamics is described
4r , ] by a system of nonlinear differential equations charaoteri
10'2, exacttys, E 239dB . . .
by a band matrix. Its solution with programmable parameters
2 can be made, for 428 128system, in a few microseconds.
ol This means, that for a properly formulated TDM problem the
CNN-UM based visual microprocessor chip [23] might serve
2!l as an ideal physical implementation. If some additionahter
are needed in the feedback matrix [4], a few special, adtitio
-4t terms could be added, to make it a special purpose TDM chip.
E. Neural networks for solving linear equations

0 20 40 60 80 100 120 140 _.° T .
Based on (3) the heart of the reconstruction in time encoding

Fig. 3. Simulation results for the error functioe(t), with perfect and irregular sampling is to solve a set of ill-conditionieear
t's andtc’s quantized toN =14 andN =20 bits. equations. This and related problems have been addressed
by using neural networks. In [6] neuron-like processors, in
The extremely small RMS erroi, cannot be achieved essence classical analog computers, were proposed for the
if the tx's are inaccurate. In particular, if time encoding igeal-time solution of ill-conditioned linear equationsurther
used in telecommunications, then only quantized can be generalizations and simpli cations were presented fovisgj
transmitted. Ifx(t) < c holds for some giverc, then the |inear least squares problems in [7] including new on-chip

differencetk+1  tk turns out to be bounded [16] as: adaptive learning algorithms. These methods, however, are
2 > not directly applicable for CNN solutions where one cell is
b c teer  tk b c (11) allowed to be connected mainly to its neighbors. In terms of

linear equations this means that the system matrix has te hav
Therefore, if2 = (b ¢) is known, only the difference of @ banded structure: the matrix elements are zero apart from

the upper and lower bound in (11) needs to be quantized.i{f main and a few neighboring diagonals. For time encoding
this way, if N bits are used for time quantization, then théhe matrixG is dense. As it is shown below, recent results for

corresponding error df+1  t, 2 = (b+ c) is in the range: CNNs [2] can be also used for implementing time decoding.
Thus, a complete CNN or a CNN-convertible approach can

1 2 2 _2 2 be designed to perform a full time encoding and decoding
2N b ¢ b+c 2N c? procedure between analog bandlimited input and outputgoin
(2]

The quantization ofx+1 tx 2 = (bt c) can be implemented

by a single clock with frequencl= started aty and stopped [I. A CNN-COMPATIBLE TIME DECODING

after the appearance tif.1 . From these values the (erroneousgection II-A gives a general overview of the proposed recon-

t's, that are needed for generating the mat@x(see (6)), struction techniques while Section II-B discusses theildeta

can easily be calculated. Figure 3 shows the corresponding ) .

simulation results withc = 0:3 (seex(t) in Figure 2) for A. General scheme and CNN considerations

N =14 andN = 20. As seen, with time quantization theThe original time encoding and decoding scheme [16] is

error signals are substantially increased as opposed g usiepicted in Figure 4, where the TEM's output is represented

perfecttk's (machine-precision with 64 bits). by irregularly spaced. pulses with common (unity) weights.

In agreement with (10) and (7), the reconstruction is based o

2If G is nonsingular (appropriately well-conditioned), thérr = G 1.  calculating the pseudo-inverse of the dense and ill-canitd
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ffffffffff Parallel Algorithm 0
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Fig. 4. Original reconstruction [16]. Tl‘ Twm ' :
0 O
Tixi1= e TmXm = €1 | {z }
L by L matrix G; and the output signal is obtained by passing X1 | & v . Xm 1 32 «
irregularly spaced pulses with the weiglds through an ideal ) L] 012
lowpass lter (LPF) with impulse responggt). ‘ Postprocessing ‘ e1=§ . z§ K
Figure 5 depicts the general scheme of the proposed formu- X 0 ;
lation. The Parallel Algorithm block rst reduces the omgi AR
L equations toM, (M < L ) well-conditioned equations. LPF T pXo ik X2 XM 1
Then, using the Lanczos algorithm thé by K matrices 9(t) ! t
Tq;:::;Tw are generated so that each has a tridiagonal form ¢ 0 Ts 2T (M 1)Ts
(see also (25)) and reduced siz€ < M ). In terms of these X(t) K<M<L
matricesM linear equationsl ,x,, = e; have to be solved /\/
for x, wheren=0;:::;M 1 ande; is the rst column of

a K by K identity matrix, as seen. These computations are Fig. 5. Proposed reconstruction.

well-suited for parallel processing, typically for thesttural
needs of CNNs. Also, as opposed to the original reconstmucti

in Figure 4, x(t) is now recovered by passingegularly Tops™ . Substituting (12) into (7) gives

spaced pulses through the LPF. This clearly has practical N1
advantages. The computations of the Parallel Algorithm and X(t) ' xng(t nTs); Xn =[x]n; x=Fc (13)
the Postprocessing blocks can be implemented digitallygusi n=0

dedicated circuitry and/or the digital capabilities of CNy where[F],.« = Fnx andc was introduced in (3). Evaluating
placing them into the Global Analog Control Unit (GACU). both sides of (12) at = mTg givesD ' BF with

In particular, the CNNA matrix in (8) of [4] and the _ _ )
equivalent matrixT in (25) of this paper have the same [Dlmi = g(mTs  s) and [Blwn = g((m  mTs):

. : : (14)
structure. If we are using a spatially variant form of th _ _ )

simple CNN with a templaté: : ], then , ,and are q’herefore, with appropriatsl <L we have:

locally variant. In that case a special GACU for the addigion F' B D (15)
computation, i. e. a special-purpose CNN-UM chip can be

built. Details of the required accuracy and algorithmicteon Substituting now (12) into (6) %lves

are to be developed. The use of the CNN-UM chip with a , e

combined DSP to be integrated into a single chip is partigula ~ C OF with [Dln = . g(t nTs)dt:  (16)
challenging. “

Therefore, (3) and the third relationship in (13) immy=
B. Parallel Algorithm Gc ' DFc = Dx. Multiplying both sides byD givesDq

. ; 1 . .
As illustrated in I-C theL by L matrix G in (3) is ill- Di)érar‘tr(c)r?/lwglcrl\l/lv)v?ng?:/e( trEDsa;IIeerg 2'2;%'32 Irsoaed
conditioned. The rst idea of the proposed formulation is g ! Y Xt 1z improv
express the functiong(t  s¢) by using oversampled andcond|t|on number as opposed ®. The condition can further

regularly spaced sampling times as be improved by de ning
W 1 F' DB ! (17)
ot s«)° Frkg(t nTs) (12)  when using (15) gives

n=0
. 1 1
with givenM and appropriate coef cientS, . Sinceg(t sk) x' B '(FF) Fq (18)
is approximated by similar functiong(t nTs), intuitively it as the solution for the transformed system in (13).
makes sense to expect a good approximationMok L . In Based on numerical simulations we found that @)
terms of M and Tops the sampling period’ is set toTs = is substantially smaller than cof@D). Intuitively, this is



becauseB is structurally similar not only toD but also *_w“*
to B as well due to the mean value theoref®]cn = 50 . e
(tsr t)g( «  NTs) with appropriate 2 [ti; tks1 . In this ol Ly OARRY (@B) e
way, sinceDD = BF FB, the multiplication of the inverse
of B acts as a preconditioner on both sidesDdb . 50
Since B is a xed symmetric Toeplitz matrix [3], [19], E (d8)
its inverse can be precalculated with arbitrary accuraay an -100
stored; and only the multiplications in (15) and (17) are
to be carried out on-line. In addition, not only the inverse -150
but other parametrized forms @ can be calculated be- M
forehand. For example, using its eigenvalue decomposition 16 18 20 2
B = Udiag x)U ! with modal matrixU and eigenvalues _ _ _ BY wi B 1
« a possible generalization & ? is (F|g.=61.) iﬁltngtjrﬁél%rferelsults folE and congFF) with X = B
X = Udiag ) U % (19)
and therefore T ;(c))nd':ﬁ) w
x' X(FF) 'Fq (20)
where 60
F=XD and F=DX: (21)

Choosing =1 givesX = B 1, hence the solution fox in 507

(20) becomes the same as that in (18). The example in 11-B.1
below demonstrates that C((rl’r'(ﬁ) can further be improved 40
by appropriately choosing the parametemwithout affecting
the RMS error as opposed to the case obtained byl. 30!
The rest of the formulation is the direct application of ‘ ‘ ‘ ‘ ‘
the method developed by Feldmann and Freund [11] for 06 0.7 0.8 0.9 1
Implem.em'ng an ef cient algomhm for computm_g the .Pad(le:ig. 7. Simulation results for cor(@ F) with M = 22 and different
approximation of Laplace-domain transfer functions via th,5j,es of in (19).
Lanczos process. As shown in the Appendix, the coef cients

Xp in (13) are given by

Xo = ITrel T, te; (22)  Finally, for M = 22 and = 0:8 (see Figure 7), the
. . L matrices T1;:::;Tm were generated for sever&, and
wheree, was de ned earlier (see also Figure 5). Slmllarlythe corresponding RMS error was calculated. As shown in
denoting then-th collumn of anM by M identity matrix by Figure 8, the size o 13222 Ty can be reducea from 22 to
€, the parameters in (22) are 12 resulting in practically the sante The RMS error obtained
IT=e'X; A= FE: r= Fq; (23) forK 12 matches with that shown in Figure 6 fbt = 22.

whereT, areK by K (K M) tridiagonal matrices intro-
duced in Figure 5. The Appendix contains the relationships

. . . E (dB
(Lanczos Algorithm) for calculating the elements Bf, in 0( :
(25).

As a result, the Postprocessing block of Figure 5 calculates?© |
xn = Il relx, wherex, is the solution ofT ,x, = e;. The 40 |
example in 1I-B.1 below shows thd¢ can be substantially ., |
less thanM without noticeably increasing the RMS erré,

-80 ¢

1) Example:Using the parameters ang's of the example
in I-C numerical simulations were carried out to determine-100 |
the RMS recovery erroif, and con@FF). Figure 6 shows 120 |
the results obtained for different values by and =1. For
M = 22 and different values of the simulation results for :
condFF) are shown in Figure 7. As shown, in agreement & 10 12 14 16 18 20 2K
with these gures, forM = 22 and = 1 we have g g Simulation results foE in terms of different values o .
condFF) = 739:4 ' 57:4 dB, whereas withM = 22 and

=0:8 condFF)=35:36" 31dB.

-140 |




APPENDIX

A simpli ed form of the result in [11] can be written as
I (pl

where the RHS is the Padé approximant of the LHS. Here
p is a scalar] denotes the identity matrix (with appropriate
dimensions), superscrigt denotes transpositioh,andr are
given vectors withM elements, and\ is a givenM by M
matrix. On the RHS is aK by K matrix ande; was de ned
earlier (see also Figure 5). K = M, then (24) holds as an
equality, whereas foK < M an approximation takes place
in a certain range fop. Matrix T has the tridiagonal form

(1]

A) e Trel(pl T) le 4 @

(3]
(4]

(5]

2 3 6
., 0 0 0 0 R
2 2 3 0 0 0
0 3 3 4 0 0 7]
T= (25)
0O 0 O K 1 K 1 K [8]
0 0 0 0 K K
where in terms ofl, r, andA the parametersy, &, and [

xk are calculated by the following well-known iterative

procedure:
[10]

The classical Lanczos Algorithnfil 5]
In the initialization part set; =k r ky, 1 =k | k. In the
n-th step of the algorithm we need to calculate the scalar
and the vectory,, andw, with setting the initial values as
do=1,vg=wg=0,vy=r=4,andwy = |= 1. Then, for

(11]

[12]

[13]
1) Computed, = w/ v.
2) Set [14]
_ WaAvV,

n— — 3 n=
dn '

dn .
dn 1 ns

ns n

3) Calculate the auxiliary parametersandw as [15]

\%
w =

Av ,
ATw,

Vn n
Wn n

Vn 1 n

Wn 1 n (16]

4) Set n+1 =kv ky, ns1 =kw kg, and

17

wo [17]
Whn+1 = ;
n+l

V .
Vit = ;
n+l

The algorithm can be implemented very ef ciently, but fd¥ il (18]

conditioned(pl A) a breakdown (triggered by division by
zero) typically occurs.

Using &, de ned before (23), and using (20), the coef -9
cients in (13) can be calculated by:

xn = &1x' &' X(FF) Fq (20]

Therefore, using (24) witlp = 0 gives (22).
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